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Abstract
The Dynamic Atmospheres of Classical Cepheids: Studies of Atmospheric Extension, Mass Loss, and
Shocks
Hilding Raymond Neilson
Doctor of Philosophy
Graduate Department of Astronomy and Astrophysics
University of Toronto
2009
In this dissertation, we develop new tools for the study of stellar atmospheres, pulsating stellar atmospheres
and mass loss from pulsating stars. These tools provide new insights into the structure and evolution of
stars and complement modern observational techniques such as optical interferometry and high resolution
spectroscopy. In the first part, a new spherically symmetric version of the Atlas program is developed for
modelling extended stellar atmospheres. The program is used to model interferometric observations from the
literature and to study limb-darkening for stars with low gravity. It is determined that stellar limb-darkening
can be used to constrain fundamental properties of stars. When this is coupled with interferometric or
microlensing observations, stellar limb-darkening can predict the masses of isolated stars. The new SAtlas
program is combined with the plane-parallel hydrodynamic program Hermes to develop a new sphericallysymmetric radiative hydrodynamic program that models radial pulsation in the atmosphere of a star to depths
including the pulsation-driving regions of the stars. Preliminary tests of this new program are discussed.
In the second part, we study the recent observations of circumstellar envelopes surrounding Cepheids
and develop a mass-loss hypothesis to explain their formation. The hypothesis is studied using a modified
version of the Castor, Abbott, & Klein theory for radiative-driven winds to contain the effects of pulsation.
In the theory, pulsation is found to be a driving mechanism that increases the mass-loss rates of Cepheids
by up to four orders of magnitude. These mass-loss rates are large enough to explain the formation of the
envelopes from dust forming in the wind at large distances from the surface of the star. The mass-loss rates
are found to be plausible explanation for the Cepheid mass discrepancy. We also compute mass-loss rates
from optical and infrared observations of Large Magellanic Cloud Cepheids from the infrared excess and
find mass loss to be an important phenomena in these stars. The amount of infrared excess is found to
potentially affect the structure of the infrared Leavitt law.
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Chapter 1

Introduction
Bright star, would I were steadfast as thou art–
Not in lone splendour hung aloft the night
And watching, with eternal lids apart,
Like nature’s patient, sleepless Eremite,
- Bright Star, Would I Were Steadfast As Thou Art by John Keats (Milnes, 1848)

1.1

Things in Perspective

The stars are fundamental building blocks of the universe; they are important for the structure of galaxies on
the large scale, and for the structure of planets and disks on the small scale. They are the engines that form
the elements necessary for life such as carbon, oxygen and nitrogen. They are also the locations where life
forms and is supported by stellar radiation. Studying the stars in the sky is a study of how life is formed.
Stars, though, are interesting in their own right. It is remarkable that stars vary in mass from 1/10 the
mass of the Sun to 100× the mass of the Sun, by four orders of magnitude. The amount of light different
stars emit ranges from 10−2 − 106 × the amount of light emitted by the Sun and likewise stars range in radius
from 0.01 − 1000× the radius of the Sun. It is a remarkable feat of nature that all these different stars are
related and use the same physics.
Thus it is a compelling challenge to study these objects and learn about their structures, how they evolve
and how they relate to the formation of life and planets. However, gathering information about stars is a
challenging endeavor. The only window to the stars is the light they emit. The observed light is emitted
from the optically thin outer layers of a star called the atmosphere, and is a measure of the star’s temperature,
pressure, density, and composition in these layers. Furthermore, one may use this information to measure
global properties of a star such as the effective temperature, gravity and even mass (or conversely luminosity
and/or radius) as well as the complete atmospheric structure, although this is model dependent. Models use
1
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Figure 1.1: A pulsating star, shown as a blue circle, pulsating over one period at five different times, at minimum,
mean, maximum, mean, and minimum radius. Below is a cartoon of a string vibrating as a standing wave, with the
blue string corresponding to the same phase as the star above as minimum, mean, or maximum point in the wave.

atomic physics, radiation physics, and equations for the structure of a static fluid to describe the atmosphere
of a star and attempt to reproduce the observations.
These observations do not yield any information about the interiors of stars, that is unless the star is
pulsating. A pulsating star is a star that changes in brightness due to physical changes within that star. The
simplest type of pulsating star is a radially pulsating star in which the star’s volume expands and contracts
periodically and this is seen as a change of light. A second type of pulsating star is one with non-radial
pulsations, such that different parts of the surface are moving outward and inward at the same time.
A radially pulsating star is a powerful tool for understanding stellar interiors because the expansion and
contraction is due to a standing wave. Therefore, observations of pulsation carries information about the
interior structure of the pulsating star. This is analogous to a standing wave formed by a vibrating string as
shown by the cartoon in Figure 1.1. When the star is smallest in size, the string is at a minimum and as the
star expands, the string moves toward a maximum height and then the vibration moves back to a minimum.
The two phenomena are similar. From classical mechanics, it is known that the period of oscillation for a
string is
r
P = 2L

µ
,
T

(1.1)

where L is the length of the string, T is the tension, and µ is the mass density of the string. By measuring
the period of oscillation of the string, one can learn about the properties of the string. Likewise, the period
of pulsation for a star can tell us about the structure of the star.
Using the light from pulsating stars, one gains information about the interior of stars as well as information about the atmospheres of the same stars. However, pulsation is a dynamic effect, where a significant
fraction of the star is moving at any time. Thus the atmosphere of the star is also moving and its structure is
2
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being changed by these dynamic motions. Therefore, the standard models assuming a static fluid are a poor
representation of reality. It is preferable to model the atmosphere of these stars using a hydrodynamic flow.
Luckily for astronomers, there are many pulsating variable stars in the universe, as is shown in the
pulsation Hertzsprung-Russell (HR) diagram in Figure 1.2. The figure displays the luminosity and effective
temperature of a star. The colored regions of the pulsation Hertzsprung-Russell Diagram denote different
types of pulsating variable stars; the blue and green regions are non-radially pulsating variables and solarlike oscillators. The Mira and irregular pulsating stars (Irr) are radially pulsating and form dust in the
atmosphere. The RR Lyrae stars and Cepheid stars are radial pulsators as well but do not form dust in the
atmosphere. These two types of stars lie in what is called the Cepheid Instability Strip, a region of the HR
diagram where the conditions in a star are just right for pulsation to occur.
The Cepheid variable stars, in particular, are interesting. They are evolved giant stars fusing helium in
their cores, rapidly changing their structure as they evolve across the Cepheid Instability Strip. Cepheids
pulsate and their brightness varies over a period of days to a few months as shown by the light curve for
the prototype Cepheid, δ Cephei in Figure 1.3 for a number of wavelengths. The variation is regular and
consistent with respect to time. Because Cepheids expand and contract, they also have a pulsational velocity;
however, it is not possible to observe the pulsational velocity directly. Instead, one can measure its projection
onto the radial velocity of a Cepheid, as shown in Figure 1.4 for δ Cephei. The variation of the radial velocity
is also very regular, but it is interesting to note that the velocity curves do not correspond with the light curve
as one might naively expect. When the velocity is zero, the radius of a Cepheid is either at its minimum or
maximum value and one might expect this to also be the location of the minimum and maximum brightness.
However, this is not the case, the minimum and maximum brightness occur at maximum and minimum
velocity or conversely at the phase where the radius is about the mean radius.
The typical properties of Cepheids are listed in Table 1.1, adopted from Ngeow (2005). It is clear that
Cepheids vary over a large range of luminosities and radii, providing a large parameter space for dynamic
modelling, and their effective temperature is also idea for assuming local thermodynamic equilibrium.
While Cepheids are convenient for modelling, they are also important objects for astronomical research.
Because Cepheids are massive stars, they are associated with young stellar populations and star formation.
However, arguably their most significant property is that Cepheids are standard candles. If one measures
how bright they appear to be and the period of pulsation then one can determine how bright the Cepheid
actually is and its distance. This makes them powerful tools for extragalactic and cosmological studies.
In terms of stellar astrophysics, Cepheids are ideal laboratories because they present information that
can be used to constrain their structure and hence help constrain the structure of stars, in general. The goal of
this dissertation research is to study the dynamic atmospheres of these stars using numerical and analytical
methods via the combination of stellar atmosphere modelling and Cepheid pulsation. These two topics have
been studies extensively for more than a century and many questions answered, including why the light and
velocity curves have a phase lag. There are also many questions unanswered and as such, they are reviewed
3

1.1. THINGS IN PERSPECTIVE

Figure 1.2: The pulsation Hertzsprung-Russell showing the effective temperatures and luminosities of different types
of pulsating variable stars. The colors and labels are described in the text. The figure is adopted from ChristensenDalsgaard (2003). Reproduced by permission of Dr. Christensen-Dalsgaard.
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Figure 1.3: The observed variation of brightness for δ Cephei in the UV BGRI-bands. The figure is adopted from
Stebbins (1945). Reproduced by permission of the American Astronomical Society.
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Figure 1.4: The radial velocity curve for δ Cephei. The figure is adopted from Shane (1958). Reproduced by permission of the American Astronomical Society.
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Table 1.1: Typical Properties of Cepheid Variable stars

Parameter
Period (days)
Mass (M )
Mean Luminosity (L )
Effective Temperature (K)
Mean Radius (R )
Absolute Visual Magnitude (mag)
V-Band Amplitude (mag)
Radial Velocity Amplitude (km/s)
Spectral Type

Range
1 - 100
3 - 15
300 - 45000
4500 - 6500
15 - 200
− 0.5 - − 8
0.3 - 1.2
30 - 60
F6 - K2

here to outline the current understandings and open challenges.

1.2

History of Stellar Atmospheres

The history of the theory of stellar atmospheres is intertwined with the development of solar and stellar
spectroscopy, stellar classification, atomic physics, and radiative transfer. It arguably began when Isaac
Newton observed the continuous spectrum of the Sun through a glass prism almost 350 years ago. This
simple observation sparked the field of stellar spectroscopy, which in turn motivated the development of
stellar classification. The spectroscopic observations provided insight into atomic physics such as the discovery of helium, as well as a testbed for the theory of radiative transfer, that formed the basis for the field of
stellar atmosphere modelling. Much of this review of stellar atmospheres is from Hearnshaw (1986), Gray
& Corbally (2009), Mihalas (1978), and Pecker (1965).

1.2.1

Stellar Spectroscopy and Classification

While Isaac Newton observed the continuous spectrum of the Sun, he missed discovering absorption lines.
That discovery was made by William Wollaston in 1802, in which he reported dark gaps between colors in
the continuous spectrum. He attributed the dark gaps to a simple separation of colors. Joseph Fraunhofer
observed the Solar spectra in more detail and found that the dark gaps varied in strength, some strong and
some weak, and existed in regions where the color is same on both sides of the line. Because of this variation,
Fraunhofer concluded that the lines are not a natural boundary. It was Kirchhoff, in 1859, who deduced that
the Fraunhofer D line was due to the presence of sodium when he passed a continuous spectrum through a
salt flame. This observation led to the Kirchhoff’s Three Laws for radiation, and began the field of chemical
analysis in stars.
The observations of Fraunhofer were instrumental in the development of solar spectroscopy but he was
7
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also the first to observe absorption spectra of stars. In 1823, he reported observations of Sirius, Pollux,
Castor, Betelgeuse, and Procyon. Fraunhofer’s observations were repeated by Lamont in 1838 while he was
director of the Royal Observatory in Munich, and by William Swan in 1856 (Swan, 1856). However, it
was in the 1860’s when the field of stellar spectroscopy became more common with observations in both
Europe and North America. Lewis Rutherfurd observed seventeen stars from New York and classified them
into three different groups (Rutherfurd, 1863). This was one of the first attempts at stellar classification.
In London, the Astronomer Royal, George Airy, reported spectroscopic observations of eighteen stars. For
some cases, these observations included only two absorption lines from some stars such as Arcturus (Airy,
1863). Donati (1863) discussed spectroscopic observations of fifteen stars. He noted many differences
between the lines detected for different stars and did not detect certain lines. For instance, the author noted
that the D line is not seen in any stars. It is remarkable that stellar spectra were observed by these astronomers
given the difficulties they had obtaining consistent measurements, as noted by Donati (1863),
Perhaps, as the stars change in color, their stria-positions change, or my more brilliant striæ
may not have been the more brilliant ones to Fraunhofer’s eyes. (Thus Fraunhofer is silent
on the difficulties of Capella, and speaks of the difficulties of Procyon. I found Capella very
troublesome, and the stria of Procyon much clearer and sharper than any in Capella.) I merely
point out the utility of making these observations at various times with the extremest accuracy,
without hazarding any hypothesis.
By 1864, William Huggins, from his private observatory in Upper Tulse Hill at the edge of London, had
contributed greatly to the field of stellar astrophysics. Along with his partner, William Miller, a chemist, the
two began a project to determine the chemical composition of stars. That year, they presented a paper on the
spectra and composition of stars with particular emphasis on Aldebaran, Betelgeuse, β Pegasi, and Sirius
(Huggins & Miller, 1864). In Aldebaran, the presence of sodium, magnesium, hydrogen, calcium, iron,
bismuth, tellurium, antimony and mercury was detected, while in Betelgeuse the authors found sodium,
magnesium, hydrogen, calcium, iron, and bismuth. In β Peg, only sodium, magnesium and barium were
detected. For Sirius, they detected sodium, magnesium, hydrogen and iron. Huggins and Miller also presented results for another 41 stars. In another work, Huggins discussed laboratory experiments determining
the spectra of air and 23 known elements from spark spectra (Huggins, 1864). This work was one of the
first attempts to measure the composition of stars, which is remarkable considering that astronomers had not
yet discovered how absorption/emission lines were formed. It was also a fundamental result as it provides
constraints for modelling stellar atmospheres.
The field of stellar spectroscopy had grown so much by the 1860’s that a plethora of stars had been
observed and it was now possible to compare them with each other and the solar spectra. In conducting this
comparison, it had been noted by a number of authors that there were significant differences between certain
stars, (Rutherfurd, 1863; Huggins & Miller, 1864). Following the path taken in biology of categorizing
8
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different species into classes, many astronomers began to devise schemes for classifying stellar spectra.
Rutherfurd was among the first to take this approach of grouping stellar spectra; in his classification scheme
there are three groups. The first group contains spectra like the Sun, those stars with many lines, while the
second group uses Sirius as the prototype where the spectra are “wholly unlike the Sun, and are white stars”
(Rutherfurd, 1863). The third class of stars show no lines, with Rigel as a typical star. In the modern MK
system, the first group are G type and later, the second is late B to F, while the third type is early B stars or
supergiants where the hydrogen lines are very narrow (Hearnshaw, 1986).
Another classification scheme was proposed by Father Secchi in 1863. In his system, there are two
groups, the first Group I is defined as yellow or red stars and Group II is defined as white stars showing few
lines. A third group was added in 1866 called the blue stars. This group was defined by broad spectral bands
in the blue and near-violet due to hydrogen. In the english translation of an earlier paper, Secchi (1875)
outlined the three classes using prototypical stars,
I have shown from previous observations that the spectra of the fixed stars may be referred to
three characteristic types, the representatives whereof are, firstly α Lyrae (Vega), secondly, α
Herculis, thirdly, α Bootis (Arcturus), or by our Sun itself.
Soon after, this classification scheme was extended again to include the carbon stars in a fourth group, and
a fifth group was defined as those stars with the broad hydrogen lines but also having emission lines such as
Be stars.
In the 1870’s, Hermann Carl Vogel in Potsdam proposed yet another stellar classification scheme (Vogel,
1873, 1874). This scheme is similar to that of Father Secchi but with the groups also defined by stellar
evolution parameterized by estimates of the temperature of the star, presumably from the color. This was
incredibly ambitious since in the 1870’s there was no significant understanding of how stars evolved. The
scheme was classified by three types. The first type is those stars that are so hot that metallic vapors have
weak absorption lines, this is the white stars. The second type contains the stars that are similar to the
Sun with strong absorption lines, and the third type contains those stars that are cool and are characterized
by broad absorption bands. This scheme was further refined with subclasses. The first type contains three
subclasses, with (a) weak metallic lines and visible hydrogen lines, (b) metallic lines are barely visible or
not at all and the hydrogen lines are also missing and (c) stars with hydrogen emission lines. The second
class has two subclasses defined as (a) stars with very numerous metallic lines that are easily recognized
with either strong hydrogen lines or those stars where those lines are weak and (b) spectra with the weak
bands but also a number of bright lines. This second subclass includes the Wolf-Rayet stars, novae, and Mira
variables. The third class, which contains a number of dark lines and numerous dark bands, are separated
into two subclasses. Vogel defined the first subclass by the dark bands that are strongest in the violet range
of the spectra where they terminate sharply and become weaker at longer wavelengths. The second subclass
was defined by having the opposite behavior where the lines are strongest in the red and weaken towards the
9
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violet part of the spectrum (translation of Vogel (1874) by Hearnshaw, 1986).
Vogel had hoped he had devised a lasting classification scheme. However, the discovery of helium forced
him to redefined the classification scheme. As a result, in 1899, sub-subclasses were created for Class Ia
and Ic, and Class Ib was changed. The Class Ia was divided into three parts where they all show strong
hydrogen lines but no helium with the metallic lines becoming stronger from the first sub-subclass to the
third sub-subclass. The Class Ib was defined to include the helium stars which were mostly observed in the
Orion nebula (also called Orion stars) and had helium absorption lines. The subclass Ic was divided into
two parts with the first having stars with only hydrogen in emission and the other having emission lines of
hydrogen and other elements.
One of the more fascinating attempts to devise a stellar classification system was attempted by Norman
Lockyer that is based on his theory of star formation and evolution. The meteoric hypothesis states that the
universe contains numerous meteorites that traveling throughout; these meteorites collide and vaporize into
a gas. The gas condenses and forms young stars. The stars contract further causing the stellar temperature
to increase until the radiation from the stars halts the contraction. At this point a star reaches a maximum
temperature and begins to cool. Therefore, Lockyer argued that stars can be classified as being on one of two
branches, one of increasing temperature and one a cooling branch (Lockyer, 1899, 1903). Thus Lockyer’s
classification scheme had two dimensions, one being a measure of temperature and the other is whether the
star is on the ascending or descending branch. In his scheme, each branch is divided into seven parts and
a peak division where the star reaches the maximum temperature. Each of the fifteen divisions are named
after prototype star, starting on the ascending branch the divisions are based on Antares, Aldebaran, Polaris,
α Cygni, Rigel, ζ Tau, and β Crucis. At the peak, the division is represented by  Orionis, and γ Velorum.
On the descending branch, the divisions have the prototypes Achernar, Algol, Markab, Sirius, Procyon,
Arcturus, and 19 Piscium. These sequences are striking as the ascending branch is defined by giant and
supergiant stars while the descending branch is defined by dwarfs. Lockyer and the meteoric hypothesis is
an interesting cautionary tale of trying to fit a theory with observations but what is remarkable about the
work is that Lockyer differentiated between giant/supergiant spectra and dwarf star spectra.
While Lockyer and Vogel were defining their classification systems in Europe during the 1870’s and
1880’s, work was also being done in the United States lead by the director of the Harvard College Observatory E.C. Pickering. One of the first goals of Pickering upon become director was to conduct a large
spectroscopic survey for the Henry Draper Memorial Catalogue. The catalogue included spectra of more
than 10000 stars and the duty of creating a classification system was given to Williamina Fleming. She
proposed a classification scheme based on that of Father Secchi but with more divisions. In the words of
Pickering (Pickering, 1890), Fleming’s classification scheme is summarized as
From this it appears that A, B, C, and D indicate varieties of the first type, E to L varieties of the
second type, M the third type, N the fourth type, and O, P, and Q spectra which do not resemble
those of any of the preceding types.
10
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In this scheme, the letter J was not used, leaving sixteen different categories. In follow-up work on an extension of the Draper Memorial Catalogue for star clusters, Williamina Fleming made significant modifications
to the classification scheme. The new classification scheme is A, B, F, E, G, H, M, N, O where C, D, I, and
L are removed and F is moved ahead of E.
Being an ambitious researcher, Pickering began a detailed study of all bright stars and set Antonia Maury
to classify these spectra. In this work, Antonia Maury devised a new classification scheme with 22 different
groupings but also with a second dimension with three divisions. The 22 groups are similar to the four
types specified by Father Secchi, but with groups I to V representing the Orion stars. The groups VII to
XI represent Secchi’s type I, while groups XIII to XVI represent the second type. The groups XVII to XX
are equivalent to type III and group XXI represent carbon stars and XXII represent Wolf-Rayet stars. The
groups VI, and XII are intermediate groups between Secchi types. The three divisions are defined as (a) in a
spectra none of the lines are relatively wide with the exception of hydrogen and calcium, (b) spectra where
all lines are relatively wide and (c) the hydrogen lines are narrow and strong, “the Orion lines are likewise
narrow” (a reference to helium lines) (Maury & Pickering, 1897), and the calcium lines are more intense
relative to other divisions, and contain metallic lines not seen in the solar spectrum.
Yet another systematic spectroscopic survey of stars was lead by Pickering starting in 1891 observing
stars in the southern hemisphere. This survey included observed spectra for about 1100 stars and the task
for classifying the stars was given to Annie Jump Cannon. Cannon adopted and modified Fleming’s classification scheme, where various types were removed and others rearranged. She proposed a scheme with
types O, B, A, F, G, K, and M with P for planetary nebulae, and Q for stars with particularly bright lines.
The O-type was moved ahead of the B-type as it is recognized both exhibit Orion lines, “all the dark lines,
except those due to hydrogen and calcium, in the spectra of classes Oe, Oe5B, B, B1A, B2A, B3A, and
B5A.” (Cannon & Pickering, 1901). In this notation B is equivalent to B0 and B3A is B3 in the current MK
notation. It is here where we see that stellar classification is similar to the modern system used today.
Under the direction of Pickering and the dedication and creativity of Fleming, Maury and Cannon,
almost 20000 stars were observed spectroscopically and classified. This historic work has also led to the
development of the modern Morgan-Keenan classification scheme. In fact, the development and evolution
of stellar classification from the system suggested by Annie Jump Cannon to the current system has a rich
history but is beyond the scope of this work, and can be found in Gray & Corbally (2009). However, the early
history of stellar spectroscopy and classification shows how observations provide necessary information
that model atmospheres must reproduce. The two fields, stellar classification and atmospheric modelling
are inherently related. In an analogy suggested by Dimitri Mihalas, to speak of only the theory of stellar
atmospheres is akin to hearing only one side of a telephone conversation. Instead, the two fields work
together as a good duet (Mihalas, 1994).
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1.2.2

