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Summary.

The observations on which this study is based were obtained in 1959 and 1951.

Part of the observations were made at the David Dunlap Observatory, but the

greater part were made at the Steward Observatory of the University of Arizona.

The three eclipsing variables, TW Draconis, Z Herculis and RS Vulpeculae,

were chosen for observation in the hope that the circumstances of the eclipses

might prove favourable for the estimation of the limb darkening of the com-
ponents by showing annular, or deep total, eclipses. The system TW Drac shows

a deep total eclipse at primary minimum, and it is possible to derive an estimate

of the limb darkening in two colours from a reduction of the observations in the

primary mir.imum by the method of least squares. This variable has been pre-

viously studied by R. H. Baker,1 who reported an asymmetric light curve. I

find the asymmetry to be much smaller than reported by Baker.

Nij land's visual observations of the system Z Here were interpreted by Fetlaar2

as being due to an annular eclipse. I find, however, a partial eclipse, and the solu-

tion is too indeterminate to allow a determination of the limb darkening effect.

It is possible to estimate the difference in the degree of limb darkening in two

colours.

The system RS Vulp has been studied by Baker3 and by Dugan 4
. Baker found

an annular eclipse at primary minimum, Dugan a partial. The present study

agrees with Dugan's. Again the uncertainties in the solution of a system exhibiting

a partial eclipse do not allow a determination of the limb darkening, but an

estimate can be made of the differential limb darkening.

Corrections to the times of minima predicted from the ephemerides were found

to be necessary in all three systems. The reason for the departure of the systems

TW Drac and Z Here from the ephemeris is not clear. A small correction to the

period of RS Vulp is suggested.

A study of the colour of the reflection effect shows that in each system the

colour of the reflected light is the same as the colour of the brighter component.

The measurements of the ellipticity effect are not sufficiently exact to allow

conclusions to be drawn about the photometric behaviour of the distorted

components.

1 . Observational Material—General.

The measurements in this study were made with the aid of the

photoelectric photometers of the David Dunlap Observatory and of

the Steward Observatory, Tucson, Ariz. (April-June 1951). Experi-



2 Publications of the David Dunlap Observatory

ments in photoelectric photometry using the 1P21 photomultiplier

were begun at the David Dunlap Observatory late in 1948, and have

continued. At present the measuring instrument is a null-indicating

D.C. amplifier mounted on a 19-inch telescope. The photometer used

at the Steward Observatory is mounted on a 36-inch telescope and

uses a light chopper with an A.C. amplifier.

Atmospheric conditions were mostly much better at Tucson, where

the bulk of the observations were made, than at Toronto. Pettit

has made an extensive study of the transmission of the atmosphere

at Tucson. On some few nights measurements were made through

dust, haze or broken cloud. In general the transparency was good.

The comparison stars were chosen to be as like the variables in

colour, and as close in position, as possible. Corrections for differential

extinction are believed to be negligible in comparison with observa-

tional scatter. There was no convenient constant light source for

determining the changes in the transmission of the atmosphere. The
measurements were made in two colours of effective wave-lengths

4370A. and 5100A. A group of four comparisons in the two colours

took 20 to 30 minutes to complete, and the resulting normal point of

observation is thought to have a probable error of between ra.005

and m
.010.

2. Observational Material—TW Draconis.

The system TW Drac was observed on 32 nights. Approximately

400 measures were made which were averaged into some 130 normal

points. The normal points are tabulated by phase in the appendix.

The comparison star used was H.D. 140512, R.A. (1900) 15 h. 38 m.,

Dec. (1900) 62° 11', A5; the variable is H.D. 139319, R.A. (1900)

15 h. 32 m., Dec. (1900), 64° 14', A6 and G2.

Primary minimum seems quite symmetrical. The harmonic analy-

sis of the observations outside eclipse shows a small asymmetry

which appears to be real, but may be the result of a bad distribution

of observations, or intrinsic variability of one of the components of

the eclipsing system. The eclipsing system TW Drac has a small

visual companion, about 3 seconds of arc away. The measures of the

system include the light of the visual companion. The light of the

visual companion was measured independently; it proved difficult

and only on a few nights was the seeing sufficiently steady to allow

the two components to be observed independently. Nineteen measure-

ments were made on three nights and the brightness of the companion

star to the system TW Drac was found to be 0.051 in both colours,
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the light unit being the luminosity of the companion star H.D. 140512.

This amount was subtracted from the observations before analysis.

