
logarithmic potential (spheroidal)

guiding centre:
minimum in �e↵ .
@�eff
@R = 0

@�eff
@z = 0

different zvc for orbits of different E/Lz

for a given Lz	

a special orbit



The epicycle approximation

xy

Keplerian:   X/Y = 0.5	

Harmonic:  X/Y = 1	

Galatic:   X/Y ~ 0.7

for stars with the same guiding center orbits

Epicycle direction are always retrograde;  	

opposite to planetary orbits	

!
at apo-apse, moves slower relative to circular orbit



The epicycle approximation

vertical frequency:  ν	

!

radial frequency:  κ	

!

rotational frequency: Ω	

!

independent measures of the potential



1st application: taking <v> of solar neighbourhood

solar B-V=0.66



for stars near the mid-plane (Hipparcos data, |z| < 
100pc),  Dehnen & Binney ’98

2nd application: velocity dispersion

cross-term between R & theta



Dehnen & Binney ’98

by taking 
neighbourhood <V> 

averages

Measuring Solar 
peculiar velocities 

(u0, v0, w0)

solar B-V=0.66



Schematic distributions of local (u,v) u: R-direction, x	

v: theta-direction, y



the ‘asymmetric drift’



Reid et al ’09:  study of masers 
in star forming regions

‘asymmetric drift’, 	

‘rotational lag’	

caused by two effects:	

1)rotational support	

2)density radial gradient



Dehnen & Binney ’98	

(12,000 Hipparcos stars) Feast & Whitelock ’97 

(220 Cepheids)

very young stars: dispersion 
reflects parent cloud orbit; 

moving groups... 

Schonrich, Binney & Dehner ’10     
‘the approach to the determination of 

V⊙ by DB98... is misleading’	

(in fact, very young stars define V0 

perfectly)

U0=11.1+/-0.7 km/s!
V0=12.2+/-0.5 km/s!
w0=7.3+/-0.4 km/s

Different determinations of the solar peculiar motion



Motion relative to the galactic centre can be measured.	

= solar peculiar motion + rotation curve

So rotation curve subject to	

bias in solar motion



More twists Bovy et al ’12,   APOGEE data 
v0 = 26 +/- 3 km/s; Milky Way mass down.



velocity dispersion of stars increases with their mean 
ages	

!
evidence for heating due to GMC or spiral arms/bars?	

!
ratios of σR/σz, σR/σϕ, cross-terms etc., constrain 
heating mechanisms

for stars near the mid-plane (Hipparcos data, |z| < 
100pc),  Dehnen & Binney ’98

2nd application: velocity dispersion

cross-term between R & theta



ratio of σR/σϕ also measures the gravitational potential

stars with the same guiding centres:



xy

Keplerian:   X/Y = 0.5	

Harmonic:  X/Y = 1	

Galatic:   X/Y ~ 0.7

for stars with the same guiding center orbits

ratio of σR/σϕ also measures the gravitational potential



But stars also have different 
amplitudes (X is not a 
constant)	

!
!
a distribution of X; centroid	

and dispersion depends on 
stellar ages; however…

Practical problem: in the solar neighbourhood, stars have 
different guiding centres



we can measure κ/Ω, what about ν/Ω?

~ ν2

• measure ν  —> measure local matter density 	

• and since we are embedded in the disk…	

• how do we go about this task?	

• ratio of σz/σϕ ?



Spectral Energy Distribution 
of a galaxy

galaxy = Σ  star light = ∫L(m) dN/dm dm

In main sequence, L ∝ m4



Stars in the Solar Neighbourhood (mostly disk stars + 
some halo stars)

courtesy of S. Courteau

Spectral Energy Distribution of the solar 
neighbourhood

Melchior et al ’07

Melchior et al ’07

Luminosity function

the sun (4.83)



star counts=  initial mass function 	

	
 	
 	
 convolve with	

	
 	
  	
 star formation rate	

	
 	
 	
 convolve with 	

	
 	
 	
 stellar evolution



Bruzual & Charlot ’93   “Spectral evolution of stellar populations using isochrone synthesis”

Lyman limit 912 Å	

Lyman α: 1216 Å	


Balmer limit: 3646 Å 	

Hα: 6563 Å

U  B   V

blue vs. red galaxies 	

(red means death)





What is the SED of an elliptical galaxy?

dominated by MS stars



Spectral energy distributions for typical galaxies - an old 
elliptical galaxy (red), two types of spiral galaxies (Sb in 

green and Sd in blue), an AGN (Markarian 231, solid black), a 
QSO (dotted black), and a merging and star-bursting galaxy 

Arp 220. Template spectra are taken from Polletta et al. 2007. 