The Physics of Stellar Atmospheres

The first forty years of stellar spectroscopy had provided a plethora of information for theoretical astrophysicists to struggle with. In the early years of the twentieth century, researchers were using stellar spectroscopy
to understand stellar temperatures (Wilsing & Scheiner, 1909) and luminosities (Hertzsprung, 1905, 1907;
Russell, 1913a). However, there were still more questions. Some of these questions were related to the
physical processes for forming absorption lines in a spectrum, how energy was transferred in a star, and how
does a star maintain stability.
Some of the challenges of understanding of stellar atmospheres were not answered by astronomers but
by physicists. The behavior of radiation was explained by Max Planck where he connected the wavelength
dependence of light from an object emitting a continuous spectrum and that object’s temperature. It was this
result that Wilsing & Scheiner (1909) used to measure stellar temperatures from spectroscopy. Furthermore,
the quantization of light was discovered by Albert Einstein. Niels Bohr and Ernest Rutherford devised the
model for the structure of an atom by 1913. These two discoveries were used to explain how absorption
and emission lines are formed in a stellar atmosphere. These three discoveries are fundamental to the
understanding of quantum mechanics but also laid the foundation for the development of model stellar
atmospheres.
Even though these theories laid a foundation for stellar atmospheres, progress was still to be made in
the understanding of radiation transfer. Schuster (1905) studied radiative transfer in a foggy atmosphere,
defined by having a significant amount of scattering of light. Rayleigh scattering was explored as a physical
mechanism for generating bright line and dark line spectra. The light is treated as being emitted from a planeparallel surface and travels a distance dx where some of the radiative energy is absorbed, and the remainder is
scattered. One-half of the remainder is scattered in the forward direction and half backwards. The absorbing
layer also re-emits radiation isotropically in all directions. In this model the emergent radiation can be
calculated as well as the amount the radiation is diminished due to scattering. Without knowledge of atomic
physics, Arthur Schuster constructed a solution for the equation of radiative transfer and was able to compute
emission and absorption line strengths.
This work was followed by the seminal paper by Karl Schwarzschild, where he developed the concept
of radiative equilibrium, as well as calculated the formal solution for the transfer equation in a plane-parallel
atmosphere (Schwarzschild, 1906, english translation by Menzel & Milne (1966)). Prior to this work, most
astronomers treated the solar atmosphere as either isothermal or adiabatic; here the concept of radiative
equilibrium was developed
If we assume that the outer regions of the Sun show a continuous transition to hotter and denser
masses of gas, then we can no longer distinguish between radiating and absorbing layers, but
must consider each layer as radiating and absorbing simultaneously. We know that a strong flux
of energy from unknown sources in the solar interior permeates the Sun, and emerges into the
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surrounding space. In the absence of mixing motions, what must be the temperatures of the
individual layers of the solar atmosphere so that, while remaining stationary, they could support
such an energy flux without further temperature change within themselves?
Following this assumption, the author developed the two-stream approach for solving the equation of radiative transfer in a similar manner as Schuster (1905), but carried out the solution further to describe the
blackbody emission as a linear function of the optical depth. Furthermore, he used this result to derive the
temperature structure of the solar atmosphere under the assumption of a grey atmosphere (independent of
wavelength) to be
1 4
T 4 = T eff
(1 + τ).
2

(1.2)

Combining this relation with the statement of hydrostatic equilibrium, and the ideal gas law, Schwarzchild
computed the density structure of the atmosphere. He had effectively built one of the first model solar
atmospheres. The process was also repeated under the assumption of adiabatic equilibrium. The two assumptions were tested by computing the center-to-limb variation of radiation and compared to observed
solar limb-darkening profiles. He found that the assumption of radiative equilibrium produced a center-tolimb variation of the radiation that agreed better with the observations than did the results using adiabatic
equilibrium. Schwarzschild (1906) developed, tested and confirmed the concept of radiative equilibrium in
the Sun; a concept that is still heavily relied on for modelling both stellar and planetary atmospheres and
interiors. The results of this work were soon tested and confirmed (Abbot et al., 1913; Shook, 1914) but was
not fully appreciated until the work of Arthur Eddington (Eddington, 1926).
Schwarzschild continued his exploration of the solar atmosphere in a second article (Schwarzschild,
1914, english translation by Menzel & Milne (1966)). The second article focused on the formation mechanism for spectral lines, with tests of emission, absorption, and scattering that had been proposed by Schuster
(1905). Here, he computed the radiation of the solar atmosphere for the cases of pure absorption, and pure
diffusion as well as the case for scattering where again the scattering was assumed to be Rayleigh scattering.
He determined that the Fraunhofer lines must form from scattering since lines formed by scattering can be
seen as the solar limb while line formed by absorption would disappear. While this result is important as
one of the first quantitative analyses of the formation of spectral lines, it was also the first time the concept
of local thermodynamic equilibrium (LTE) was applied to a solar/stellar atmosphere. Local thermodynamic
equilibrium assumes that the radiation at any point in the atmosphere is affected by only the local values of
the density and temperature. The assumption of LTE has become a staple of model atmospheres still used
today, almost one century later.
Schwarzschild (1914) concluded that the solar atmosphere was dominated by scattering was considered
by Lundblad (1923), where he computed the integral solution of the equation of transfer. He also used
the two stream method of inward and outward radiation being considered separately. He determined that
the Sun must be dominated by absorption processes, Lundblad argued this result is not a contradiction of
13
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Schwarzschild’s earlier work because this work focused on the layers in the atmosphere where the continuous radiation is formed. Schwarzschild (1914) explored the Fraunhofer H and K lines which form in the
“reversing layer” (chromosphere) of the Sun. The differences between these two works suggested a need to
better understand the process of absorption in the solar atmosphere. The concept of Rayleigh scattering in
the solar atmosphere was later ignored in favor of Compton scattering of free electrons (Compton, 1923a,b)
by Dirac (1925). He showed that Compton scattering broadens the spectral lines, in the Sun by about 10 Å,
but did not account for the shift of lines to longer wavelengths as seen in the limb of the Sun
A tremendous leap forward in the understanding of absorption was the development of a theory of
ionization in stellar atmospheres (Saha, 1921). He developed the theory by building upon the results of
Eddington (1917a), who explored ionization in the interiors of stars, and Eggert (1919), who first calculated
the ionization temperatures for the outer eight electrons of iron in stellar interiors. However, Saha was the
first to apply the theory to the solar atmosphere/chromosphere and the first to propose this as a quantitative
explanation for the formation of spectral lines. Interestingly, this explanation was first qualitatively proposed
by Lockyer (1893). Saha tested the theory by analyzing the spectra from the Harvard catalogue, in particular
the H and K lines, and computed the effective temperatures of the stars. He found the temperatures of the
stars agreed well with the color temperatures found by Wilsing et al. (1919), though he predicted higher
temperatures for the G-type and later stars. For instance, Saha found that the solar temperature should be
about 7500 K.
This analysis was carried further in the monumental work of Cecila Payne (Payne, 1925). She used
line intensities from stellar spectra and was able to calculate the temperatures of the stars in the Harvard
catalogue as well as using the variation of the line strengths to determine the composition of these stars for
eighteen different elements. She found that stars are mostly composed of hydrogen and helium, although
Cecila Payne, herself, was skeptical of the results. The application of quantum mechanics towards the
understanding of stellar atmospheres was a great success to both fields and further analysis of ionization
in stellar atmospheres was continued, in particular by Milne (1928a,b). The analysis of solar and stellar
composition was pursued by Henry Russell (Adams & Russell, 1928; Russell et al., 1928; Russell, 1929)
and Albrecht Unsöld (Unsöld, 1927, 1928).
The understanding of line opacity was a leap forward in the understanding of stellar atmospheres,
but the vast amount of data needed regarding the structure of the atom for each element made the problem intractable. The problem was found to be simplified by the introduction of mean opacities. One of
the first derivations of a mean opacity was by Rosseland (1925) where he determined the flux per unit
frequency of a stellar atmosphere as a function of the energy density and opacity per unit frequency,
Fν dν = −(c/3χν ρ)(∂Aν /∂r)dν. He demonstrated that one can define a mean opacity such that 1/χ =
R∞
(∂Aν /∂r)dν/χν and derive the frequency integrated flux as a function of the total energy density of radia0
tion. This definition is a powerful tool for understanding stellar atmospheres because it is dependent on the
local density and temperature as well as offering a simpler methodology for studying stellar atmospheres.
14
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The concept of mean opacities was studied by others, in particular by Krook (1938), who derived mean
opacities based on the moments of the radiative transfer equation meaning these opacities are weighted by
either the mean intensity, flux or radiation pressure.
The culmination of these discoveries and theories was the development of the first models of stellar
atmospheres with line dependent opacities, radiative transfer, hydrostatic equilibrium with the ability to
test different compositions, effective temperatures and gravities. The first models of Schuster (1905) and
Schwarzschild (1906) revealed significant information about the structure of the solar atmosphere, but they
did not have knowledge of the necessary physics to model different chemistry and composition of other
stars.
It was in the 1930’s when the field modelling of stellar atmospheres matured. The term “model stellar
atmosphere” was first coined by McCrea (1931) who modelled the solar atmosphere composed entirely
of hydrogen.He assumed the atmosphere was composed entirely of hydrogen based on the observations
of Payne (1925), who found that the Sun is primarily composed of hydrogen. McCrea built models with
effective temperatures of 5700, 10000, and 15, 000 K. He concluded that the solar model did not agree
with observations as the model predicted a strong Balmer jump discontinuity that is not seen in the solar
observations. He also found that the ultraviolet fluxes from the B and A-type models significantly deviated
from blackbody fluxes. He could only match observed fluxes if the computed color temperatures are much
larger than the effective temperatures.
The goal of matching model solar atmospheres to observations was further pursued by Biermann (1933),
who considered a composition mostly hydrogen and some small fraction of metals, consistent with the
amount suggested by Russell (1929). He claimed to produce absorption opacities consistent with the observations. Unsöld (1934a) repeated McCrea’s analysis and also computed atmospheres with metals included
as well. The results of the work led Unsöld to reject the solar composition suggested by Russell and Payne.
Instead, he computed models composed of two-thirds metals and one-third hydrogen to reproduce the observed solar opacity (Unsöld, 1934b).
The discrepancy between the solar models and observations was solved by the astrophysical application
of the negative hydrogen ion as the primary source of opacity in the solar atmosphere (Wildt, 1939). This
result was confirmed using an empirical solar atmosphere model by Barbier (1946). Applying this opacity
source to models of the solar atmosphere solved the discrepancy found earlier (Strömgren, 1940). The
authors produced an atmospheric model with an effective temperature of 5740 K and log g = 4.44 with
hydrogen and metal abundances consistent with those suggested by Russell. The model reproduced the
observed small Balmer jump that was not found by McCrea (1931). This result was a tremendous success as
it is the first time that models accurately reproduced the solar composition, and solar structure. This success
became a staging point for modelling the atmospheres of other stars.
Strömgren (1944) produced the first grid of stellar model atmospheres with spectral types A5 to G0
along the main sequence. In this grid, the H − opacity was the dominant opacity for the cooler models and
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the dominant opacity shifted to neutral hydrogen in the A-type stars. The work was extended to hotter
stars by Rudkjøbing (1947) who attempted to model the B-type star τ Sco. One of the innovations of these
models was the use of the Rosseland mean opacity. Aller (1942) computed models of early types stars as
well attempting to analyze the spectra of Sirius and γ Geminorium.
In the 1950’s and early 1960’s, the number of model stellar atmospheres exploded and are listed in Table
4 of Pecker (1965). Some of the more interesting models were constructed by Pecker (1950), Underhill
(1950) and Underhill (1957) of OB stars where they used Λ-iteration to enforce radiative equilibrium
∆T
1
=
T
4

∞

"Z

κν (Jν − Bν )dν/
0

∞

Z

#
κν Bν dν ,

(1.3)

0

and achieved a constant flux of order a few percent for the first time. Hunger (1955), Swihart (1956), and
Osawa (1956) compute models for α Lyrae, F5-G2 dwarfs and A-type dwarfs, respectively, and they each
applied Φ iteration method to compute constant flux models. The Φ iteration method is an operator such
that Φ[∆B(T )] = −∆F, and the most common version of this type of iteration is the Unsöld-Lucy method
(Lucy, 1964). Strom & Avrett (1964a), Strom (1964) and Mihalas (1965) to model stellar atmospheres in
the spectral range of O5-F5 with gravities of log g = 1-4.44 using another type of iteration method for
conserving radiative equilibrium based on the Avrett-Krook method (Avrett & Krook, 1963).
It was also in this timeframe where researchers began including convection into the model stellar atmospheres as suggested by Unsöld (1930), who showed that part of the solar photosphere is convective. This
result was verified by observations of the solar granulation where it was concluded that granulation arises
from convection in the solar atmosphere (Plaskett, 1936). The first models of stellar atmosphere that dealt
with convection were by Ueno & Matsushima (1950) but the contribution of convection was very quickly
incorporated into other models.
The early 1960’s also saw the addition of different physics to the model atmospheres. Gingerich (1963)
produced a grid of model atmospheres using molecular opacities to understand the M-type stars. There was
also new work on understanding shock waves in stellar atmospheres (Kogure, 1962) and Collins (1965)
explored how rotation affects continuum emission from stellar atmospheres.