Plots of the observations are shown in figures 1 and 2. Secondary

minimum appears to be later than the half-period by d.010 to d
.020.

The observed epoch of primary minimum was 1951 June 1.128,

J.D. 2433798.628.

3. Observational Material—Z Herculis.

The system Z Here was observed on 26 nights. Approximately

400 measures were made which were averaged into 95 normal points

shown in the appendix. A plot of the observations is given in figures 3

and 4. The comparison stars used were H.D. 164043, R.A. (1900)

17 h. 54.2 m., Dec. (1900) 14° 52', F8; and H.D. 162705 R.A. (1900)

17 h. 47.3 m, Dec. (1900) 15° 01', F0. The variable is H.D. 163950,

R.A. (1900) 17 h. 53.6 m., Dec. (1900) 15° 09', F2 and F5.

The estimated epoch of primary minimum was 1951 June 3.503,

J.D. 2433801.003.

Jf.. Observational Material—RS Vulpeculae.

The system RS Yulp was observed on 31 nights. Approximately

500 measures were made, which were averaged into some 130 normal

points, shown in the appendix. Plots of the observations are shown
in figures 5 and 6. The comparison stars used were H.D. 180889,

R.A.j(1900)19h. 13.2m., Dec. (1900) 21°38', A3;and H.D. 180811, R.

A. (1900) 19 h. 12.9 m., Dec. (1900)22° 15', B9. The variable is H.D.
180939, R.A. (1900) 19 h. 13.4 m., Dec. (1900) 22° 16', B8 and A5.

Primary minimum is well covered, but unfortunately it proved

impossible to cover the ascending branch of secondary minimum.
Secondary minimum occurs later than the half-period by d.030 to
d
.040. The epoch of primary minimum from these observations was

1951 June 4.787, J.D. 2433802.287.

5. Analysis of Observations—TW Draconis.

Harmonic analysis of observations outside eclipse yielded

L = 2.012 - 0.0198 cos 6 - 0.0613 cos 2 6 + 0.0172 sin 6,

(± 0.001 m.e.)(± 0.001 m.e.) (± 0.005 m.e.) (± 0.001 m.e.)

in the yellow, and

L = 1.887 - 0.0191 cos - 0.0635 cos 2 6 + 0.0098 cos 0.

(± 0.001 m.e.) (± 0.001 m.e.) (± 0.005 m.e.) (± 0.001 m.e.)

in the blue.

A preliminary graphical study led to an estimate of k about 0.76

to 0.78 and the coefficient of limb darkening in the two colours about
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0.6. As the observations seemed to justify a more careful study the

measures were grouped into normal points and rectified as shown in

Table I.

TABLE I

Observations Corrected for Light of Visual Companion, and Grouped
into Normal Points, T\V Draconis

Phase
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made on May 12 began by falling among the measures made on other

nights, but quite suddenly began to fall below the other measures

by 0.02 to 0.03 light units until totality neared, when the differences

diminished. The disagreement of the observations of May 12 with

those of May 15 and June 12 disappeared at the onset of totality.

It is believed that this variation is a real phenomenon. It is not

known what cause could operate to block off 2 to 3 per cent, of the

light of the brighter component of the system. Similar observations

have been reported by Kron. 5

The preliminary elements were corrected by the method of least

squares, using the tables of Tsesevitsch 6 and Irwin 7
. The corrections

to the preliminary elements were rather large, and the process had

to be repeated. The reduction was made with the observations of

primary minimum only. The secondary minimum is shallow, annular

and afflicted with the reflection effect. The uncertainties of the process

of "rectification" were thought to be large. The reduction was made
in the two colours simultaneously. This requires some justification.

The preliminary graphical analysis did not show any large difference

in the elements derived from the two light curves independently.

After the least-squares reduction the residuals of computed from

observed points showed a similar trend in each light curve. This

would not be the case if there was a significant difference in the

geometric elements defined by the two colours. It is believed that the

determination of the elements is considerably strengthened by making

the reduction in the two colours simultaneously.

The fainter component of the system TW Drac is considerably

distorted. The distortion was estimated using Pierce's estimate of

the mass ratio quoted by Wood 8
. An attempt was made to correct

for the effect of the distorted form of the faint component following

methods suggested by Kopal. 9 Following Kopal, if we write for the

error within the minima of the spherical model,

L = - L:[(l - x)h u + xh d
],

then I have used

2 1 8 .