Infrared 	

gives new information

dust

http://adsabs.harvard.edu/abs/2007ApJ...663...81P


Back to the solar neighbourhood



Local Velocity Dispersions — spectral types
u: R-direction, x	


v: theta-direction, y



Geneva-Copenhagen survey results 	

~14,000 F & G dwarfs	


Holmberg et al ’09

steeper slope in w

Local Velocity Dispersions — stellar age



Formation of the Galactic Disk

model I: continuous stirring 	

(GMC? radial migration?)

Model II: minor mergers	

Model III: stirring + merger

GAIA will majorly 
improve on distances, 

& more stars

W ~ 10km/s sqrt(t/1Gyrs)



We have two disks (thin, thick)?

Star counts (SDSS, Juric et al ’08)

thin disk Hz ~ 300pc	

thick disk Hz ~ 1kpc

thin disk: [Fe/H] > -0.6	

thick disk:  lower average

[Fe/H]   (SDSS, Ivezic et al ’08)

the “G-dwarf problem  
 (lack of metal-poor disk stars, even at 11Gyrs)

Σthick/Σthin ~ 7%	

ρthick/ρthin ~ 2%



Break-down of the epicycle approximation:

Taylor expansion fails when large x,z oscillations	

(hotter populations)



epicycles only apply to 
small dispersions

Break-down of the epicycle approximation:

<v>: asymmetric drift, density gradient matters; rotational support reduced	

!
the spring constants (κ, ν) no longer constants	

!
<v^2>: ratio modified



rotational lag (asymmetric drift)
White et al ’11

SDSS data

Break-down of the epicycle approximation:



To account for these, need a new tool:  	

 distribution function  &   Jeans equations



or    df/dt = 0

• Integral of motion, or any function of the integral 
of motion satisfies the collisionless Boltzmann 
equation. 
!

• Regular motion has 3 integrals of motion. 	

!

• 6-D variables: 3 integrals of motion, 3 phases



Barnes

same E/Lz	

non-crossing in surface of section	

bound by a 3rd integral	

3rd integral not analytical

total L almost conserved

Orbits in axisymmetric potential



BT p. 285 

which distribution does a real galaxy take?	

and why?



If potential can decompose	

!

motion conserves	

!

so distribution function

Shu ’69, physically motivated	

“Schwarzschild Distribution Function”

small departure from guiding centre motion



Shu ’69, physically motivated 
“Schwarzschild Distribution Function”

this seems a reasonably good approximation for stars	

in the solar neighbourhood.	

!
but how do stars acquire this distribution?	

!
why not other forms?  	

— S(Lz)  corresponds to Σ(R)	

— Gibbs hypothesis	

— constraint: only some forms are compatible with Φ(R,z)	

— a result of prior heating? 	

— certain forms maximize entropy? 	

— results of initial condition?

observationally, σ32 ~ 1/2 σR2



How to use Distribution Functions?

keep taking moments…  Jeans equations (1919)





The Jeans equation (1919)

the radial Jeans equation in cylindrical coordinates, steady state



Dehnen & Binney ’98

va = vc - <vϕ>    positive and scales with σR2

the gradient measures…	

why can it apply to diff. populations?