1.2.3

Development of Modern Stellar Atmosphere Programs

In the latter half of the 1960’s computing power was becoming better, computers were becoming more
accessible and theorists were much more confident in the physics and the results of the model atmospheres.
Hence, researchers began exploring different aspects of the model atmospheres, computing models of more
exotic stars, reconsidering the applicability of the physics used in modelling atmospheres, and building the
computer programs for computing model atmospheres that have become the workhorses of the field.
It was at this time, researchers began modelling stellar atmospheres with different temperatures, gravities, and compositions, different than the solar atmosphere and different than the main sequence and giant
16
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stars that had been modelled before. The same techniques for modelling the solar atmosphere were applied
to modelling the atmospheres of White Dwarfs with gravities ranging from log g = 6 - 9 and temperatures
from 8000 to 25000 K (Terashita & Matsushima, 1966). Simarily, many researchers modelled helium stars
where the composition is completely different from solar (Klinglesmith, 1967; Hunger & van Blerkom,
1967; Böhm-Vitense, 1967). Strom (1969) modelled RR Lyrae atmospheres to test the boundaries of the RR
Lyrae instability strip. It was also one of the first works to understand the relation of the helium abundance
and width of the instability strip. Auman (1969) and Krishna Swamy (1970) constructed models of late-type
stars to an effective temperature of 2000 K.
While the model atmospheres were being used to explore more exotic stellar atmospheres, researchers
were starting to explore the assumptions that were being used in the construction of model atmospheres.
For instance, a number of researchers were testing departures from LTE in stellar atmospheres and began
developing models using statistical equilibrium (Strom, 1967; Mihalas, 1967a,b; Mihalas & Stone, 1968;
Mihalas, 1968; Auer & Mihalas, 1970; Mihalas & Auer, 1970). These authors found that the assumption of
LTE was not applicable for understanding the atmospheres of OB stars.
The assumption of atmospheric geometry was also explored where plane-parallel geometries are replaced by a spherical geometry to explore the concept of extended atmospheres. The physics of extended
atmospheres was originally explored Eddington (1930) and Chandrasekhar (1934), but it was not until the
1970’s when the physics was applied to model stellar atmospheres. Some of the first articles involved finding
solutions to the equation of radiative transfer in spherical symmetry (Chapman, 1966; Hummer & Rybicki,
1971; Castor, 1972; Peraiah, 1973) and spherically symmetric models were build by Cassinelli (1971) to
understand planetary nebulae. Mihalas & Hummer (1974) developed computational methods to model extended atmospheres in non-LTE based on the method of Auer & Mihalas (1970) and presented first results
for a M = 60 M , L = 106 L , and R = 24 R star. The problem of spherical symmetry was explored in
subsequent articles (Kunasz et al., 1975; Mihalas et al., 1975, 1976a,b,c; Mihalas & Kunasz, 1978) as well
as by other groups (Hundt et al., 1975; Schmid-Burgk & Scholz, 1975; Watanabe & Kodaira, 1978, 1979).
At the same time, there were other groups who used established techniques to construct “workhorse”
programs for modelling stellar atmospheres. There are two programs, that have been important in the field of
stellar atmospheres and astrophysics in general. The first is the Atlas stellar atmosphere program (Kurucz,
1970a,b) and the second is the MARCS stellar atmosphere program (Gustafsson et al., 1975). Both programs
have been widely used and have helped shape the field of stellar atmosphere modelling and astrophysics in
general. The impact of these works is difficult to measure but one may use citation count as a proxy. The
Gustafsson et al. (1975) article has been cited 935 times while the Kurucz (1979) article has been cited 3053
times as of June 22, 2009. These citation counts would rank Kurucz (1979) as the 24th most cited article
according to the NASA Astrophysics Data System and Gustafsson et al. (1975) the 328th most cited article.
The MARCS program, as described in Gustafsson et al. (1975), models stellar atmospheres under the
assumptions of plane-parallel geometry, local thermodynamic equilibrium, and hydrostatic equilibrium. The
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opacities are modelled using opacity distribution functions (ODF) that are fits to the opacity as a function
of wavelength for some given composition over various ranges of wavelength. The purpose of using ODF’s
was to decrease computing time, as using all the opacities for each atomic and molecular transition would
have been too computationally intensive. The ODF’s included metallic and molecular lines. The radiative
transfer was solved by the linearization scheme of Auer & Mihalas (1970) and the differential equations were
solved using a scheme given by Nordlund (1974) that is based on the Feautrier method (Feautrier, 1964).
The program enforced radiative equilibrium and solved for the condition of total flux simultaneously with
the equation of radiative transfer and hydrostatic equilibrium. This is done by assuming a grey temperature
4 A(τ + 3−1/2 ), where A = 1 and perturbing the value of A until the flux error is minimized.
scale T 4 = T eff

Convection in the models are solved using a variant of the mixing length theory (Henyey et al., 1965). Using
this program Gustafsson et al. (1975) computed models of low metallicity giants, 3750 ≤ T eff ≤ 6000 K,
0.75 ≤ log g ≤ 3 and −3.0 ≤ [A/H] ≤ 0.0 with a flux error less than 1% for each of the models after a
number of iterations.
The Atlas program is described in Kurucz (1970c) and in many ways is very similar to the MARCS
program. It assumes a plane-parallel geometry, LTE, and hydrostatic equilibrium, and it also uses ODF’s
to approximate the opacity as a function of wavelength. The opacities, however, were different because
the original Atlas program did not use molecular opacities. Convection is solved using the mixing length
theory. The radiative transfer, however, is solved by using the integral solution to the plane-parallel transfer
equation, where the source function is guessed and iterated towards a solution (Kurucz, 1969). The flux
is conserved using Λ-iteration near the surface of the atmosphere (Böhm-Vitense, 1964) and at deeper layers the Avrett-Krook method is used (Avrett & Krook, 1963). The first published grid of models ranged
from T eff = 5500 K to 50000 K, and 0.0 ≤ log g ≤ 4.5 for abundances ranging from solar to 1/100 of
solar. Radiative equilibrium was conserved to about 2%, with the error being primarily due to not including
molecular opacities. The Atlas program has been improved by adding more opacities (Kurucz et al., 1987;
Kurucz, 1990) and different models of convection have been tested (Lester et al., 1982).
There have been other model atmospheres programs developed about the same time, including a set
of non-LTE programs for computing atmospheres of hot, early-type stars (Husfeld et al., 1984; Anderson,
1985; Abbott & Hummer, 1985). The model atmospheres by Abbott & Hummer (1985) include wind
blanketing, which has been used to model the atmosphere ζ Puppis (Bohannan et al., 1986). Also, Johnson
& Krupp (1976) devised a numerical treatment for opacity sampling in model atmosphere calculations. They
applied the method to the Atlas program, and has been applied to cool stars and in particular Arcturus with
molecular opacities including TiO (Sneden et al., 1976; Johnson et al., 1977; Krupp et al., 1978; Johnson
et al., 1980).
Advances in modelling stellar atmospheres continued in these two fronts. According to Gustafsson
(1989), model atmospheres for cool stars had progressed due to advances in opacity calculations to include
more molecules but also gave a list of necessary improvements for the modelling programs to be more real18
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istic, such as better convection treatment, self-consistent dust opacities, and magnetic fields. On the hot star
side, much progress was made in the treatment on non-LTE modelling with the development of approximate
Λ operators to solve for the radiation field in statistical equilibrium instead of radiative equilibrium. In this
method the equation for radiative transfer is solved by “guessing” the approximate matrix operator Λ∗ν and
iterating the solution for the equation such that Jν(n) = Λ∗ν S ν(n) + (Λν − Λ∗ν )S ν(n−1) . The challenge of the method
is what is the best choice of Λ∗ν . The approximate lambda operators were first designed to calculate line
formation in a velocity field (Hamann, 1985), The method was refined for multi-level atomic transitions
(Werner & Husfeld, 1985) and for static stellar atmospheres of hot stars (Pauldrach & Herrero, 1988; Puls
& Herrero, 1988; Hillier, 1990; Rybicki & Hummer, 1991; Puls, 1991).
In the 1990’s, two new stellar atmosphere programs emerged, the first being TLUSTY (Hubeny, 1988;
Hubeny et al., 1994; Hubeny & Lanz, 1995; Lanz & Hubeny, 1995), which uses the approximate lambda
operator to solve for line-blanketed non-LTE atmospheres. This program has mostly been applied to the hot
star range of the HR Diagram such as hot white dwarfs (Huang et al., 1995; Provencal et al., 2000; Godon
et al., 2009), and hot OB stars (Lanz & Hubeny, 2003, 2007), with an emphasis on the ultraviolet spectra.
The second program is the Phoenix stellar atmospheres program (Hauschildt, 1992; Hauschildt et al.,
1994; Allard & Hauschildt, 1995). Radiative transfer (the special relativistic version of the transfer equation) is treated in a similar manner as the TLUSTY program with approximate lambda operators that also
calculates the non-LTE rate equations simultaneously (Hauschildt, 1993). The line opacities are calculated
in situ such that depth dependencies of the line profiles can be accounted for and the geometry was assumed to be plane-parallel, though the spherically symmetric geometry was later added (Aufdenberg et al.,
1999; Hauschildt et al., 1999b). The program was primarily developed to model supernovae (Baron et al.,
1996) and novae (Hauschildt et al., 1996) but has also been used to model cool M-type dwarfs (Allard &
Hauschildt, 1995) and brown dwarfs (Allard et al., 1996, 1997), with the addition of molecular opacities
such as water (Allard et al., 1994). As well as the capabilities mentioned before, the Phoenix program is
parallized, taking advantage of modern computing techniques that the Atlas and MARCS programs did not.
There have been a number of grids of models constructed using this program (Hauschildt et al., 1999a,b;
Allard et al., 2000).
More recently, the Phoenix program has been extended to model other systems and approach other
problems, for instance, irradiated extrasolar planets (Chabrier et al., 2004), irradiated stars in binary systems
(Barman et al., 2004), non-LTE modelling of solar-type stars to explore the effect of the known opacities on
the UV flux (Short & Hauschildt, 2005, 2009), modelling chromospheres (Fuhrmeister et al., 2005, 2006),
metal-poor stars in non-LTE (Short & Hauschildt, 2006), dust cloud formation in brown dwarfs (Helling
et al., 2008), and circumstellar disks (Huegelmeyer et al., 2009).
The Phoenix program has become the benchmark for modelling stellar atmosphere and with constant
advances in computational speed and memory, more stellar atmosphere programs are being written and
tested while older programs are being upgraded. Kurucz (1996) modified the Atlas program to include
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opacity sampling to replace the ODF’s. Grupp (2004a) developed a new stellar atmosphere program for
modelling stars of spectral types A, F, and G using opacity sampling and a plane-parallel geometry. He
tested the program by modelling Procyon, the metal-poor star Groombride 1830, and HD 19445 and found
differences between predicted stellar parameters and observed parameters for the latter two stars (Grupp,
2004b). Shulyak et al. (2004) developed a stellar atmospheres program based on the Atlas program to solve
the opacities line-by-line, which is in essence opacity sampling with ∆λ → 0. Likewise, Gustafsson et al.
(2008) have modified the MARCS program to include spherical symmetry and opacity sampling.
Another set of model atmospheres have emerged using three dimensional hydrodynamics. The 3-D
models have been constructed to model the solar convection zone and its interaction with the photosphere.
Of particular importance is the results of Asplund et al. (2005), who argued the solar composition is much
lower than the standard solar model (Grevesse & Sauval, 1998), such that the abundance of metals is onehalf. Other models have been constructed with differing metallicities (Caffau et al., 2009). Most of the
3-D models have tended to focus on simulating convection, Freytag et al. (2002) modelled convection in
Betelguese, and Aufdenberg et al. (2005) combined 3-D models with Phoenix models to explore the behavior of convection of Procyon. The 3-D model atmospheres are a significant step towards a physical
understanding of real stellar atmospheres but they are still somewhat impractical because they are box simulations, meaning the simulation covers only a portion of the surface and they are very computationally
expensive, requiring a significant amount of resources. It will still be some time before 3-D simulations of
stellar atmospheres are norm.
The development of all of these stellar atmosphere programs have been one of the great successes of
stellar astrophysics but there are still a number of challenges to be addressed, as noted by Landstreet et al.
(2008). Some of these challenges include a better understanding of stellar convection as is being done with
the 3-D models, various aspects of abundances and line formation as well as solving the so-called solar crisis
ignited by Asplund et al. (2005) and to understand the coupling of the various phenomena such as mass loss
and pulsation to the structure of stellar atmospheres.

1.3

History of Cepheids

Like stellar atmospheres, the historical account of Cepheids spans a long period of time, since the discovery
of variability in δ Cephei by John Goodricke in 1784 (Goodricke & Bayer, 1786) and η Aquilae by Edward
Pigott. This type of star has been both an enigma and a godsend. The variation of light is a puzzle for stellar
physics, stellar structure and stellar evolution but this variation provides an ideal laboratory for theories of
stellar physics as well as providing a Period-Luminosity relation (Leavitt Law) that makes them powerful
standard candles for extragalactic and cosmological studies. Much of this discussion is based on Hoffleit
(1986) and Gautschy (2003).
The discovery of the variation of light in Cepheids and other stars provided a great mystery in astro20
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physics as these observations violated the Aristotlean paradigm of a static universe. As well as discovering
η Aql. Edward Pigott discovered about a dozen other variable stars although before 1600 AD, more than
500 variable stars were recorded in China (Ho & Ho, 1962; Hoffleit, 1986). By the mid 1800’s, a large
number of variable stars had been discovered (Argeländer, 1843, 1857, 1859) and under the leadership of
E.C. Pickering many new variable stars were discovered (for example, Pickering, 1881; Pickering & Bailey,
1895).
Variable stars were first classified into a number of groups as suggested by Pickering (1880, 1881). The
variable stars were divided into five classes. The first class, Class I, contains new stars or temporary stars
such as supernovae; stars of Class II are the long period variables such as Miras; and the Class III stars have
irregular variation of brightness. The Class IV stars are short period variables, including Cepheid variables
and Class V stars are those of Algol type. The Class II stars were subdivided into Class IIa, which are
“ordinary” long-period variables and Class IIb contained U Geminorum and SS Cygni (referring to dwarf
novae). Likewise the Class IV stars were also subdivided with Class IVa being the ordinary short-period
variables and Class IVb containing β Lyrae and U Scuti (stars of β Lyrae type). By 1900, the list of variable
stars had grown substantially (Pickering, 1903).
The main mystery of Cepheids and other variable stars in the 1800’s was the source of brightness variation. There were a number of theories proposed: such as starspots, binarity, ellipsoidal shape of the stars,
that the variable stars are surrounded by some sort of nebular material that causes eclipses, and pulsation.
Wolf (1863) proposed that variable stars have spots on the stellar surface analogous to those on the Sun
which may cause the brightness variations, an argument supported by Backhouse (1882) who calculated
the number of dark strips required to reproduce observations of δ Cephei (Pickering, 1881). Birmingham
(1877) proposed that the variations are due to an orbiting body, “... but it appears to me that a nebulous ring
revolving round the variable would best account for the different phases of the phenomenom.” This ring
would have more matter on one side and less on the other and have several points of material accumulation
to account for secondary brightness variations. This idea is similar to that proposed by Klinkerfues (1865),
who proposed that two stars have close encounters where tidal effects distort the star and cause traveling
tidal waves along the surface (Clerke, 1903). Lockyer (1889) argued that brightness variations are due to
swarms of cometary and meteoric material that orbit the star, left over from star formation. This theory was
designed to fit in with his theory of stellar classification and evolution. Pickering (1881) used Wolf’s idea of
starspots and went further to explain the variation of the Class IV variables by suggesting that the stars must
be non-spherical and instead be oblate ellipsoids with one side of the star being intrinsically brighter than
the other. Roberts (1895) did an extensive analysis of the lightcurves of short-period variables in an attempt
to show that they are all binary systems. While there were admitted flaws with the concept, it appeared that
binarity was a reasonable possibility and was heavily advocated. Clerke (1903) wrote
A large class of variable stars, in fact, undergo what may be called compulsory vicissitudes; they
partake, in other words, of the character of “forced vibrations”; they are obviously prescribed
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by the revolutions of a companion. That all congeners of δ Cephei are spectroscopic binaries is
beyond reasonable doubt; in all (it is safe to assert) motion and light-changes follow an identical
period; yet none suffer eclipse.
Pulsation was first proposed in a series of articles on heat transfer in stars by (Ritter, 1879, described by
Hoffleit (1986)) as well as by Plummer (1914) but no physical reason was given. The idea of Plummer
(1914) that pulsation was the source of variation was based on the consideration that most of these stars
could not be spectroscopic binaries from the doppler interpretation of line shifts.
Some of these theories proposed are interesting in their own right because, in hindsight, they are similar
to modern theories. The theories of meteor swarms and nebular rings is analogous to the concept of debris
disks that are observed, while starspots are being observed for a number of different stars and, in particular,
the RS CVn stars. Pickering’s concept of a distorted shape for stars is analogous to the idea that rapid
rotation changes the shape of stars such as the Be stars. However, these various theories were not applicable
to Cepheids and other short-period variables.
New observations near the end of the 19th century would aid in the understanding of brightness variation.
Belopolsky (1895) analyzed time-series observations of the spectrum of δ Cephei and measured the velocity
as a function of time as well as determining the velocities for η Aquilae. The work made an immediate
impact on the understanding of Cepheids
It will be seen the times of minimum brightness and the times for which the velocity in the line
of sight is zero do not coincide. For this reason the changes in the brightness of the star cannot
be explained as the result of eclipse, and some other explanation must be sought. It is very
remarkable that this is also true of the variable star δ Cephei.
This one result disproved the starspot concept, the nebular ring and meteoric swarm theories. More observations were undertaken, for instance Belopolsky also studied Polaris and ζ Geminorum (Belopolsky, 1899,
1900). Frost (1907) measured the radial velocity of X Cygni and Campbell (1907) measured the velocity
for Polaris as part of the large program at the Lick observatory to measure radial velocities.
The velocity curves of Cepheid variables were one piece of the puzzle and Schwarszchild (1900) added
another piece. From observations of η Aquilae, he found that the stars color varied over the period of light
variation, timplying that the temperature of the star was changing over time. From these two results, all
theories but pulsation and binarity could be discarded, though the tidal theory did hang on for some time.
However, Shapley (1914) provided sufficient evidence to eliminate the binary hypothesis by considering the
vast amount of observations of the radial velocities of Cepheids (such as ζ Geminorum (Campbell, 1901;
Russell, 1902; Plummer, 1913), W Sagittarii (Curtiss, 1904), Y Ophiuchi (Albrecht, 1907), and RT Aurigae
(Duncan, 1909)) and the error of fitting binary orbits to that data. Furthermore, he noted the results of
Russell (1913b) and Hertzsprung (1914) where Cepheids were found to be giant stars and hence have radii
much larger than the Sun. This would suggest that if Cepheids were spectroscopic binaries then the orbital
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separation of the two stars must be much less than the radius of a Cepheid. While this result did not end
the debate right away (a number of authors continued to explore the binary hypothesis, most notably Jeans
(1925)), this work did lead the way for researchers to explore the pulsation hypothesis.
The pulsation hypothesis was explored by both Ritter (1879) and Plummer (1914) but it was Arthur
Eddington that developed the theory of pulsation. Eddington (1917b) argued that pulsation might occur in
stars if the stars behaved as thermodynamic engines,
There is an evident supply of energy which might be utilized, sine heat is continually liberated
within the star and passes outward into space; this may be borrowed and converted into energy
of pulsation. But, in order to convert hear of any kind into work, the star, or some part of it,
must behave as an engine in the thermodynamical sense: that is to say, it must take in heat when
it is at a higher temperature than the average and give out heat at a lower temperature – just the
opposite to what usually happens in natural conditions.
In his following two articles (Eddington, 1918, 1919b), Eddington treated a Cepheid as a polytropic adiabatic
gas sphere and used linear perturbation theory to derive the Period-Density (in this case Eddington used the
√
central density of a polytrope) relation, P ρc ≈ Constant. Using this relation, it was also determined
that the observed rates of period change of Cepheids are too small for the stars to be generating energy
from gravitational contraction. In the second article, Eddington (1919b) argued that the observed phase
lag of pulsation, defined as the phase difference between the time of maximum brightness and the time of
maximum compression, was the result of non-adiabatic effects. In the adiabatic case the phase lag would
be zero because the temperature variation must be in phase with the radius variation. It is from these two
articles that the field of pulsation modelling began.
At the same time, Cepheids were being observed along with many other stars under the leadership of
Pickering at Harvard. In one article in the Annuals of the Harvard College Observatory (Leavitt, 1908), one
of Pickerings assistants Henrietta Leavitt announced the discovery of 1777 variable stars in the Magellanic
Clouds and the author pointed out that “It is worthy of notice that is Table VI (listing the properties of some
of the observed Cepheids) the brighter variables have longer period. It is also noticable that those having the
longest periods appear to be as regular in their variations as those which pass through their changes in a day
or two.” This short afterthought was one of the most profound insights in astrophysics. Miss Leavitt had
discovered that Cepheids follow a Period-Luminsity relation (also now called the Leavitt Law). In Leavitt
& Pickering (1912), the relation was plotted and shown that the brightness in units of magnitudes is a linear
function of the logarithm of the period. A review of this discovery and the biography of Henrietta Leavitt is
given by Johnson (2005).
The two monumental discoveries by Arthur Eddington and Henrietta Leavitt motivated a field of research
that impacts stellar astrophysics, cosmology and everything in between. A historical review of the progress
made in understanding these stars is divided into three parts: 1) observations and physical properties, 2)
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statistical properties of Cepheids, and 3) theoretical Cepheid modelling.