3* =
fe

-
2
(F, - WAi£)».

where V\ and V2 are the rotational distortions of the bright and faint
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components respectively. I find the additional terms suggested by

Kopal are sufficiently small to be neglected.

The a-function corrected for "perturbations" is shown in Table II.

TABLE II

a-FUNCTIONS, TVV Draconis



Two-Colour Photometric Studies 13

cients. The normal points were weighted according to the number of

observations included. The observations of the deeper part of the

eclipse were also given greater weight, since the accuracy of the

observations gets better during the deeper part of the eclipse.

The values of the parameters resulting from the solution which

takes account of Kopal's correction terms, together with the estima-

ted probable error of the determination, were

r 2 = 0.3064 db 0.0002; n = 0.2118 ± 0.0010; cos 2
i = 0.0059 ±

0.0005; x (yellow) = 0.11 ± 0.12; x(blue) = 0.27 ± 0.11.

The solution obtained by ignoring Kopal's corrections gives the

same geometrical elements, but the estimates of the limb darkening

are altered to # (yellow) = 0.25, and x-(blue) = 0.37. According to

either solution the difference in the degree of limb darkening between

the two colours is 0.15, and this difference should have good precision,

since it is free from many of the systematic sources of error which

make the determination of the absolute value of the limb darkening

so difficult.

TABLE III

Residuals of Computed from Observed Values of the <z-function

Resulting from the Least-squares Corrections, TVV Draconis

Comp.
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Accepting Pierce's estimate of the mass ratio as 3.6 we find the

relative orbit comes out to be 11.6 X 10 6 km. The dimensions of the

components are 3.53 and 5.10 times the sun in radius, the surface

gravities, 0.480 and 0.060, the mean densities 0.130 and 0.012 for

the bright and faint components respectively, all in terms of the sun.

The residuals of the computed a-function from the observed are

shown in Table III.

6. Analysis of Observations—Z Hercutis.

The season of 1951 promised to be unusually favourable for ob-

serving this difficult system. Unfortunately the minima were found

to be occurring later than predicted by the ephemeris and it appeared

doubtful whether or not the phase of conjunction was reached. The

analysis of the observations based on the shape of the light curve

strongly suggests that conjunction occurred between predicted

phases 4.00d. and 4.01d. Although it would be a good deal more

comforting to have rounded the minimum, I do not think that the

estimated time of conjunction is out by more than 10 minutes. I

accept the observation of earlier workers that the duration of the

total phase, if any, is less than 0.015d. In combination with the shape

of the light curve, this rules out the possibility of a total eclipse at

primary minimum.

A few spectrographic observations in 1949 and 1951 seem to show

the velocity of centre of mass greater than found by Adams and

Joy 10 by 10 km. /sec. If these observations are correct they may show a

third body motion of the system, but further spectrographic ob-

servations will be needed to establish this point.

For photometric measures only the one comparison star H.D.

164043 was used. The two comparison stars were intercompared

on 14 occasions. There was no significant evidence of variability of

the comparison stars.

Harmonic analysis of the observations outside eclipse yielded

L = 0.893 - 0.0028 cos d - 0.0089 cos 2

(± 0.001) (± 0.001) (± 0.005)

in the yellow, and

L = 0.851 - 0.0049 cos 6 + 0.0060 cos 2 6

(± 0.001) (± 0.001) (± 0.005)

in the blue.

Normal points of observation were read off a smooth curve and the

observations "rectified" for ellipticity in the usual way, giving the

loss ot light, as a function of predicted phase, shown in Table IV.
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TABLE IV

Rectification, Z Herculis

Phase
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The estimates of L\ and Li were obtained by a comparison of the

relative depths of the two minima at corresponding points,

k = 0.6 Li = 0.666 L 2 = 0.334 (yellow)

Li = 0.720 Li = 0.220 (blue)

k = 0.7 Li = 0.723 L 2 = 0.277 (yellow)

Li = 0.783 L 2 = 0.217 (blue)

These estimates give the values of the a-function shown in Table V.

TABLE V

a-FUNCTIONS, Z Herculis
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Taking the dimensions of the relative orbit as 10.5 X 10 6 km.,

there result

radii of components 1.8 O and 2.8 O,
surface gravities 0.46 O and 0.18 O,
mean densities 0.26 O and 0.06 O,

for the brighter and fainter components respectively.