The radial Jeans equation:



expectations 
from epicycles

theory



The vertical Jeans equation  (beyond the epicycles)

nu is tracer density, not rho

Smith, Whiteoak, Evans ’12, SDSS dataHolmberg & Flynn ’00,  Hipparcos data

metal rich stars

metal poor stars

using A/F stars using G/K stars

consistent with…



BT Chap. 1

in disk midplane, negligible dark matter	

!
vertically (to +/-1.1kpc), dark matter ~ baryons	


Measured mass-to-light ratios locally: (extend to +/- 1.1kpc)



GAIA data



Next week: spirals  — presentations	

!
BT 6.1:   observations; ’leading/trailing’, pitch angle/winding problem,	

	
 	
 	
 pattern speed,  angular momentum transport	

Volunteers (2): Mark, Miranda 
!
BT 6.2:  Corotation resonance, Lindblad resonance, dispersion relation	

	
 	
 	
 for waves (either in fluid or in stellar disks), “Toomre Q”	

Volunteers (2): Fei, Alex 
!
BT 6.3:  numerical results, ‘swing amplifier’	

Volunteer (1): Nilu 
!
supplementary reading: 	

	
 	
 	
 Dynamics of Disks & Warps, Sellwood, 2010	

	
 	
 	
 	
 http://arxiv.org/pdf/1006.4855v3.pdf 	

	
 	
 	
 Dynamics of Secular Evolution,  Binney, 2012	

	
 	
 	
 	
 http://lanl.arxiv.org/pdf/1202.3403v1.pdf



Non-spherical potential: 
!

triaxial

potential-density pair	

stereotype motions	

numerical results	

!

BT 2.4, 2.5, 3.3, 3.4



Summary: potentials & orbits



Logarithmic potential (2-D)

• spherical potential:	

• Non-spherical potential: axisymmetric	

• Non-spherical potential: non-axisymm	
	
 	
 	
           

planar 2-D



centre-philic

centre-phobic



box

loop

Surface of section when y=0 and dydt > 0

x

y

Angular momentum (z-axis)

J = r⇥ v = xv

y

� yv

x

J changes sign in boxy orbit (stems from J=0 orbits)	

J ~ conserved in loopy orbit (relic of axi-symmetric potential)

2,3: loopy, periodic orbit	

surprising for non-axisymmetric	


!
5,7: boxy, periodic orbit	

purely along y=0 or x=0

5

6

7



J conserved

Hx’ conserved



transition from loop to box 
and back: roughly corre. to 

changing Lz?

3

4

4

1

2

6

4

5

x

y

6

6
3, 1, 6, 4, 5, 4, 6, 4, 2

what about 7?

7



Box/Loop  —- connection with the spheroidal coordinates



The advance of box



Possibility of resonant orbits	

— leading to chaos



Rotating bars

if potential static in time: E conserved	

!

if potential time-varying: E not conserved	

periodic (rotation)	


aperiodic	


E = 1
2v

2 + �
dE
dt = v · dv

dt +
d�
dt = �v · d�

dr + @�
@t + v d�

dr = @�
@t



Lagrangian points of a rotating potential



Miralda-Escude & Schwarzschild ’89







de Zeeuw ’85



• spherical potential:	

• Non-spherical potential: axisymmetric	

• Non-spherical potential: non-axisymm.	
	
 	

	
         	
 	
 —  planar 2-D	

• Non-spherical potential: non-axisymm.	

	
 	
 	
 	
 	
 —	
 triaxial



touching the zero 
velocity surface

Only 4?



de Zeeuw ’85





Frequency map analysis and particle accelerators	

Laskar ’03

regular motion

resonance: nνx + mνy = integer  

chaotic motion







Merritt ’93 : Dynamics of Elliptical Galaxies (Science)

•spherical potential: precessing, planar motion 
(motion regular)	

!

•axisymmetric potential: annular orbit precesses 
around z-axis,   donut-shaped,  typically 3 integrals 
of motion (motion all regular)	

!

•triaxial potential: 	

   when perfect ellipsoid (Stackel potential), regular	


when general, often still integrals of motion	

4 family of orbits	

--boxy: centrophilic, dominating elliptical galaxies, 
but easily perturbed by central density/BH	

--loopy: centrophobic, 3-groups



Eyre & Binney ’10  “the Mechanics of Tidal Streams”

Spherically symmetric (isochrone)