1.3.1

Observations of Cepheids

Early History
Cepheids had been observed for a significant period of time before Eddington presented his pulsation theory
and the theory became a topic of much interest. Observations were becoming plentiful, in particular time series observations of light curves and velocity curves. One just had to follow the Harvard Circulars or Annals
of the Harvard Observatory (Robinson & Shapley, 1940). Radial velocity curves were observed by Jacobsen
(1926), Sanford (1930), Sanford (1935b), and Sanford (1935a). In particular, Joy (1937) observed velocity
curves for 128 Cepheids. There were other observations that had significant impact on the understanding
of these stars. One of the most important contributions of continued monitoring of the light curves was the
determination of a “hump” in the light curves following brightness maxima (Okunev, 1929). The existence
of the hump in the lightcurve could not be explained Eddington’s pulsation theory and was subsequently
used as a reason to support the binary theory of Cepheid light variation (Perrine, 1919). The location of
the secondary hump in the lightcurve was shown to shift as a function of period and became known as the
Hertzsprung Progression (Hertzsprung, 1926).
One of the first measurements of distances to Galactic Cepheids was by Harlow Shapley (Shapley, 1918),
where the measurements were supported by the results of Kapteyn & van Rhijn (1922). He determined the
statistical parallax for 139 Cepheids. The precision was not ideal, for instance, he found the distance to
ζ Geminorum to be about 280 parsecs while current estimates are about 500 pc (Kervella et al., 2001).
Regardless of this fact, by determining the distances to these Cepheids Shapley changed the standard view
of these stars as it meant that Cepheids were much more luminous than the Sun.
Along with finding the distances to Cepheids, researchers were beginning to measure the period of pulsation so accurately that they were also beginning to measure the rate of period change of the star. Eddington
(1919a) determined the rate of period change for δ Cephei and found that the period was decreasing but at
a very slow rate. He used this result and the fact that a Cepheid’s period is inversely related to the mean
density of the Cepheid to show that this means that the mean density of δ Cep is increasing. However, the
rate of density increase was much too small to be consistent with the theory that a star generates its energy
from contraction. Thus, Eddington began to disprove that hypothesis, and this led him to eventually consider
that a star generates energy from nuclear reactions. Wylie (1922) measured the rate of period change for
η Aquilae, as well, and found the rate of period change was increasing (Wylie, 1922). An increasing rate
contradicted the idea that a Cepheid’s rate of period change was from contraction generating energy.
The first spectral observations were done by Belopolsky (1899) and others soon followed, determining
the velocity curves of Cepheids. It was not until almost twenty years later that other properties of Cepheids
were determined from spectra. Cannon & Pickering (1912) noted changes in the intensity of the hydrogen
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lines, especially those at ultraviolet wavelengths, in the spectra of δ Cep at different times. In terms of
spectral type, Shapley (1916) observed that a Cepheid’s spectral type varies over its period. He observed the
spectra of twenty different Cepheids with a total of 328 photographs of spectra. The Cepheids were found
to vary from late A-type to early G-type over a period, where the Cepheids appeared to be of A-type at
maximum brightness and of late spectral type at minimum brightness. This results confirmed the results of
Schwarszchild (1900) that a Cepheid’s color changes with phase of a period, since, a stars spectral type is a
measure of the temperature of the star.
Henroteau (1925) presented spectral observations of δ Cep, η Aql, ζ Gem, and Polaris and monitored
the neutral and ionized titanium lines at λ 4534.953 and λ 4534.139, respectively. He found that these
two lines varied, from one line being twice as intense as the other at one time and much weaker at other
times. For δ Cep and η Aql, the minimum ionization corresponds to minimum brightness, however, for ζ
Gem minimum ionization was seen by Henroteau at about a quarter of a period after maximum brightness.
This was some of the first evidence for atmospheric dynamics related to the variation of light and that the
time dependent behavior varies for different Cepheids. Similarly, Hughes (1931) studied the ionization of
calcium in forty-two Cepheids and found that the phase at which maximum ionization occurs varies as a
function of period. For long-period Cepheids, the phase of maximum ionization corresponds to the phase
of maximum brightness with the phase of maximum ionization shifting towards minimum brightness with
decreasing period.
Atmospheric motions in Cepheids were explored by Petrie (1934) for RT Aurigae by analyzing time
series observations of a number of spectral lines and grouping them into bins of eight heights in the photosphere. He determined that the velocity profiles for each group varied but had the same period. The velocity
profile for higher regions of the atmosphere had a phase lag for the maximum velocity compares to velocity
profiles for groups of lines that exist deeper in the atmosphere. It was also found that the lines near the
top of the atmosphere had a larger range of velocities. Petrie (1937) repeated the analysis for δ Cep with
three groups of lines and found similar results. Jacobsen (1949), again, repeated the analysis for δ Cep, with
three of the same groupings of lines corresponding to height in the photosphere plus a new group of lines
representing the location of the chromosphere. The chromospheric lines show similar behavior as before,
having a larger range of velocities.
A test of the pulsation model was devised by Baade (1926), who suggested that if a Cepheid is pulsating
then the radius of the star should vary as well as the luminosity and velocity. The radius at any one time
is proportional to the square-root of the luminosity and inversely proportional to the effective temperature
squared, One can use the color of the star as a proxy for the effective temperature and the luminosity is the
observed flux divided by the distance squared. If one considers the ratio of the radius of a Cepheid at times
t1 and t2 then

s
R∗ (t1 )
=
R∗ (t2 )

F(t1 )/4πd2 Color(t2 )
×
.
F(t2 )/4πd2 Color(t1 )
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To get a value of the radius, the radial velocity curve is then integrated with respect to time to determine the
amplitude of radius variation, assuming that the radial velocity, vR , is directly proportional to the velocity of
pulsation, vP . The ratio of vP /vR , the projection factor, is typically assumed to be about 1.3 based on using
a standard limb-darkening profile for the Cepheid. The method was refined by other authors, in particular
Wesselink (1946), hence the accepted name, the Baade-Wesselink method. An example of its usage is the
determination of the radius of δ Cep by Wesselink (1946, 1947), who found a value for the mean radius
R = 48 R .
The method suggested by Baade motivated more spectral observations for effective temperature determinations. Whipple (1932) observed a number of lines as a function of time for δ Cep and η Aql. Using
these spectrophotometric observations, he determined the effective temperature of each Cepheid at maximum and minimum brightness. For δ Cep, the temperatures are 6800 and 4800 degrees and for η Aql the
temperatures are 6000 and 4000 degrees, respectively. Using these results, Whipple computed the radii of
the two Cepheids and found the radii were much smaller than radii determined using the Leavitt Law for the
luminosity.
Cepheid radii were explored by Bleksley (1936), who assumed that Cepheids behaved as near perfect
blackbodies to derive a relation for the radius in terms of the temperature and bolometric magnitude. The
temperature is found from the bolometric correction to the visual brightness of the star. Using this result, the
author found that rT , radius times temperature, and is roughly constant for Cepheids, suggesting a simple
method of radius determination as well as the Baade-Wesselink method.
In the late 1940’s, observers began detecting emission lines in Cepheids. van Hoof (1948) observed that
the shorter wavelength component of the H & K lines was in emission for part of the period. The emission
was observed when the Cepheid brightness was increasing near the phase of maximum brightness until just
past maximum brightness when the emission line disappeared. The effect was also found in η Aql (Joy &
Wilson, 1949; Jacobsen, 1950), ζ Gem (Joy & Wilson, 1949), and S Sagittae (Herbig, 1952b). van Hoof
argued that the variable emission line is due to the superposition of a nearby absorption profile at certain
phases. Herbig (1952a) found this behavior to be common, observing it in seven more Cepheids including
δ Cep. Kraft (1957) compiled observations of the H & K lines and argued the emission was related to the
formation of a hydrogen convection zone in the atmosphere. He also found that the behavior of the emission
lines is dependent on the gravity of the Cepheid.
By the 1950’s, only two Cepheids were known to be part of binary systems, Polaris was discovered to
be in a spectroscopic binary (Moore, 1929) and δ Cep as discovered by Belopolsky (1899). Along with the
analysis of the spectral lines of S Sagittae, Herbig & Moore (1952) discovered it was also in a spectroscopic
binary with a period of 1.85 years. Abt (1959) discovered that FF Aquilae is in a binary with a period of
1435 days. Lloyd Evans (1968) compiled radial velocity observations for 24 Cepheids to search for binarity.
He found that the Cepheids S Muscae, AH Velorum, AW Persei, and V Carinae are in binary systems. The
binary Cepheid HR 8157 was studied by Millis (1969); Abt & Levy (1970), whiere the Cepheid has a close
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visual companion. Binarity is important for understanding Cepheids as it is a potential measure of the mass
of the Cepheid.
In a series of articles, the atmosphere of β Doradus was studied using nine spectrograms (Rodgers &
Bell, 1964). The observations were used to construct curves of growth and determine the composition of the
star. The abundances of β Dor are found to be approximately solar. In their second article (Bell & Rodgers,
1964), the authors compared Fe II line profiles at λ = 4508 Å observed throughout the pulsation cycle with
line profiles from theoretical stellar atmospheres. The comparison was done to determine the microturbulent
velocity as a function of phase; they found that the microturbulent velocity is roughly constant with respect
to phase. A more important observation was asymmetries in the Fe II line profiles at phase about 0.3. This
was interpreted to be a wave propagating in the atmosphere.
Bell & Rodgers (1967) repeated the analysis using time-varying Hα line profiles in β Dor and compared
them to theoretical line profiles from model stellar atmospheres. They found that the line cores were not
reproduced by the models but did fit the line wings well and could be used to predict the effective temperature
of the Cepheid as a function of phase. The effective temperature of β Dor was found to range from 5900 K
to 6350 K. Rodgers & Bell (1967) studied the Hα line profiles for S Muscae and determined the effective
temperature for that Cepheid. The authors also studied unpublished Hα line profiles for the long-period
Cepheids l Carinae and RS Puppis but found that effective temperatures could not be fit to the line profiles.
This is because the Hα line profiles show “that the redward side of the profile is affected by reversed P Cygni
type absorption and emission which persists throughout the cycle”. Rodgers & Bell (1968) showed that the
Hα line profiles for l Car are obscured by chromospheric lines and instead assumes an iron abundance to
derive an effective temperature. The role of Hα as a temperature indicator was verified by Schmidt (1970).
High spectral resolution observations were taken of RT Aurigae and analyzed by Bappu & Raghavan
(1969) with the goal of determining atmospheric parameters. The authors used the Baade-Wesselink method
to find a radius of 33.7 R and found the abundance to be nearly solar using the curve of growth. Breger
(1970) found a larger Baade-Wesselink radius of of 49 ± 6 R for S Norma but found a radius R = 60 R by
using other methods. Parsons (1972) presented new values for the radii of a number of Cepheids based on
an analysis of the projection factor, p. He found that the value of the p-factor is lower than traditionally used
based on line profile calculations. Better agreement was found between radii computed using the BaadeWesselink method and those found using the Period-Luminosity-Color relation for Cepheids. Parson’s work
demonstrated the weakness of the Baade-Wesselink method, being the assumption of the p-factor. The
Baade-Wesslink method was used by Evans (1976) to determine radii of 14 Cepheids using the traditional
value of the p-factor. She found the radii differed from the radii predicted by theory and from earlier calculations. This suggested an uncertainty of about 10% for the Baade-Wesselink method and 30% discrepancy
for the mass estimates using theoretical Period-Mass-Radius relationship.
Cepheids had been observed to be mono-periodic, with the exception of Cepheids in binary systems,
but a number of Cepheids were being observed to have secondary periods. Oosterhoff (1957a) found a
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secondary period for TU Cassiopeiae. The primary period is P0 = 2.139 day and the beat period is 5.230
days. A secondary period was also observed for U Trianguli Australis (U TrA) by Oosterhoff (1957b), who
found a fundamental period of P0 = 2.568 day and the beat period is 6.9795 day. Other Cepheids were
found to have beat periods such as AP Velorum (Oosterhoff, 1964), BK Centauri (Leotta-Janin, 1967), and
V 439 Ophiuchi (Gusev, 1967). Faulkner (1977) further studied the Cepheid U TrA confirmed the beat
period. The beat Cepheids were found to be an important tool for predicting stellar masses from theoretical
pulsation studies.
Petersen (1973) used the ratio of the fundamental and secondary periods to determines masses for eight
beat Cepheids and found masses ranging from 0.7 ≤ M/M ≤ 1.7. Stobie (1977) did a similar analysis
and found a mass range 1 ≤ M/M