7. Analysis of Observations—RS Vulpeculae.

The phases predicted from the elements given in Rocznik Astro-

nomiczny, No. 22, were corrected by 0.007d. An examination of the

residuals of computed from observed phases for the last thirty years

suggests strongly that the currently accepted period is a little too

long. I suggest that better elements would be epoch J.D. 2420606.623,

period 4.477660d.

The two comparison stars were intercompared on 36 occasions.

There was no significant evidence of variability. During the deep

eclipse the fainter comparison star was used, at other times the

brighter comparison star.

Harmonic analysis of the observations outside eclipse yielded

L = 1.1576 - 0.031 cos 9 - 0.016 cos 2 9 + 0.0006 sin 9,

(± 0.001 m.e.) (± 0.001 m.e.) (± 0.003 m.e.) (± 0.001 m.e.)

in the blue, and

L = 1.0876 - 0.0346 cos 9 - 0.0226 cos 2 9 + 0.0033 sin 9,

± 0.001 m.e. ± 0.001 m.e. ± 0.003 m.e. ± 0.001 m.e.

in the yellow. The units are those of the brighter comparison star.

For analysis the observations were plotted on a large scale and

normal points were read off a smooth curve at intervals of 2 degrees

in phase. The primary minimum was "rectified" by subtracting the

contribution of the reflected light as estimated from the harmonic

analysis outside eclipse. The "rectification" of ellipticity was carried

out by division in the usual way. This gave the values for the loss

of light, as a function of phase, shown in Table VI.

This analysis of the system RS Vulp is considerably weakened by
the scant observations of the secondary minimum. The best estimate

of the depth of secondary minimum, rectified for ellipticity, is 0.044

in the blue and 0.058 in the yellow, with an estimated uncertainty

of 0.005.

The amount of light reflected at full phase is 0.054 in the blue

and 0.063 in the yellow, so that if our estimate of the depth of the

secondary minimum is correct the secondary minimum cannot be a
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TABLE VI

Rectification, RS Vulpeculae

Phase
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k 0.7 or 0.8. The true value of k may be somewhat smaller than 0.7,

but cannot be as small as 0.6, and is probably not as large as 0.9.

The estimates of ao, L\ and L 2 for the various assumed values of k

were,

For the values of k = 0.7 and k = 0.8 these lead to the values of

the a-function shown in Table VII. The difference of the a-functions

k
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Taking the dimensions of the relative orbit as about 14.5 X 10 6 km.,

these result in

radii of components 4.2 O and 5.6 O,
surface gravities 0.25 O and 0.045 G,
mean densities 0.06 O and 0.008 O,

for the brighter and fainter components respectively.

8. Discussion.

It is a valuable feature of the systems TW Drac, Z Here and RS
Yulp that we have spectrographic observation of the spectral types

and of the masses of their components. These are of varying weights.

The spectral types of the components of TW Drac and Z Here are

well determined, the spectral type of the faint component of RS
Vulp is more uncertain. The masses of the components of Z Here 10

and RS Vulp 11 are well determined, those of TW Drac are probably

quite uncertain, and for it I use an estimate by Pierce, quoted by

Wood. 8 The dimensions and densities of the components derived

with the aid of the spectrographic data are quoted above. Except for

the system Z Here, the components seem to lie pretty well on the main

sequence.

A simple photometric datum which can be compared with the

spectrographic data is the colour index of the components of these

systems. I am obliged to Prof. E. F. Carpenter for making available

to me his measures of the colour indices of a number of stars of

known spectral type, as observed with the Tucson photometer. The

luminosities of the components are given in terms of the light of the

comparison star as unit. The observed colour index of the comparison

star (reduced to the zenith) can be used to calculate the colour

index of the components. This colour index can be used to give an

estimate of the spectral type based on Carpenter's data, and the

result can be compared with the spectral type determined by the

aid of the spectrograph. The results are as follows:

C.I. Est. Sp. Obs. Sp.

TW Drac -0.20 A5 A6

+ 0.47 K5 K2

RSVulp -0.40 G A2

+ 0.0 F F2

Z Here +0.04 F F2

+ 0.4 G-K F5

The agreement seems reasonable except for the system Z Here.
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Another way of comparing the photometric and spectrographic

data is to estimate the difference in spectral type by comparing the

observed depths of minima, which are approximately in the ratio

of the surface brightness of the components. The estimate is crude

since it is based on the black body assumption and an assumed tem-

perature scale which may not be valid. Russell 12 has given a table

by means of which such an estimate may be made. I have used the

rectified depths of minima, but have corrected them as carefully as

possible for the reflected light, so that the ratios represent the un-

disturbed disks as nearly as possible.