≤ 3 and noted that the beat Cepheid masses are inconsistent with

normal Cepheids. This suggested that the beat Cepheids were of a different evolutionary sequence than
other Cepheids or that the masses were dramatically underestimated.
Particular interest was shown in the Cepheid RS Puppis; Havlen (1972) observed the reflection nebula
surrounding the Cepheid. He modelled the nebula as four concentric dust shells that surround the Cepheid
due to mass loss when the Cepheid enters or exits the Instability Strip. Based on this assumption, the total
dust mass of the nebula is determined to be M = 0.03 M . Later, Deasy (1988) speculated that each shell
corresponded to mass loss on the crossing of the Instability Strip, and the rate of period change required RS
Pup to be a crossing the Instability Strip for the fifth time. However, there are no Cepheids confirmed to
be on the fifth crossing, the behavior is predicted by some stellar evolution models (Iben, 1965; Xu & Li,
2004). It was also noted that it is strange that RS Pup is the only long-period Cepheid to have a dusty nebula.
If the nebula were due to mass loss then surely more Cepheids would be embedded in nebulae. It must be
noted that SU Cassiopea is also associated with a reflection nebula but has a pulsation period of 1.95 day
(van den Bergh, 1966).
At this time, the evolutionary sequence and source of the variability in Cepheids was understood from
theory; this will be reviewed in later sections. However, there were still a number of questions about
Cepheids such as their masses, and by 1980 there were new options to study Cepheids at infrared and
ultraviolet wavelengths.
Observations of Cepheids from 1980 - 2000
In the 1980’s, new observing facilities were coming on-line; for instance, the International Ultraviolet Explorer was launched in 1978. Cepheid observations were becoming much more abundant and much more
precise, with new, more exotic Cepheids being discovered. For instance the Cepheid, HR 7308, was discovered to have the shortest known period of any Galactic Cepheid and was first studied by Michel Breger from
1966 to 1969 (Breger, 1980). He found that HR 7308 has a varying brightness amplitude, and argued that
it may be a double-mode Cepheid with a period ratio of almost unity. Burki & Mayor (1980) observed the
Cepheid spectroscopically and measured the radial velocity. They observed that the Cepheid’s radial veloc28
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ity amplitude had decreased from 1977 to 1979. The decrease of radial velocity amplitude was confirmed
by Percy & Evans (1980), where the authors also found that HR 7308 had metal abundances similar to the
Sun.
The controversy of the masses and the structure of beat Cepheids was still alive in the 1980’s; Barrell
(1982) observed spectra of nine beat Cepheids and using stellar atmosphere models plus Baade-Wesselink
radii calculated the masses for five of the Cepheids. He found the spectroscopic masses to be consistent
with masses of other Classical Cepheids predicted from stellar evolution calculations and argued that beat
Cepheids are not a different type of object. On the other hand, IUE observations of binary Cepheids were
used to constrain the mass of the companion star. From this, Böhm-Vitense & Parsons (1983) found that the
Cepheids are too luminous for the determined mass, meaning the determined masses are less than the masses
from stellar evolution calculations. Gieren (1989) attempted to determine the masses of 101 Cepheids based
on the Baade-Wesselink method. The predicted masses were found to differ by about 20% from those masses
derived from stellar evolution models.
One of the best but most challenging methods for solving the mass discrepancy is to determine dynamical
masses of Cepheids in binary systems. Based on IUE observations , Böhm-Vitense et al. (1990) determined
the mass of S Muscae to be in the range of 4.6 < M/M < 6.1, compatible with predictions from stellar
pulsation theory but not stellar evolution. They also found the mass of SU Cygni to be ≥ 5.9 ± 0.4 M ,
consistent with the masses determined from stellar evolution (Evans & Bolton, 1990). Böhm-Vitense et al.
(1997b) used high resolution spectra for the binary system S Mus to determine the mass of the Cepheid to be
5.9+0.7
M which indicates a disagreement with the results of standard stellar evolution models. A dynamic
−0.6
mass was also determined for the beat Cepheid Y Carinae to be M = 3.8 ± 1.2 M , which is consistent with
masses from stellar pulsation models (Böhm-Vitense et al., 1997a) and Evans et al. (1997) found the mass
of V350 Sgr to be 5.2 ± 0.9 M . Evans et al. (1998a) determined a mass of U Aquilae of 5.1 ± 0.7 M ,
again inconsistent with standard stellar evolution models. The dynamic mass of V636 Scorpii was found
to be M = 3.1 ± 0.4 M , making it a very, low mass Cepheid and more inconsistent with stellar evolution
(Böhm-Vitense et al., 1998). These results suggest that the pulsation masses are more accurate than those
from stellar evolution calculations.
The usage of UV satellite observatories gathered significant information about the possibility of chromospheres around Cepheids. The first observations were of the Mg II line at 2795 Å in β Doradus (Schmidt
& Weiler, 1979). The emission line was observed to vary with phase and normally be stronger than the
same line in non-variable supergiants. They argued this result is due to a shock in the atmosphere traveling outwards heating the chromosphere near minimum radius where the emission line is strongest. Similar
observations of β Dor and δ Cep were taken using IUE where the Mg II and O I emission was detected
at all phases for β Dor but not detected at all in δ Cep (Parsons, 1980). From low resolution observations
of five Cepheids, Schmidt & Parsons (1982) found that the amplitude of light variation in the Cepheids
rises with decreasing wavelength near or shortward λ = 1550 Å where the amplitude suddenly decreases.
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The decrease is argued to be due to the presence of Si I line at λ = 1683 based on the analysis of static
plane-parallel stellar atmosphere models. In the second article of the series (Schmidt & Parsons, 1984b),
the authors analyzed high resolution Mg II h and k line profiles for the same five Cepheids. Emission features were observed to be consistent with a weak chromosphere, and a central absorption feature was also
discovered for each star indicating the presence of circumstellar gas at a few tenths of a stellar radii from
the star. They noted that the emission lines from Cepheids differ from non-variable supergiants, suggesting
pulsation tends to inhibit the formation of a chromosphere. In a third article Schmidt & Parsons (1984a)
showed that δ Cep and other short-period Cepheids show very weak Mg II and O I line emission relative to
the long-period Cepheids such as l Car and thus the atmospheric structures of short-period and long-period
Cepheids must be different. Böhm-Vitense & Parsons (1983) observed δ Cep, β Dor and ζ Gem at X-ray
wavelengths to explore the chromospheric structure of these stars. However, no X-ray flux was observed for
the first stars with the possible detection for ζ Gem.
At the other end of the spectrum, Welch et al. (1984) observed sixty-nine Cepheids at infrared wavelengths, J, H, and K to determine infrared amplitudes of brightness variation. They found that IR amplitudes
tend to be smaller than the amplitudes in U, B, and V magnitudes for the same Cepheid. McAlary & Welch
(1986) detected Cepheids using the Infrared Astronomical Satellite (IRAS) at λ = 12 and 25 µm. Some of
the Cepheids show IR excesses, assumed to be from dusty mass loss with rate ≈ 10−9 − 10−8 M /yr. A
similar analysis of IRAS observations of Cepheids was conducted by Deasy (1988) where the ratio of 25 µm
flux and 12 µm flux from Cepheids are compared to that ratio for non-pulsating supergiants. They found
that Cepheids have a significant range of IR excess, from almost no excess to an excess of about three times
the stellar flux at these wavelengths. This suggests that the Cepheids have mass-loss rates ranging from
10−10 − 10−6 M /yr.
At even longer wavelengths, Welch & Duric (1988) observed five Classical Cepheids using the Very
Large Array (VLA) and found that the upper limits of the 5 GHz flux density was between 120 and 180 µJy.
The goal of these observations was to test for mass loss in the form of ionized gas at temperatures of about
104 K. The mass-loss rates derived from the flux density are approximately 10−9 − 10−8 M /yr.
Infrared (1.1 µm) spectra of the Cepheids X Sagittari and η Aquilae were obtained by Sasselov et al.
(1989). They found line doubling and asymmetries in the spectral lines and argued that the asymmetry is
the result of blending of two absorption components of differing strength. The combination of these two
effects change the amplitude of the radial velocity variation suggesting that the true amplitudes are about
30% larger than the amplitudes derived from optical observations, with implications on the value of the
Baade-Wesselink radii derived from infrared photometry. In a follow-up article, Sasselov & Lester (1990)
presented high resolution IR spectra of seven Cepheids in the wavelength range 1.08 ≤ λ ≤ 1.6 µm. Again,
IR line asymmetries and line-splitting were observed, in which the phenomenon was attributed to pulsation
driving shock waves in the atmosphere.
The He I λ10830 line was first observed by Sasselov & Lester (1994a) for seven Cepheids including X
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Sgr, η Aql, and ζ Gem. They found that the absorption line was present throughout the pulsation cycle of the
Cepheids and also found to be blueshifted in four of the Cepheids indicating an outflow of material. For the
case of δ Cep, the line was not seen at phase 0.95, while for ζ Gem the line was also seen in emission. The
detection of this line in Cepheids is evidence for high-temperature (>> T eff ) plasma in the atmospheres of
Cepheids. For the case of ζ Gem, the plasma is about 0.25 R∗ above the photosphere. Analysis showed that
the He I λ10830 line was formed by collisional excitation in the atmosphere (Sasselov & Lester, 1994b).
Breitfellner & Gillet (1993a) analyzed high resolution spectra of δ Cep in two spectral domains and
compared the Hα and Sodium D line widths with pulsation models to determine an upper limit of the
rotational velocity vR sin i = 9 km s−1 . In these observations line-doubling was not seen, consistent with
the earlier results of Schmidt & Parsons (1982). The observations were repeated for η Aql and S Sge
(Breitfellner & Gillet, 1993c), who found a higher rate of turbulence than for δ Cep. They argued the
difference to be due to the periods of η Aql and S Sge being near the resonance period (around P ≈ 10
days) causing the atmosphere to become compressed at a later phase. The timing of maximum compression
coincides with the outward propagation of the acceleration front increasing the macroturbulent velocity. The
rotational velocities were argued to be vR sin i = 10 km s−1 and 5 km s−1 for η Aql and S Sge, respectively.
The third article of the series (Breitfellner & Gillet, 1993b) focused on observations of the large amplitude
Cepheid X Cygni. From the spectral observations, two consecutive accelerations were found in the stellar
atmosphere. The first acceleration is due to the propagation of a slow wave in the atmosphere increasing the
turbulent velocity, while the second acceleration is a shock propagating in the turbulent atmosphere.
By the mid 1990’s, optical interferometry had developed to the point where Cepheid observations were
possible, Mourard et al. (1997) measured the mean angular diameter of δ Cep with the Grand Interféromètre
à deux Télescopes. The power of interferometry is the ability to directly measure the apparent diameter of
a star. When interferometric observations are combined with other information such as the radial velocity
observations or distance estimates using the Leavitt Law, one can measure the actual diameter of a Cepheid.
Mourard et al. (1997) determined a value of 1.60 ± 0.12 mas and they used published values of the radius
to calculate the distance the Cepheid, consistent with Hipparcos parallax and other methods. The Cepheid
ζ Gem was observed using the IOTA interferometer and the mean angular diameter was observed to be
2.065+0.087
−0.091 mas with a marginal detection of the variation of angular diameter due to pulsation with an
amplitude of 0.204+0.198
−0.187 mas (Kervella et al., 1999). Nordgren et al. (2000) measured the angular diameters
of four Cepheids δ Cep, Polaris, η Aql, and ζ Gem to be 3.28 ± 0.02, 1.52 ± 0.02, 1.73 ± 0.05, and 1.55 ± 0.09
mas, respectively using the Navy Prototype Optical Interferometer.
Fouque & Gieren (1997) calibrated the surface brightness-color relation for Cepheids, allowing for
better Baade-Wesselink radii to be determined. Thy calibrated the relation using Cepheids with known
values of radii and color. The surface brightness technique assumes that the surface brightness of a Cepheid
is related to the color of that Cepheid meaning=g that the surface brightness in the visual band is FV =
4.2207 − 0.1V0 − 0.5 log θ and that it is also FV = b + m(V − R)0 . The difficulty of the surface brightness
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technique is the calibration of this second relation. Fouque & Gieren (1997) calibrated the technique for
FV , (V − R)0 , FV , (V − K)0 , and F K , (J − K)0 relations to high accuracy allowing the determination of
Cepheid distances to an accuracy of 5 − 10% using the Baade-Wesselink method.
An interesting result was determined for Polaris by Fernie (1993), who discovered that the pulsation
amplitude has been decreasing. Before 1900, the visual amplitude was about 0.12 mag and the velocity
amplitude 6.0 km s−1 while by 1992, Fernie (1993) found that the amplitudes were 0.59 ± 0.19 km s−1 and
0.010 ± 0.002 mag. The O-C (Observed minus Calculated period versus Julian Date) diagram for Polaris
was also determined and the period was found to change not just because of stellar evolution. He suggested
that Polaris is changing from a Cepheid to a non-pulsating star but strangely the star’s location on the H-R
Diagram coincides with other Cepheids of similar period that do not have decreasing amplitudes and are not
near the red edge of the Cepheid Instability Strip.
The construction and funding of microlensing surveys to detect microlensing events in the halo of the
Milky Way led to a plethora of observations of Cepheids. Three microlensing surveys were started in the
1990’s with time-series observations of the Galactic bulge, and the Magellanic Clouds. The EROS survey
presented results for the bar of the Large Magellanic Cloud (LMC) for 97 Cepheids (Beaulieu et al., 1995)
as well as the discovery of eleven beat Cepheids in the Small Magellanic Cloud (SMC). Welch et al. (1997)
presented observations of approximately 1500 Cepheids in the LMC from the MACHO project, of which
45 beat Cepheids were analyzed to understand the second overtone of pulsation (Alcock et al., 1999). The
OGLE-II survey found 2049 Cepheids in the SMC (Udalski et al., 1999c) and 1333 Cepheids in the LMC
(Udalski et al., 1999b) and presented data in the B, V, and I-bands. Also, in this survey 13 single-mode
second overtone Cepheids were discovered in the SMC (Udalski et al., 1999b) as well as 93 double-mode
Cepheids (Udalski et al., 1999a). The discovery of all these Cepheids in the three surveys is important for
understanding the nature of Cepheids at different metallicities and for finding unique Cepheids to be studied.
Recent Observations
By the turn of the century, one hundred years after the observations of the variation of velocity by Belopolsky
(1899), there were still more questions regarding the radii and masses of Cepheids, and the structure of
Cepheid atmospheres. Probing these questions require better observations and observing facilities, and
recent Cepheid observations have served to address these questions while further adding new and existing
discoveries and challenges.
Spectropolarimetric observations of η Aql by Plachinda (2000) revealed that this Cepheids has a magnetic field with a longitudinal field varying from −100 G to +60 G (where the negative sign reflects a change
in polarity). The field strength varies almost sinusoidally with the exception of two observations. These
two observations are seen at phases where the fit of the magnetic field would approach a minimum but are
sharp peaks, that the authors suggest may be caused by the propagation of a strong shock in the atmosphere
of η Aql at this phase. However, this result has been disputed using Stokes V spectropolarimetry where no
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significant magnetic field was detected for η Aql (Wade et al., 2002).
Deviations from regular pulsation, such as amplitude modulation or interference with non-radial modes,
are also showing up in recent observations. Koen (2001) conducted a frequency analysis of the time-series
data from HIPPARCOS observations and found a modulation period of about 1200 days, leading the author
to conclude that the Cepheid is displaying the Blazhko effect. The Cepheids amplitude modulation was
discussed by Breger (2006) to test if the modulation is due to the combination of pulsation modes to generate
the Blazhko effect. However, the analysis was not precise enough to confirm that hypothesis, but the authors
detect additional periodicities in the star. Spectra of four Cepheids observed by Kovtyukh et al. (2003)
showed line asymmetries that the authors argued were consistent with bumps seen in the line profiles of
non-radially pulsation stars. Since the four Cepheids are not in binary systems but are close to resonances
between modes, these authors concluded that they may be undergoing non-radial as well as radial pulsation.
Along with the observations that the four Cepheids are not in binary systems and that they have periods
close to resonance values, the authors contend that the Cepheids may be undergoing non-radial pulsations
as well. Moskalik & Kolaczkowski (2008) conducted a search for multiperiodic variations in Cepheids from
the OGLE-II survey to determine if there are Cepheids with non-radial pulsations. The authors found no
evidence of non-radial pulsation in the fundamental mode Cepheids but did find evidence in three doublemode (fundamental to first overtone) Cepheids.
Alcock et al. (2002) found three eclipsing binary Cepheids in the LMC from the MACHO survey, observed in three wavebands V, R, and I. The discovery of eclipsing binaries provides a useful measure of the
radii and radius variations of Cepheids and the limb darkening of Cepheids (the change of intensity from the
center of the stellar disk to the edge). In the work, the limb-darkening was assumed to vary as a linear function with a coefficient as a free parameter in the fit. The radius and variation of radius are well-constrained
for the eclipsing binary system but the limb-darkening coefficients are not. The study of the dynamical
masses of Cepheids in spectroscopic binaries has continued, Evans et al. (2006) redetermined the mass of
S Muscae to be 6.0 ± 0.4 M from FUSE observations at UV wavelengths. The dynamic mass of Polaris
+2.2 M ,
has been determined by Evans et al. (2008) from Hubble Space Telescope observations of M = 4.5−1.4

when combined with earlier observations Kamper (1996); Wielen et al. (2000).
While Fernie (1993) said goodbye to Polaris as a Cepheid, Bruntt et al. (2008) welcomed it back. Continuous observations from the WIRE star tracker and SMEI instrument on Coriolis satellite showed that the
brightness amplitude has increased by 30% from 2003 to 2006. Bruntt et al. (2008) argued that the change
of amplitude is periodic and is a pulsation phenomenon.
The evolution of Cepheids can been tested using measurements of the rate of period change for Cepheids.
Turner et al. (2006) presented rates of period change for more than 200 Galactic Cepheids and showed that
the value of the rate may be used to deduce which crossing of the Instability Strip is most likely to apply. A
star crosses the Instability Strip for the first time after it has finished core hydrogen fusion and is evolving to
the Red Giant Branch. A star passes through the second and third crossing after it starts core helium fusion
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and contracts. The observed rates were also compared to the rates predicted from pulsation models and the
observed rates were found to cover a larger range of values than the predicted rates.
Optical interferometry has allowed for the direct detection of the variation of the angular diameter in
Cepheids. The first convincing detection was by Lane et al. (2000) using the Palomar Testbed Interferometer (PTI) for ζ Gem where the radius is found as a function of phase; they used their measurements with
the Baade-Wesselink method to determine the amplitude of the radius and thus, with interferometric observations, to derive the distance to ζ Gem to an accuracy of 10%. This analysis is consistent with distance
estimates from other methods but does demonstrate how interferometry will allow us to determine distances
to Cepheids with high accuracy. Further observations of ζ Gem and η Aql yielded distances to the stars as
368 ± 38 pc and 320 ± 32 pc, respectively, using the same Interferometric Baade-Wesselink (IBW) method
(Lane et al., 2002).
Kervella et al. (2004d) observed seven Cepheids using the Very Large Telescope Interferometer and determined mean angular diameters to an accuracy of ≤ 4%. They used the Interferometric Baade-Wesselink
method to compute distances to each observed Cepheid. The angular diameter of l Car, observed previously,
was compared to the angular diameter from the surface brightness technique (Fouque & Gieren, 1997) and
found to agree to within 1.5%, verifying the potential of both techniques (Kervella et al., 2004c). Following
this agreement, Kervella et al. (2004b) use the interferometric observations of the seven Cepheids to calibrate the surface brightness-color relations. On the oppositie side of the argument, Mérand et al. (2005)
used CHARA Array interferometric observations of δ Cep to determine the projection factor of the BaadeWesselink method by assuming the parallax to δ Cep for the distance (Benedict et al., 2002). The authors
find a value of p = 1.27, suggesting significant uncertainty in the assumed value of the projection factor.
Circumstellar Envelopes (CSE’s) have recently been observed from interferometry for the Cepheid l Car
at both K and N-band (Kervella et al., 2006). The CSE for l Car was found based on IR excesses at these
wavebands, similar to the IR excesses observed by Deasy (1988). Kervella et al. (2006) argued the excess
to be due to the presence of dust in the CSE and that it may have been formed from mass loss. Likewise,
CSE’s have been detected around Polaris and δ Cep using CHARA contributing about 1 to 1.5% of the total
K-band flux of the system (Mérand et al., 2006). Mérand et al. (2007) also detected a CSE surrounding
Y Ophiuchi but no CSE around the non-pulsating yellow supergiant α Persei. This result suggests that the
CSE’s are specifically related to the structure and evolution of Cepheids. IR Observations from the Spitzer
Space Telescope at 8.0 and 24 µm have confirmed the existence of CSE emissions for nearby Cepheids. In
particular, CSE’s have been resolved for δ Cep, SZ Tau, and RS Pup and are found to be as far as 10, 000 AU
from the star (Marengo et al., 2009).
Light echos from CSE’s provide another useful tool for measuring the distance to Cepheids. The light
echos are caused by stellar flux being scattered off of the surrounding dust shell towards the observer and
the echo is shown to vary due to the change of stellar luminosity. By knowing the apparent separation
between the Cepheid and the dust that causes the light echo, and the difference between the phase of the
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Cepheid and the phase of the light echo, it is possible to measure the time since the light was first emitted.
One can then measure the absolute distance between the Cepheid and the light echo and measure of the
distance to the Cepheid. Kervella et al. (2008) measured a distance to RS Pup using this method and found
d = 1992 ± 28 pc. However, they assumed that the dust shell around RS Pup is perfectly spherical and that
all observed light echos are generated from a shell that is between the observer and the Cepheid. Because of
these assumptions and that the light echo distance differed from other distance estimates (d = 1728 pc) from
HIPPARCOS parallax. Feast (2008) found that by using the HIPPARCOS distance then the nebula around
RS Pup can be fit by a disk inclined 9 degrees from the plane of the sky. Bond & Sparks (2009) noted that
the structure of the nebula appears to be bi-polar and suggested that high spatial resolution polarimetry be
used to solve the problem.
Multi-wavelength observations of l Car and RS Pup were used to compute the spectral energy distribution of the stars and search for IR excess due to the presence of CSE’s by Kervella et al. (2009). The
authors build the SED’s using Spitzer archival data, interferometric observations, COBE, and optical data.
They found that there is a warm dust component to the CSE’s for both stars extending from about 100 to
a few 1000 AU but only RS Pup shows a cold (≈ 40 K) component. Kervella el al. argued that the warm
component is due to mass loss and that the cold component is a relic due to an earlier stage of evolution.
This argument is bolstered by the observations of a nebula surrounding the Herbig Be star HD 200775 that
is a young analog of RS Pup.
Gieren et al. (2005) computed the projection factor based on an analysis of the distances from the IR
surface brightness technique for Galactic Cepheids which are used to calibrate the Leavitt law for LMC
Cepheids. They found that the distance to the LMC is a function of the period of the LMC Cepheids, and
suggested that the dependence is due to using a constant value of the p-factor. Thus, to remove the period
dependence of the distance the p-factor was computed to be a function of period.
The challenge of precision understanding of the projection factor for Cepheids has been explored by
Nardetto et al. (2006) using high spectral resolution observations of nine Galactic Cepheids. From the
observations, the authors found the rotation velocity of the Cepheids to be vR sin i < 20 km s−1 and that there
is a systematic asymmetry in the line profiles at the 5% level. Further study of the spectral observations,
with specific attention to 17 particular lines, showed that there exists an extra velocity component in the
lines termed the γ-velocity (or γ-asymmetry) Nardetto et al. (2008b). The determined γ-velocities range
from −11 km s−1 to 26 km s−1 and the average value is a blueshift of about 2 km s−1 . While the γ-velocity
had been known, they showed that the phenomenon is intrinsic to Cepheids. However, the authors did not
argue for a physical source. Nardetto et al. (2008a) analyzed the structure of the Hα line profiles for the
same Cepheids and found that the line profiles show different behaviors for short-period and long-period
Cepheids. The line profiles in short-period Cepheids were found to vary along with the pulsating envelope
of the Cepheid but the line profiles in long-period Cepheids show significant asymmetries. They argued that
the asymmetries may be related to mass loss and the presence of a hydrogen circumstellar envelope. The
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uncertainty of the projection factor factor due to the method of computing the radial velocity was tested
using spectral observations of eight Cepheids (Nardetto et al., 2009). The radial velocity was computed
using the cross correlation method and the authors showed that using a different method causes an additional
5% uncertainty in the measure of the amplitude of the Cepheid. They also found that the cross-correlation
method leads to larger values of the γ-velocity.
From spectral observations of X Sgr, Mathias et al. (2006) observed that the line profiles show up to
three asymmetric components during the pulsation cycle. They argued that the components are caused by
the propagation of three different shocks in the atmosphere of the Cepheid. The existence of shocks may be
related to far-UV and X-ray observations of Polaris and β Dor (Engle et al., 2009). The observations show
the presence of very hot plasma (50000 − 500000 K) based on strong carbon and oxygen emission lines
in the UV. X-ray fluxes have been detected for both stars and may indicate the presence of shocks, warm
winds, or magnetic fields.
Recently, the results from the OGLE-III 40 square degree survey of the LMC have been presented and
a large number of Cepheids have been observed in V and I-band (Soszynski et al., 2008). There are 1848
fundamental mode, 1228 first overtone, and 14 second overtone Cepheids. A large number of double-mode
Cepheids were found, 61 fundamental to first overtone, 203 first to second overtone, and 2 first to third
overtone. Also, there are 5 triple-mode Cepheids and 23 ultra-low amplitude variable stars that may be
Cepheids.