The data used were:
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harmonic, and uncertainty about the spectral type of the faint com-

ponent, and its darkening to the limb. Accepting the mass ratios for

the systems which have been given from spectrographic evidence, I

find the oblateness of the components due to tidal distortion to be

Bright Component Faint Component
TW Drac 0.004 0.150

RS Vulp 0.003 - 0.004 0.106 - 0.085

Z Here 0.001 - 0.003 0.012 - 0.010

If the disks of the stars were uniformly bright the observed ellipti-

city effect would be the mean of these oblatenesses (weighted accor-

ding to the luminosities of the components) multiplied by sin 2
t.

The observed effect may be greater by as much as a factor of 1.6 if

the disks are completely darkened to the limb.

The weighted means of the oblatenesses for these systems are:
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The data are pretty uncertain but there seems to be an indication

that there is an additional factor besides the ordinary limb darkening

contributing to the observed ellipticity effect. It is not possible to

estimate the magnitude of this factor. Even this conclusion would

have to be altered if we have overestimated the contribution of the

reflected light to the second harmonic variation.

It remains to compare the observed limb darkening effects with

the theoretical effects. This effect was best observed in the system

TW Drac in which the differential limb darkening is quite accurately

determined, and certain limits placed on its absolute value, namely,

that it is probably equal to 0.3 or less for wave-length 5100 A., and

0.5 or less for wave-length 4370 A. These determinations are to be

compared with certain data calculated by Chandrasekhar and

.Miinch 15 on the basis of a model in which the continuous absorption

is due to the negative hydrogen ion, and to neutral hydrogen. The
data given show that for a given spectral type the limb darkening

coefficient is very nearly a linear function of the wave-length, at

least in the visible region. The values they suggest for an A5 star

are 0.77 for wave-length 4570A. and 0.65 for wave-length 5100A.

But they remark that the linear approximation for the darkening to

the limb is not very good for the visual region. Accordingly, the

theoretical coefficient ought to be reduced somewhat. By con-

sidering a hypothetical eclipse of a star like the Chandrasekhar-

Miinch model I estimate the correction to the theoretical coefficient

can hardly be greater than 0.1.

Actually the observed values of the limb darkening for A stars

are smaller than the theoretical values by amounts of 0.2 and more.

It happens that estimates of the limb darkening have been made for

three A stars as shown here

:

Obs. Coeff. Theor. Coeff.

TW Drac
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As the limb darkening is a nearly linear function of the wave-

length the expression of the difference of the degree of limb darkening

in different wave-lengths as a gradient is strongly suggested. It is

the nature of the analysis of eclipsing variables that the difference in

the degree of limb darkening can be measured with much more re-

liability than the absolute amount of limb darkening, since many of

the systematic uncertainties in the determination of the absolute

amount of limb darkening cancel out when we form the gradient. Thus
we have for the gradient (difference in limb darkening coefficient

divided by difference in wave-length in thousands of Angstroms).

Observed Theoretical

TW Drac
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Some of these are systems in which two spectra are observed. Obser-

vations of a number of such systems offer hope of clearing up some of

the uncertainties about the reflection and ellipticity effects. A better

understanding of these effects would go far towards removing the

existing systematic uncertainties in the analysis of the light curves

of eclipsing binaries.

The writer desires to express his gratitude to Prof. E. F. Carpenter

of the Steward Observatory for the generous facilities he provided,

and to colleagues at the David Dunlap Observatory for steady

support and encouragement. He is much indebted to the late Prof.

F. S. Hogg, who initiated the construction of a photometer at the

David Dunlap Observatory.

This study has been submitted in partial fulfilment of the require-

ments for the degree of Ph.D. at the University of Cambridge,

England.
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APPENDIX

Normal Points of Observation for TW Draconis
Heliocentric phase from epoch 2433032.351 Julian Date

Period 2,8067655 days. The phases of the Ephemeris have been
corrected bv — 0.030 D.

1951
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Normal Points of Observation" for TW Drac. (cow/.)

1951
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Normal Points of Observation for Z Herculis

Heliocentric phase from epoch 2413086.365 Julian Date

Period 3.992795 days

1951
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Normal Points of Observation for RS Vulpeculae
Heliocentric phase from epoch 2428760.434 Julian Date

period 4.477666 days

1950
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Normal points of Observation for RS Yulp. (cont.^

1951