1.3.2

Statistical Properties of Cepheids

Cepheid pulsation makes these stars powerful tools for distance determination. The Period-Luminosity
relation, discovered by Henrietta Leavitt, has been the subject of a great deal of rigorous study. The history
of the Period-Luminosity relation or Leavitt Law includes the study of the Period-Color relation and the
Period-Luminosity-Color relation and whether these relations are more precise. In this section, the history
of the Leavitt Law is reviewed with reference to the Period-Color, and Period-Luminosity-Color relation
when appropriate. Cepheids are also known to follow a Period-Radius relation. These statistical properties
provide insight into the evolution and structure of Cepheids as a whole, as well as developing tools for
cosmology and extragalactic astronomy.
Much of the history of the development of the Leavitt Law (P-L relation) has been discussed by Fernie
(1969), so only the key results will be mentioned here. After Henrietta Leavitt’s discovery of the relation
in 1908, both Enjar Hertzsprung and Harlow Shapley were quick to realize its significance. Independently,
each derived the P-L relation for Galactic Cepheids using statistical parallax methods to find the distances
(Hertzsprung, 1914; Shapley, 1918). Statistical parallax measures the distance to a set of stars that are
approximately the same distance from measurements of the radial velocity and proper motion. In the determination of the Shapley (1918) P-L relation, a Period-Color relation was assumed.
Shapley & Nicholson (1919) attempted to determine a physical cause of the P-L relation. They used
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the pulsation hypothesis from Lord Kelvin (1890) and Emden (1907) to show that a Cepheid follows the
√
Period-Mean Density relation P ρ = Q (also found by Eddington (1918)). By using the definition of the
mean density, and noting the luminosity as a function of radius and temperature and that the temperature is
a function of the color, they showed that Cepheids must follow a Period-Luminosity-Color relation. Then
using the Period-Color relation from the earlier paper, the authors showed that Cepheids follow a P-L relation. It should be noted that the P-L relation had been determined using RR Lyraes and Population I and
Population II Cepheids which had not yet been discovered to be distinct types of variable stars.
The P-L relation determined by Shapley had an important effect on astronomy as a whole. For instance
the distance to M31 and M33 was found using this relation Hubble (1925) and laid the foundation for modern
cosmology. However, Fernie (1969) noted two issues with Shapleys P-L relation: 1) it ignored interstellar
absorption, and 2) it was derived using only eleven Cepheids. While there are issues with the results of
Shapley (1918, 1919), it is clear that statistical studies of Cepheids can yield significant information.
The Leavitt Law (Period-Luminosity Relation)
Following the discovery of interstellar absorption by Trumpler (1930), Lundmark (1931) studied the effect of
absorption on the zero-point of the P-L relation and concluded that the zero-point of Shapley’s P-L relation
(Shapley, 1918) was correct. The analysis of Gerasimovic (1931) used statistical parallax of Cepheids and
determined that the zero-point is about one magnitude fainter. Shapley (1934) presented observations of
LMC Cepheids and found a P-L relation that was steeper than the Galactic relation. He noted that the
difference may be due to how the photographic magnitude scale is determined, but it was clear that there
was no convergence on the structure of the P-L relation.
The linearity of the P-L relation was also first tested at this time, Kukarkin (1937) used Cepheid observations from multiple galaxies and found that the P-L relation was well-represented by a quadratic relation
and even better by a bi-linear relation that is two linear relations with a period break at a period of 10 days.
Shapley (1940) also found that the P-L relation was best-fit by a quadratic relation.
One of the errors in the determination the zero point of the P-L relation was the inclusion of RR Lyraes
in the derivation. Baade (1956) and Sandage (1953) found that RR Lyrae stars do not fit on the Cepheid
P-L relation. For instance, Sandage (1953) determined from the Color-Magnitude diagram of M3 that RR
Lyrae absolute brightnesses are approximately zero but the Population II Cepheids are about 1.5 magnitudes
brighter, therefore he suggested that the P-L relation zero-point must also be 1.5 magnitudes brighter. The
same result was also found by Dartayet & Landi Dessy (1952) for the SMC, and by Weaver (1954) from
comparing distance determinations to the Galactic Center.
The difference between the P-L relations for Population I and II Cepheids was explored by PayneGaposchkin & Gaposchkin (1966) where they found that the two different classes produced different P-L
relations. The Population II Cepheids are about 0.5 magnitudes brighter than predicted by the P-L relation
from Population I Cepheids. This result was important for reducing the uncertainty of the P-L relation
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and for its calibration. A similar result was found for Classical Cepheids pulsating in the fundamental
and first overtone by Böhm-Vitense (1994), where the P-L relation for first-overtone Cepheids is shift by
∆ log P = 0.15 from the fundamental-mode P-L relation.
In a significant analysis of LMC, SMC M31, and NGC 6822 Cepheids, Sandage & Tammann (1968)
computed the slopes of P-L relations in both the B and V-bands. They found that the slopes are universal for
all four galaxies, where the zero-point was calibrated using nine Galactic Cepheids. The resulting fits to the
data have dispersions of 0.6 and 0.5 magnitudes in the B and V-band, respectively. Conversely, Gascoigne
(1969) found that the slope of the V-band P-L relation differed for LMC and SMC Cepheids, however the
result was based on observations of seven LMC and thirteen SMC Cepheids.
Welch et al. (1985) extended the P-L relation to the near infrared J, H, and K-bands based on ten
Galactic Cepheids. The relations are M J = −2.31(±0.11) − 3.11(±0.12) log P, MH = −2.46(±0.13) −
3.20(±0.14) log P, and MK = −2.52(±0.14) − 3.22(±0.15) log P. Similar relations were derived from 21
Galactic and 115 Magellanic Cloud Cepheids by Laney & Stobie (1994) where the determined slopes for
the infrared relations are steeper (from 3.306 to 3.443) than the Welch et al. (1985) relations. Another set
of J, H, and K P-L relations were computed by Persson et al. (2004) for 92 LMC Cepheids, with slopes that
are similar to those computed by Welch et al. (1985) with a range from −3.153 to −3.281.
The calibration of the zero-point was done by Feast & Catchpole (1997) using the Hipparcos trignometric parallaxes for 223 Galactic Cepheids with an error for each parallax measurement of 1.5 mas. The P-L
relation was fit to the Cepheids assuming the slope is that of the LMC P-L relation as a constraint. Further
calibration has been done using the interferometric observations of Cepheid distances to determine the zero
point Kervella et al. (2004a), where the computed zero point for V and K-bands agree with previous observations. A calibration of the Galactic P-L relations from the B to K-bands has been derived by Fouqué et al.
(2007) using 59 Cepheids with distance measurements based on Hubble Space Telescope and Hipparcos
parallax, Baade-Wesselink methods, and distances to associated clusters. It has been found that the Galactic
P-L relations do not differ significantly from LMC relations suggesting that the slope of the P-L relation is
universal.
One of the most important contributors to the uncertainty of the P-L relation is interstellar reddening,
and to account for this, Madore (1985) derived the Wesenheit function defined as W = V − α(V − I), where
α is the redding coefficient RV I . This function has a resulting scatter of less than 0.2 magnitudes. The
structure of the Wesenheit function has also been tested for non-linearity with respect to period by Ngeow
et al. (2005) using the OGLE-II sample and it is found that the Wesenheit function is linear. The Wesenheit
function was analyzed by Madore & Freedman (2009), who argued that it is very insensitive to the slopes of
the monochromatic P-L relations used to derive it. This suggests that the scatter of the Wesenheit function is
small relative to these relations and that the Wesenheit function should be linear even when the P-L relations
used to derive it are non-linear.
The second uncertainty is the dependence of the P-L relation on the metallicity of Cepheids. It is
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this uncertainty that causes the differences between Galactic, LMC and SMC Cepheid P-L relations. This
uncertainty was first measured by Freedman & Madore (1990) using observations of Cepheids in three
regions of M3 in B, V, R, and I-bands. The three regions differ significantly in metallicity therefore it is
expected that the predicted distances using the same P-L relation would also differ significantly. However,
the observed distance moduli to each region are not significantly different. The metallicity dependence was
tested using the EROS survey of LMC and SMC Cepheids (Sasselov et al., 1997), where the change of the
distance modulus µ was found to be due to the relative differences in metallicity from the LMC metallicity
δµ = (0.44+0.1
−0.2 ) log(Z/ZLMC ). This result helped solve the conflict between the lower values of H0 suggested
by Sandage et al. (1994) and the high values suggested by Freedman et al. (1994) as well as highlighting
the dependence of a Cepheid’s pulsation properties on the metallicity. Kennicutt et al. (1998) explored this
further as part of the Hubble Space Telescope Key Project for determining the Hubble constant by observing
different regions of M101 where the Cepheids have a range of oxygen abundances. The inferred distance
modulus was found to vary as a function of abundance at a rate of δµ/δ[O/H] = −0.24 ± 0.16 mag dex−1 .
Groenewegen et al. (2004) studied the individual metallicities of about 50 Cepheids in the Galaxy,
LMC, and SMC and constructed a new P-L relation. They found that when the effect of metallicity is
ignored, the best-fit P-L relation is quadratic though the quadratic term is important for long-period (log P >
1.65) Cepheids only. The metallicity correction was found to be about −0.6 ± 0.4 mag dex−1 . Distance
measurements using the Cepheid P-L relation have been compared to distance measurements using the
Tip of the Red Giant Branch and the difference between the two methods is assumed to be due to the
metallicity correction (Sakai et al., 2004). They found that the distance modulus varies as a function of
oxygen abundance δµ/δ[O/H] = −0.24 ± 0.05 mag dex−1 .
The metallicity correction is concerned with the variation of the zero-point of the P-L relation but not
the slope. The reason is that it is generally assumed that the slope is universal, however, Tammann et al.
(2003) showed that this may not be true. Period-Color relations for Galactic, LMC, and SMC Cepheids
were found to differ and this suggests that the P-L relations for the three galaxies must also differ. The LMC
Cepheid P-L relation was explored in the second article of the series (Sandage et al., 2004), who found that
there is a period break at a period of 10 days like that found by Kukarkin (1937). They also noted that the
LMC Cepheids are bluer than the Galactic ones. On the other hand, Gieren et al. (2005) argued that the
slope of the P-L relation is universal up to solar abundances based on IR surface brightness distances to 13
LMC Cepheids. The Gieren P-L relation agrees well with the Galactic P-L relation but not with the results
of Persson et al. (2004) or the OGLE-II P-L relations (Udalski et al., 1999b).
The structure of the P-L relations has been mostly assumed to be linear but there is no a priori reason
for them to be so. From the EROS survey of SMC Cepheids, Bauer et al. (1999) found that there was
a period break at a period of ≈ 2 days where the slope of the P-L relation was significantly steeper for
fundamental-mode Cepheids. The author speculate that the non-linearity might be due to a non-linear blue
edge of the Instability strip. The LMC P-L relations were tested for non-linearity using the MACHO and
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2MASS surveys in the V, R, and J, H, K-bands (Ngeow et al., 2005). They found that the P-L relations for
wavelengths shorter than K-band are consistent with being non-linear with a period break at 10 days, while
the K-band relation is linear. The structure of the optical P-L relations has been reviewed by Ngeow &
Kanbur (2006). They found them to be physical and not just a selection effect due to having a sample with
many short-period Cepheids and relatively few long-period Cepheids.
Observations of Cepheids at longer wavelengths from λ = 3.6 to 8.0 µm using the Spitzer Space Telescope as part of the SAGE (Surveying the Agents of a Galaxy’s Evolution) survey of the LMC have been
used to determine the mid-infrared P-L relation (Meixner et al., 2006). Freedman et al. (2008) used the
sample of Cepheids from Persson et al. (2004) with mid-infrared observations and determined relations
with slopes ranging from −3.29 to −3.44. They argued that the slopes are consistent with the limiting slope
of the P-L relation due to the surface brightness contributing most of the long-wavelength flux. Similarly,
Ngeow & Kanbur (2008) also computed IR P-L relations using the SAGE data but correlated with the entire
OGLE-II database and found slopes ranging from −3.26 to −3.03 with the slopes becoming less steep with
increasing wavelength. This result contradicts the limiting slope argument of Freedman et al. (2008). The
authors tested the IR P-L relations for non-linearity and find that the 8.0 µm P-L relation is non-linear while
other relations are linear. Madore et al. (2009) computed the IR P-L relations from two epochs of SAGE
observations and find similar results as the previous work of Freedman et al. (2008). Similarly, Ngeow et al.
(2009) used the two epochs of SAGE data correlated to OGLE-III and 2MASS data to compute P-L relations
from V-band to Spitzer IRAC bands. The relations for wavelengths shorter than K-band agree with previous
results and the slopes of the IRAC P-L relations vary from −3.25 to −3.20. All of the relations are tested for
non-linearity; only the V, I, J, and H-band relations are confirmed to be non-linear.
The Cepheid P-L relations are important measures of the evolutionary and pulsation states of Cepheids
as well as an important tool for distance measurements. The current uncertainty of the P-L relation is about
5% and evidence suggests it may not be linear. There are significant questions regarding the structure of
these relations that have an impact on the understanding of Cepheids themselves.

The Period-Radius Relation
The Period-Radius (P-R) relation is an useful measure of the physical structure of a Cepheid. The calibration
of the relation has followed the development of various methods to measure the radius of a Cepheid, for
example the Baade-Wesselink method.
The first presentation of a P-R relation was by Woolley & Carter (1973) for eighteen Galactic Cepheids
with radii determined at maximum brightness using the Baade-Wesselink method. The best-fit linear relation
is
log R(maxlight) = 1.181(±0.069) + 0.683(±0.071) log P.

(1.5)

Based on an improvement of the Baade-Wesselink method, Caccin et al. (1981) determined the mean radii
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for ten Cepheids and computed a P-R relation that was similar, with a slope of 0.654 ± 0.052 and zero-point
of 1.177 ± 0.058.
It was not until 1987 when the P-R relation was computed for a large sample of data. Moffett & Barnes
(1987) determined the radii of 63 Cepheids using the Visual Surface Brightness technique. From the observations the best-fit P-R relation was found to be steeper than earlier results with a slope of 0.734 ± 0.034.
Gieren (1989) conducted the same analysis with an extended data set containing 52 southern Cepheids where
the same result was found for the P-R relation as Moffett & Barnes (1987).
Laney & Stobie (1995) derived the P-R relation for Galactic Cepheids using Baade-Wesselink radii
for 49 Cepheids based on multi-wavelength data. However, they found that using different wavebands for
compute radii and hence P-R relations yielded different slopes for the P-R relation that do not agree. The
authors argued the near-IR observations produced the least uncertain P-R relations, for which a slope of
0.751 ± 0.026 was determined, even more steep than previous estimates.
The visual and IR surface brightness techniques have been used to calibrate the P-R relation. Based
on improvements to the technique (Fouque & Gieren, 1997), Gieren et al. (1998) derived the radii for 28
Galactic Cepheids for which a P-R relation is derived that is identical to that of Laney & Stobie (1995) even
thought the radii are derived using a completely different method. Gieren et al. (1999) extended the analysis
by including ten LMC and six SMC Cepheids with radii determined using the IR surface brightness method
and found that the P-R relation is universal in that it does not vary with metallicity and that the slope is much
smaller 0.680 ± 0.017.
A third calibration method of the P-R relation has been done using radii from interferometric observations via the IBW method. Kervella et al. (2004a) used this method with determined radii for eight Cepheids
and the resulting P-R relation has a slope of 0.767 ± 0.009 which is 1σ different from the results of Laney
& Stobie (1995) and Gieren et al. (1998). The calibration was also considered by Groenewegen (2007) who
established a relation between the projection factor and pulsation period and used this result to compute a
P-R relation. The new P-R relation has a slope of 0.686 ± 0.036.
These results show two different P-R relations with different slopes. Groenewegen (2007) pointed out
that the analyses resulting in a steeper slope took into account a projection factor while the other analyses
do not include this. Determination of the appropriate projection factor is thus essential to finding the correct
P-R relation.

1.3.3

Theoretical Modeling

The development of theoretical models of Cepheid variable stars following from the derivation of Arthur
Eddington has become one of the great successes of theoretical and computational stellar astrophysics. Much
of the history of stellar pulsation modelling discussed here is reviewed by Zhevakin (1963) and Gautschy
(2003). The pulsation hypothesis for the variability of Cepheids was due to the speculation of Plummer
(1913) and Shapley (1914) following the derivation of Lord Kelvin (1890) and Emden (1907). However,
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Eddington (1917a) was the first to develop the theory to describe pulsation in a star (Eddington, 1918,
1919b). He recognized that stellar pulsation is a thermodynamic engine where energy gains and losses
compensate for each other. In this case, pulsation could begin as a small perturbation to the structure of the
star and grow to become the stable, continuous variations that are observed. Eddington (1918) applied linear
perturbation theory to equations of hydrostatic equilibrium and conservation of mass and assumed that the
gas is adiabatic. By combining these perturbed equation, he derived a second-order differential equation that
could be solved to describe the pulsation period of the star. The derived differential equation was applied
to a polytropic model of a star and the Period-Density relation was found. Eddington (1919b) discussed the
decay rate of pulsation as well as the phase lag between the luminosity and velocity curves. The delay was
not found in his analysis and he argued that the lag was due to non-adiabatic effects.
Discovery of the Driving Mechanism
The driving mechanism for stellar pulsation could not be understood from Eddington’s calculations; however, he did propose two hypotheses (Eddington, 1926). The first hypothesis is that the nuclear reactions in
the core of the star would cause pulsations: as the star contracts the temperature of the core heats up and
is more dense. With higher temperatures and densities the nuclear reactions occur at a larger rate and more
reactions generate an outward force that causes the star to expand again. When the star expands the rate of
nuclear reactions decreases again and the cycle begins anew. This mechanism was proposed at a time when
nuclear energy generation as the source of energy for a star was just becoming understood. The second
mechanism is the valve mechanism: as the star contracts it becomes more opaque and opacity increases.
The outward energy would then become “dammed up” and eventually forces the star to expand again. As
the star expands the opacity decreases and the trapped energy escapes; when the energy escapes the outward
force decreases and the outer layers fall back towards the center, compressing the star and starting the cycle
again.
The first mechanism was explored by Cowling (1934, 1935), again using linear perturbation theory and
assuming Kramer’s opacity law κ ∝ ρm T n . In this case, nuclear reactions were found to be a viable source
for radial pulsation. However, this mechanism tended to produce relative displacements that are much larger
than pulsation amplitudes observed for Cepheids The result was later verified by Ledoux (1941) and Cox
(1955).
Eddington had explored pulsation assuming that stars pulsate in the fundamental mode but there was
no reason to conclude that the fundamental mode was the only important mode in Cepheids. Edgar (1933)
conducted a linear perturbation analysis of a stellar polytope but assumed a quasi-adiabatic method. The
quasi-adiabatic method is useful because it explores the complex term of the wave function and measures
growth and decay times for the pulsation mode. He found that the first overtone mode may be important but
the decay time is short, meaning the first overtone mode is much more strongly damped than the fundamental
mode. Similarly, Woltjer (1936) derived an iterative method for solving the perturbation equations with
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a non-adiabatic correction. In a subsequent article, Woltjer (1937) investigated the interaction between
multiple modes of oscillation in a star, following Kluyver (1935) and discussed the possibly that modulations
seen in light curves of RR Lyrae stars may be interactions between the fundamental and first overtone modes.
An alternative theory to pulsation by standing waves was proposed by Schwarzschild (1936, 1938) where
the variability is driven by traveling waves in the atmosphere of the star. This theory could explain the phase
lag between the luminosity and radius maxima by assuming that the atmospheric density is a function of both
the luminosity and velocity. Therefore the resulting density wave must be traveling and not be a standing
wave. Using the running wave hypothesis, Schwarzschild (1938) modelled the light and velocity curves of
δ Cep and later found that the curves for η Aql were well modelled by the theory as well (Schwarzschild
et al., 1948). This concept was also applied to Mira (Scott, 1942).
The source of excitation for pulsation in stars was an important challenge of the valve mechanism.
Eddington had assumed that the entire star would act as a valve but this was inaccurate. However, Eddington
(1941) argued that the source of pulsation might be the zone of partial ionization of hydrogen which lies
below the photosphere. He associated this zone with the phase lag of the radiation and the existence of the
Period-Luminosity relation. In this work, Eddington maintained that the ionization zone does not drive the
pulsation but instead modifies the pulsation and supports driving from nuclear reactions. He concluded that
“the hypothesis of negative dissipation (the valve mechanism) is not likely to be advocated except as a last
resort.”
One of the issues with the stellar pulsation mentioned above is that Eddington, Schwarzschild and others assumed a polytrope of index 3, for which is the mass of the star is not centrally concentrated. Sen
(1948) made explicit note of this concern and recommended using a polytrope of index 4 such that the central density is larger and better represents the actual structure of a Cepheid. Using realistic stellar models
with highly concentrated central densities, instead of polytropes, Epstein (1950) computationally solved the
pulsation equations for the stellar models for the fundamental and first overtone modes. He found that the
fundamental mode is influenced most by the structure of the star at about 0.7 R∗ while the first overtone
is influenced the by the layers at 0.8 R∗ . This result suggested that nuclear driving is not the excitation
mechanism for stellar puslation. Epstein also determined the Period-Density relation but found it differed
from the observed relation for η Aql. The radius of η Aql was found using the Baade-Wesselink method
(Schwarzschild et al., 1948) and the mass was found using an observed mass-luminosity relation (Kuiper,
1938).
The development of stellar pulsation theory continued on each side of the Atlantic; on one side was
S. A. Zhevakin in the USSR and on the side was J.P. Cox and collaborators in the United States. Cox
(1955) tested the pulsational stability of stars using a typical stellar model of a red giant with a centrally
condensed core. He showed that nuclear reactions are insufficient for driving pulsation in Cepheids and that
the pulsation amplitudes derived before were wrong due to the lower density of the core assumed in those
models. This result confirmed earlier tests by Zhevakin (1963) and Ledoux et al. (1955). Pulsation in the
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stellar model appeared to be influenced by the outer 15% of the structure. In a later article, Cox (1958)
derived a linear first-order non-adiabatic treatment for stellar pulsation, similar to that discussed previously
(Rosseland, 1931, 1949; Zhevakin, 1953, 1954a,b). The work was designed to test a modified version of
Eddington (1941) hypothesis where the pulsation and phase lag is modified by a partial ionization zone
for some unknown element (Eddington had considered hydrogen only). The models of pulsation showed
that the phase lag between the phase of luminosity maximum and the phase of maximum radius could be
reproduced if the flux variations showed an abrupt decrease with height in the envelope.
Cox & Whitney (1958) continued the analysis of the phase lag and related it to the partial ionization of
helium. Using this hypothesis, the authors computed a theoretical Period-Luminosiy relation to compare to
observations. He found that the helium ionization zone was important for the producing the phase lag and
reproducing the zero-point of the P-L relation, as suggested by Zhevakin (1948, 1953). Zhevakin (1959a)
developed a discretization model for solving the pulsation equation in a star. He used it to confirm the
hypothesis that helium is responsible for driving pulsation in Cepheids and showed that helium could do
this only if the abundance of helium is at least 15% of the total stellar mass (Zhevakin, 1959c). Furthermore,
he found that the models were able to reproduce the zero-point of the P-L relation, providing more evidence
for his hypothesis (Zhevakin, 1959b). Cox (1959) similarly found that the zero-point depended on the helium
abundance in the stellar models and produced pulsation calculations that agreed with the results of Zhevakin
(1959c) (Cox, 1960). It had been about forty years since Eddington had postulated that Cepheid variability
is due to pulsation but the independent works of Cox and Zhevakin finally derived the driving mechanism
for Cepheid pulsation.
Both Baker & Kippenhahn (1962) and Cox (1963) computed linear non-adiabatic pulsation models and
yet again confirmed that pulsation is driven from the helium partial ionization zone. Baker & Kippenhahn
(1962) solved the pulsation equations for five stellar envelope models corresponding to the known properties
of Cepheids and determined that Cepheids have both fundamental and first-overtone pulsation. They also
reproduced the phase lag. In a second article, Baker & Kippenhahn (1965) solved the pulsation equations
for fifteen stellar models of 7 M and provided estimates of the boundaries of the Cepheid Instability strip
on the HR Diagram that is centered on an effective temperature of 5200 K.
The Shift to Non-Linear Models
All of the works discussed so far are primarily based on the linear approximation of the equations of stellar
structure. The first numerical work computing non-linear models of stellar pulsation is Christy (1966a)
for RR Lyrae stars. He computed 100 models of varying mass, luminosity and composition and found
that the structure of the Instability strip is a function of helium abundance. One of the more challenging
aspects of this work was the treatment of convection. Convection was treated in the stellar structure model
via the mixing length theory but the connection between pulsation and convection was ignored. However,
Christy speculated that convection improves the efficiency of energy transport in the hydrogen ionization
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zone, which would have an effect on the phase lag. Christy (1966b) attempted to model the Cepheids δ Cep,
and η Aql using his non-linear pulsation program. By trying to fit observed light curves, Christy found that
δ Cep most likely pulsates in the fundamental mode and has a mass of 3.3 M while η Aql pulsates in the
first overtone and has a mass of 4.2 M .
Similarly, Cox et al. (1966) also computed non-linear pulsation models of Cepheids, where the authors
model the star only to a depth where T = 2 × 105 K. The calculations confirmed the results of Christy
(1966a,b) and furthermore showed an additional mechanism to drive pulsation. In the helium II ionization
zone, when the layer is becoming ionized the opacity in the layer remains constant and the temperature
remains cool relative to the surrounding layers that are being compressed and heated. This temperature
difference causes heat to flow from the hotter layers into the ionization zone and generates pulsation.
The interaction of convection and pulsation was an important question of the models raised by Christy.
Unno (1967) developed a time-dependent treatment of convection based on the mixing length theory. Using
this time-dependent theory with the non-linear pulsation calculations, Unno tested the pulsational stability.
He found that the stability is sensitive to the interaction of the convection zone and the ionization zone
that drives the pulsation. This dependence was measured by the ratio of the convective timescale and the
pulsation period. If the ratio is less than unity then pulsation may be destabilized by convection.
Another set of non-linear models were developed based on the technique of Stobie (1969a). This numerical technique was used to compute models of Cepheids ranging in mass from 5 to 9 M (Stobie, 1969b).
The results of the calculations showed the dependence of the location of the Instability Strip on the helium
abundance. By increasing the helium abundance by 15%, the Instability Strip is shifted to hotter temperatures by about 600 K. The model lightcurves tended to show a secondary bump similar to the Hertzsprung
progression except that they appeared at the wrong phase. Stobie argued that the bumps would match observations if the mass of the input stellar model was a factor of two smaller. This hypothesis was confirmed
in a third article of the series (Stobie, 1969c), exposing one of the great challenges for understanding the
properties of Cepheids, the mass discrepancy. This challenge would haunt pulsation and stellar evolution
theory for more than two decades.
The Masses of Cepheids
The search for the source of the mass discrepancy was the foremost task for stellar pulsation theorists in
the 1970’s. The early measurements computed the theoretical Period-Mean Density relation to calculate
the mass of Cepheids when there are measurements of the radius. The results suggested Cepheid masses
to be about 20-40% smaller than evolutionary masses (Cogan, 1970; Rodgers, 1970; Cox et al., 1972).
Fricke et al. (1971) proposed a number of possible sources of uncertainty that could resolve the discrepancy,
including changes to stellar opacities in the stellar evolution models, errors in the distance estimates to
nearby Cepheids as well as the potential for mass loss to play a role. The authors computed stellar evolution
tracks with opacity increased by a factor of two in the envelope of the stellar model where T > 106 K. The
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resulting evolutionary masses were changed but not enough to agree with pulsation masses. They found
that increasing the opacity by a factor of four or more brings the predicted masses into better agreement.
The authors also applied stellar pulsation and evolution calculations to 53 Cepheids and confirmed the mass
discrepancy as well as the larger mass differences for bump Cepheids. Furthermore, the authors found that
the ratio of pulsation and evolution masses is a function of pulsation mass. The ratio is smaller for larger
mass, meaning the discrepancy is worse for larger mass (or lower temperature) Cepheids (Fricke et al., 1972)
The source of the discrepancy was further analyzed by Iben & Tuggle (1972b,a) who explored issues
with Cepheid observations and pulsation models. They found that the models and observations could
be brought into agreement with stellar evolution calculations if the luminosities of Cepheids are actually dimmer by 0.3 magnitudes, or the effective temperatures measured from the colors are cooler by
∆ log T eff ≈ 0.025 or if the helium abundance is increased by ∆Y = 0.14. The authors also argued that
the observed Period-Luminosity-Color relation (Sandage & Tammann, 1968) is also not appropriate for
computing Cepheid masses because it assumes that the physical properties of Cepheids are universal with
respect to different galaxies.
King et al. (1975) tested how different Color-Temperature scaling relations affect the mass determination
for a sample of eight bump Cepheids. They found that using a new scaling relation the masses could be
brought into agreement with the exception of U TrA which was still less massive than predicted from stellar
evolution.
The opacity hypothesis was tested by Carson & Stothers (1976) and Sastri & Stothers (1978) based on
new opacity calculations. The authors found that the bump Cepheid masses agreed better with the evolutionary masses than predictions using other opacities. However, the pulsation masses for other Cepheids, such as
the beat Cepheids (double mode pulsation) tended to have worse agreement with the new opacities. Another
possible contributor is rotation, but pulsation models including rotation would predict masses agreeing with
stellar evolution only if the rotation is very large at the surface. A rotation law consistent with observations
has no effect on the pulsation mass (Cox et al., 1977; Deupree, 1978).
Cox et al. (1977) suggested that helium enrichment could solve the mass discrepancy. If helium is
enriched in the envelope of the Cepheid in layers where T < 7 × 104 K, then predicted mass for bump
Cepheids are in closer agreement with observations. A possible mechanism for enriching helium is a wind
that depletes the Cepheid of hydrogen near the surface but leaves the helium unaffected (Cox et al., 1978b).
Helium would be significantly enriched if the mass-loss rate of the wind is about 10−10 M /yr and is sustained for about one to ten million years. The timescale is reasonable for explaining the short-period (low
mass) Cepheids but not the larger mass Cepheids. Cox et al. (1978a) tested the helium enriched model by
predicting masses for triple-mode Cepheids and determined they have pulsation masses about 3 − 4 M and
to agree with evolutionary models would require a greater amount of helium enrichment a larger depths
T < 3 × 105 K. Therefore the triple-mode Cepheid masses are inconsistent with the helium enrichment
scenario.
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Yet another possible solution is the presence of a magnetic field in the envelope of a Cepheid. Stothers
(1979) argued that a tangled magnetic field of the order of 102 G near the surface and 104 G at the base
of the envelope would solve the mass discrepancy by adding an additional pressure term in the pulsation
analysis that would change the predicted period ratio of bump Cepheids and bring the pulsation masses into
agreement with evolution models. Stothers (1982) reanalyzed the hypothesis using updated stellar models.
He found that pulsation models including a tangled magnetic field produce longer pulsation periods, larger
amplitudes and the secondary bump in the velocity curve appears at an earlier phase than for models not
including a magnetic field. The effect of the magnetic fields on the secondary bump suggest that the pulsation
masses agree with stellar evolution if Cepheids have magnetic fields. However, the larger amplitudes are
inconsistent with observations.

Cox (1979) compared the mass determinations from a Period-Mass-Radius relation and Baade-Wesselink
radii and from theoretical calculations of the period and effective temperature plus better distance and
temperature-color relations. He determined that the Baade-Wesselink masses were smaller than evolution
masses for 69 Cepheids while Cepheid masses from theoretical calculations and temperature-color relation
tended to predict masses in agreement with the evolutionary masses. This result was true for both standard
pulsation models and models with helium enrichment in the envelope. The mean ratio of the theoretical
mass to evolution mass is 0.97 ± 0.25 and 1.07 ± 0.27 for the standard and helium enriched models, respectively. However, the predicted masses for bump Cepheids were still much lower than masses from stellar
evolution.

One other solution to the mass discrepancy was devised by Huang & Weigert (1983) who assumed that
the stellar evolution models may be wrong. The authors tested the impact of convective core overshoot in the
evolution models of Cepheid progenitors on the main sequence. They found that convective core overshoot
mixes additional hydrogen into the core of the main sequence star. Therefore, when the star evolves off of
the main sequence, it has a larger helium core suggesting that the star will have a larger luminosity than
a star of the same mass but no convective core overshooting. This method provides a simple solution to
the mass discrepancy by predicting higher Cepheid luminosities for a given mass, in closer agreement to
pulsation masses of bump Cepheids. A similar solution to the mass discrepancy is pulsation-driven mass
loss from Cepheids on the Instability Strip. Brunish & Willson (1987) modelled the evolution of a Cepheid
that is losing about 5 × 10−7 M /yr and found that the structure of the blue loop is changed. When the
Cepheid evolves blueward on the second crossing, the star will eventually loop back redwards on the HR
diagram. Mass loss moves the turning point in the loop from outside of the Instability Strip to within it and
the Cepheid becomes “trapped” and a significant period of time. Therefore the Cepheid may lose a few solar
masses of material and potentially resolving the mass discrepancy.
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Refining the Theoretical Models
During the time that the mass discrepancy was a concern, Gough (1977) and Gonczi & Osaki (1980) developed models of time-dependent convection in stars that can be solved simultaneously with pulsation. The
model by Gough is based on the mixing length theory, who found that convection is important when the pulsation period is similar to the convective eddy growth rate. Deupree (1980) modelled a number of Cepheids
with a two dimensional program with time-dependent convection included to determine the location of the
red edge of the Cepheid Instability Strip. The red edge is defined as a region of the HR Diagram where the
pulsation is quenched by convection. Gonczi (1981, 1982) confirmed the red edge by using time-dependent
convection and including turbulent viscosity in the calculations. The red edge found in this case, though, is
very sensitive to the viscosity.
The previous methods for computing time-dependent convection in a pulsating star assume the convection depends on the local conditions. Stellingwerf (1982b) derived a non-linear non-local convection scheme
and applied it to model RR Lyrae stars (Stellingwerf, 1982a). He found similar results as the previous methods but did produce new methodology that is less dependent on free parameters.
Cox (1979) resolved the mass discrepancy with better pulsation models with the exception of the bump
Cepheids. Models of bump Cepheids were computed using different opacities by Carson & Stothers (1988)
in a similar manner to previous works. The predicted masses using these opacities are 15% less than evolutionary masses, bringing the bump mass discrepancy to closer to resolution. It is interesting to note that
while the mass discrepancy was being explored for bump Cepheids, the cause of the bump was still not established. Buchler & Kovacs (1986) used an iterative perturbation method to calculate pulsation in Cepheids
and found that there is a 2:1 period resonance between the fundamental and second overtone modes. It is this
resonance that causes the secondary bump to appear in the light curves Cepheids. The conclusion was later
confirmed by Kovács & Buchler (1989) and Buchler et al. (1990) using hydrodynamic models and proved
that the 2:1 resonance caused the Hertzsprung progression.
The solution to the bump Cepheid mass discrepancy was finally determined after the release of the OPAL
opacities (Iglesias & Rogers, 1991). Moskalik et al. (1992) computed non-linear models of beat (doublemode) and bump Cepheids using the new OPAL opacities. The calculations predicted bumps in the velocity
curve such that the pulsation masses are revised upwards. While the change in mass tended to almost agree
with the stellar evolution calculations, there were still small differences between pulsation and evolution
mass predictions. Simon & Kanbur (1994) found that there was still a mass discrepancy for small-mass
(M = 4 − 5 M ) Cepheids. Changing the opacity did not change the results; Kanbur & Simon (1994) tested
OPAL and OP opacities and found negligible differences.
New models were computed by Antonello & Aikawa (1993) and Antonello & Aikawa (1995) for first
overtone Cepheids. The authors found that there was still a mass discrepancy using the OPAL opacities.
Also, a period resonance was discovered for P1 /P4 = 2, where P4 is the pulsation period of the fourth
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overtone mode for first-overtone periods around 3 days.
The development of photometric surveys of the Large Magellanic Cloud has led to a number of investigations about the behavior of pulsation at sub-solar metallicity. Wood et al. (1997) modelled the LMC bump
Cepheid HV 905 and predicted a pulsation mass of 5.15 M while stellar evolution calculations predicted
M = 7.14 M , suggesting that the mass discrepancy was not solved. Morgan & Welch (1997) modelled the
behavior of beat Cepheids in the LMC and made predictions regarding the behavior of Small Magellanic
Cloud beat Cepheids. They found that the beat phenomenon occurs at shorter periods as a function of decreasing metallicity. Similarly, Buchler et al. (1997) considered the dearth of Galactic Cepheids in the period
range of 8−10 days while there are many in the LMC. Models of Galactic Cepheids in this period ranges are
pulsationally unstable because of the influence of the 2:1 resonance of the second overtone to fundamental
periods. The same resonance that causes the Hertzsprung progresson also causes the pulsation amplitude to
decrease and destabilizes the pulsation. They found the destabilization to be metallicity dependent, working
only in Cepheids with Z ≥ 0.013 explaining the differences between the LMC and Galactic distributions of
Cepheids.
Pulsation Modeling in the 21st Century
There are a number of groups computing non-linear models of Cepheid pulsation. For instance, Aikawa &
Antonello (2000a,b) modelled pulsation in long-period Cepheids, while Feuchtinger et al. (2000) was interested in the structure of first overtone Cepheids. Models computed by Yecko et al. (1998) and Kollath et al.
(1998) have focused on the contribution of turbulent convection on pulsation. However, the most impressive
and largest set of models have been computed and presented by Bono et al. (1999b, 2000a). The authors
computed a number of models with varying mass-luminosity relations representing standard stellar evolution and convective core overshoot in the progenitor stars and with different metallicities corresponding to
Galactic and Magellanic Cloud compositions. The models range in mass from 5 to 11 M and effective temperature T eff = 7000 to 4000 K. Using these models, the authors calculated the boundaries of the Instability
Strip and found that the boundaries are metallicity dependent. As the metallicity decreases, the effective
temperature of the blue and red edges decrease. In the second article, Bono et al. (1999a) computed theoretical Period-Luminosity, Period-Color (P-C), and Period-Luminosity-Color (P-L-C) relations that agree with
the observed relations. The metallicity dependence, however, was found to contradict observations such that
metal-poor Cepheids are predicted to be brighter than metal-rich Cepheids. Furthermore, the P-L relation is
better represented by a quadratic relation instead of a linear relation. These relations were explored further
as a function of wavelength and applied to measurements of the distance scale Caputo et al. (1999, 2000a,b).
The Hertzsprung Progression was also explored for LMC Cepheids (Bono et al., 2000c) and found to occur
in the mass range of M = 6.55 to 7.45 M and is centered at a period P = 11.24 ± 0.46 days. The calculations of cool bump Cepheids show that the secondary bump replaces the primary maximum as the brighter
maximum in the light curve, making the progression appear to shift to the rising branch of the light curve as
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opposed to the descending branch.
The series of articles by the Bono and Caputo group continued by exploring how the helium and metal
abundance affected the structure of the Cepheid Instability Strip (Fiorentino et al., 2002). The temperature
boundaries of the Instability Strip were found to shift to higher temperature for decreasing metal abundance
with fixed helium abundance and for increasing helium abundance with fixed metal abundance. This result provides a potential observational measure of mean helium and metal abundances of populations of
Cepheids. They found that the variation of the helium and metal abundance affected the P-L and P-C relations as measured by the ratio of the change of Y to the change of Z ∆Y/∆Z. Furthermore, the relations
shift at periods > 10 days when ∆Y/∆Z > 1.5. This group has produced significant results, but much
of the assumed physics had not been tested for robustness. Petroni et al. (2003) tested how the pulsation
models change with different assumptions for the equation of state. The equation of state changes the pulsation amplitude marginally, however tests of the spatial resolution of the helium and hydrogen ionization
zones did have a significant effect on the distribution of bump Cepheid periods, with the center shifting to
P = 9.65 − 9.84 days. The effect of varying convection in the Cepheid pulsation models has also been
tested (Fiorentino et al., 2007). They modelled convection using the mixing length theory, which assumes
a free parameter defined by the ratio of the distance a convective eddy travels l to the pressure scale height
HP . They computed models assuming l/HP = 1.5 and 1.75. When the free parameter is increased the
width of the Instability Strip is reduced because the red edge, defined by convective damping of pulsation,
shifts to higher temperatures. However, convection was found to have a negligible effect on the P-L and
Period-Wesenheit function.
An interesting application of the Bono et al. model program is the attempt to fit the observed light and
velocity curves of δ Cep by Natale et al. (2008). The fit of the model estimates the composition, mass and
effective temperature of the star. The helium abundance is Y = 0.26, lower than the standard Y = 0.28,
and the metal abundance is also reduce from Z = 0.02 to 0.01. The deduced mass is M = 5.7 M and
T eff = 5700 K.
The results of Natale et al. (2008) suggest a possible difference between the metallicity of δ Cep and
the Sun. Buchler & Szabó (2007) noted that the Petersen diagram, which shows the period ratio of beat
Cepheids as a function of fundamental period, is a measure of the stars metallicity independent of the
helium abundance. The authors computed hydrodynamic models of Galactic beat Cepheids using the OPAL
opacities. The model Cepheids with lower metallicity tended to best fit the observed Cepheids with a range
of Z = 0.0089 to 0.0221. The revised solar abundances suggested by Asplund et al. (2005) motivated a
reanalysis of the model beat Cepheids (Buchler, 2008). Cepheids models with the Asplund et al. (2005)
abundances give masses, radii, and periods in better agreement with observed properties of Galactic beat
Cepheids.
The mass discrepancy that appeared to have been solved in the early 1990’s was shown by a number
of works to still exist; however, quantitative estimates for the difference between pulsation and evolution
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masses were not determined. Beaulieu et al. (2001) used OGLE-II LMC Cepheid observations plus Atlas
stellar atmosphere models to derive a period, effective temperature and luminosity of each Cepheid in the
sample. The authors then used this information to compute pulsation models and derive a mass-luminosity
(M-L) relation. The predicted M-L relation differs from the standard stellar evolution M-L relation suggesting the mass discrepancy is still important. It should be noted that this work makes an implicit assumption
about the gravity of each Cepheid to compute the effective temperatures although the effect of thus assumption on the effective temperatrue is small. The mass discrepancy for Galactic Cepheids was computed using
a theoretical Period-Mass-Radius relation to calculate the mass of Cepheids with observed radii (Bono et al.,
2001). They showed that the mass discrepancy is still about 10%. Caputo et al. (2005) further tested the
Galactic mass discrepancy using theoretical models to generate a Period-Mass-Luminosity-Color relation
and compared it with Galactic Cepheids. The authors found that the difference between pulsation and evolutionary masses is a function of mass with the discrepancy being 20% for a M = 4 M Cepheid, decreasing
to zero for a 13 M Cepheid.
The bump Cepheid mass discrepancy was explored by Keller & Wood (2002) using a sample of 20 LMC
bump Cepheids with V and R-band observations from the MACHO project. The observations were fitted
using pulsation models for the stars where the masses of the best-fit models turned out to be smaller than
suggested from stellar evolutionary tracks. On the other hand, Buchler et al. (2004) computed models to
match LMC bump Cepheids and found that the pulsation masses agreed with the stellar evolution masses.
Keller & Wood (2006) conducted a similar analysis as before for Large and Small Magellanic Cloud bump
Cepheids. They found that the mass discrepancy is a function of metallicity with the Galactic Cepheids have
a 14% discrepancy, LMC Cepheids have a 17% and SMC Cepheids have a 20% mass discrepancy. Keller
(2008) reanalyzed the results of Caputo et al. (2005) and found that they had used a mass-luminosity relation
that was linear over all masses considered. If one uses the mass-luminosity relation from Bono et al. (2000a)
or Bressan et al. (1993) which are non-linear for masses ≥ 10 M then the mass dependence of the mass
discrepancy disappears. There is, however, a mass discrepancy of about 17% that is still not understood.
Cepheid and variable star research, in general, has a rich history. The extra information about stellar
structure from pulsation periods and amplitudes make Cepheids an attractive research field and the discovery
of the Leavitt Law makes these stars a powerful tool for extragalactic and cosmological studies. However,
it is clear that while many properties of Cepheids can easily be observed and computed such as the Leavitt
Law or the Period-Mean Density relation, there are many subtleties to be understood, such as the Cepheid
mass discrepancy.

1.4

Cepheid Atmospheres

The previous two sections discussed the independent and separate developments of the fields of stellar
atmosphere modelling and Cepheid variable stars with the purpose of bridging them into a study of Cepheid
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atmospheres. However, the study and modelling of Cepheid atmospheres is not a novel idea. There has been
much progress on understanding the outer layers of these stars as some of the research mentioned in the
previous sections suggests, and there is also motivation for new generations of Cepheid atmosphere models
to compare with high resolution spectroscopic and interferometric observations.
The first model Cepheid atmospheres were by Lautman (1957), who calculated the solutions to the
hydrodynamic equations for an isothermal atmosphere undergoing adiabatic pulsation. At the base of the
atmosphere the pulsation is driven by a sinusoidal wave similar to a piston moving back and forth. He
found that the pulsation generated bumps in the velocity curve. He argued that when the piston pushes
the atmosphere outward, a compression wave is generated and propagates outwards. The wave lifts the
atmosphere and causes the primary peak of the velocity curve. Eventually, gravity begins to dominate and
the outer layer falls again. However, before the layer returns to its starting point, another compression wave
generated by the piston interferes with the infalling material and changes the velocity of the gas. Lautman
argued this interference causes the secondary humps in the velocity curve, however, these waves do not
become shocks in the numerical simulations.
It was fifteen years before the next attempt to model radial pulsation in stellar atmospheres was taken.
Keller & Mutschlecner (1970) computed a hydrodynamic model of the atmosphere of a Cepheid with an
11.5 day period. They calculated pulsation in a manner similar to the nonlinear pulsation calculations
mentioned previously, with the pulsation simulated by a piston-like boundary condition at the base of the
model. Here, plane-parallel stellar atmosphere models by Strom & Avrett (1964b, 1965) were used as input
for the program. The radiation field was calculated for the optically thin layers of the star. The results of
the calculation were somewhat limited but they did agree with observed T eff -color relations. This result
demonstrated the potential for hydrodynamic atmospheres to model the atmospheres of Cepheids.
Some investigations of Cepheid atmospheres have also ignored dynamic motions in the atmosphere. The
atmosphere and spectra of δ Cep was studied by Haefner (1975) using static atmosphere models representing different phases of pulsation. He fitted the effective temperature and the gravity of the models to the
observations and found that δ Cep has solar-like abundances.
Karp (1975a) developed a hydrodynamic model for a 12 day Cepheid and included radiative transfer.
The model was similar to that of Keller & Mutschlecner (1970) except that it included the deep envelope
of the star, meaning that the model included the driving region for pulsation. The atmosphere was sitting
on top of the envelope. Radiative transfer was computed assuming that the atmosphere is plane-parallel,
and in local thermodynamic equilibrium. The opacity of each layer was denoted by the Rosseland mean.
The resulting models reproduced the phase lags and secondary bumps in the light curves. He argued that
compression waves lead to the bump phenomena. In a second article, Karp (1975b) computed the colors
from the models and found that they agree with the observed effective temperature-color relation while in
the third article. He argues that the observed microturbulence in Cepheids is not caused primarily by the
pulsation velocity (Karp, 1975c). The microturbulence was assumed to be due to shocks in the atmosphere.
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Another set of hydrostatic model atmospheres for Cepheids were used to test the helium enrichment
theory of Cox et al. (1977) by Kamp & Deupree (1979). The goal of the analysis was to compare synthetic
spectra from model atmospheres with and without helium enrichment to search for spectral line differences
that may be observed and thereby verify or disprove that hypothesis. They found that helium enrichment
affected the equivalent width of the Fe I lines.
Hill & Willson (1979) and Willson & Hill (1979) analysed numerical models of Miras and RR Lyrae
variables to develop an analytic theory of shock amplitudes. To force a period solution for the pulsation and
shock formation, they argued that the atmosphere of the star must puff up, in a manner similar to that argued
by Lautman (1957). When the atmosphere us puffed up, some of the material is ejected. The interaction
between mass loss and pulsation in Cepheids was discussed by Willson & Bowen (1986), who noted that
Cepheid mass loss could affect the star’s evolution. Bowen (1988) computed non-linear models for Mira
variables and noted that shocks puff up the atmosphere. For Mira variables, he found that both shocks
and dust are necessary ingredients to drive mass loss. Bowen & Willson (1991) continued the analysis by
computing models with parameters consistent with spanning the Asymptotic Giant Branch. They found
that mass loss dominates the evolution along the Asymptotic Giant Branch. The Bowen-WIllson program
assumes a spherically symmetric grey atmosphere but includes non-LTE effects to model radiative reheating
and cooling. This makes the program a powerful tool for the study of mass loss and shocks. However, the
program is not ideal for Cepheids because the Cepheid shock amplitudes are much larger than Mira shock
amplitudes. There a more robust treatment of radiative cooling is needed for modelling Cepheid mass loss.
Sasselov & Raga (1992) developed a new plane-parallel hydrodynamic program that models atmospheres of Cepheids assuming non-local thermodynamic equilibrium for hydrogen, Ca II and Mg II. The
program is based on the one-dimensional hydrodynamic scheme proposed by Colella & Woodward (1984).
The authors assume piston-driving at the base of the atmosphere using the oscillation formalism found by
Buchler et al. (1990). They used the program was used to calculate line profiles of Cepheid models and
detect the causes of line asymmetries (Sasselov & Lester, 1994b; Sabbey et al., 1995).
As part of a numerical exploration of the dynamical atmospheres, Fokin et al. (1996) modelled the atmosphere of δ Cep as part of a broader program to model variable stars including the dynamic atmospheres
of low-mass giants (Fokin, 1991), RR Lyrae (Fokin, 1992; Fokin & Gillet, 1997), and BL Herculis (Fokin
& Gillet, 1994). The hydrodynamic program solves for non-linear, non-adiabatic pulsation in a spherically
symmetric atmosphere and uses different opacity tables such as OPAL and OP. The radiative transfer includes time-dependent effects and artificial viscosity for modelling shocks. The purpose for modelling δ
Cep was to explore the dynamic structure of the atmosphere and to understand the behavior of time-series
observations of the Fe I λ 5576.0883 line as well as the cause of turbulence in the atmosphere. The models
revealed that the change of turbulence is due to velocity gradients caused by a strong shock wave in the
atmosphere that compresses the atmosphere. The observed iron lines are shown to be fitted well by the
models suggesting that the line-forming layers are not affected by non-LTE effects.
53

1.5. THESIS OUTLINE
The development of optical interferometry and the use of the interferometric Baade-Wesselink method
has motivated the need for better model atmospheres. With this in mind, Marengo et al. (2002) modelled
the atmosphere of ζ Gem using the hydrodynamic program of Sasselov & Raga (1992). From the model,
the authors computed the temperature structure at various phases and fitted the temperature structure to
static Atlas models to estimate the radiative transfer at each phase. Using this quasi-static method, the
limb-darkening of the atmosphere was calculated as a function of phase tested the assumption that the limbdarkening, and hence the projection factor for computing the pulsational velocity from the radial velocity
is constant with respect to phase. They determined that the limb-darkening is, in fact, not constant and
cannot be modelled hydrostatically. In subsequent articles, Marengo et al. (2003) and Marengo et al. (2004)
developed limb-darkening corrections for interferometric observations and an error analysis for the interferometric Baade-Wesselink method.
Similarly, Nardetto et al. (2004) modelled the atmosphere of δ Cep using the Fokin program to calculate
the dynamic structure of the atmosphere and the projection factor as a function of phase. The uncertainty of
the projection factor is about 6% when one assumes it is a constant value with respect to phase. The variation
of limb-darkening affectsf the projection factor and thus the predicted distance from the interferometric
Baade-Wesselink method. However, the authors found that the uncertainty due to limb-darkening has little
impact on distance estimates, leading to an uncertainty of about 1%.
Mihalas (2003) reviewed the field of Cepheid atmosphere modelling and discussed the necessary input
physics. He argued that one needs an adaptive mesh to resolve the ionization zones because the zone’s thickness is less than a pressure scale height but it travels several heights in one pulsation period. Convection
is another challenge that is only going to be solved by three dimensional simulation;“the one-dimensional
approximations are problematic at best”. Mihalas also argued that the atmospheres should be computed
in non-local thermodynamic equilibrium with varying rate equations to handle the change of structure and
shocks. Furthermore, one needs to use complete frequency and angle-dependent radiative transfer for computing line profiles and stellar continuum.
The field of modelling Cepheid atmospheres has taken tentative steps; the total number of models in the
articles cited is about one dozen. There are many more non-linear models for Cepheid interiors than for the
atmospheres. The reason for the lack of models is clear; they require significant computing power. One of
the Fokin et al. (1996) models requires calculations of about 1000 pulsation cycles with many iterations per
cycle. To compute radiative transfer is computationally intensive as well using the majority of computing
time (Mihalas, 2003).

1.5

Thesis Outline

From both historical perspectives and recent developments in stellar atmospheres, Cepheid pulsation and,
in particular, Cepheid atmospheres, it is clear that there are many unanswered questions, more than enough
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occupy any one person’s lifetime much less a graduate career. Some of these questions are:

Cepheid Limb-Darkening & the Projection Factor
The works of Marengo et al. (2002, 2003, 2004) and Nardetto et al. (2004, 2007) suggest that limb-darkening
affects results from optical interferometry to about a few percent, based on models for only three Cepheids.
These results need to be confirmed by more dynamic model atmospheres for more Cepheids computed
independently to have a larger, more robust sample. Furthermore, with the quality of interferometric observations expected in the next couple of years, it is possible to compute the distance and Cepheid properties
without relying on the interferometric Baade-Wesselink method and its assumption of a projection factor.
Instead, one could use the time-series observations to constrain dynamic model atmospheres and fit a distance to the Cepheid. This concept has been demonstrated to be possible for fitting interferometric plus
spectro-photometric observations of red giant stars (Wittkowski et al., 2004, 2006a,b)

Cepheid Circumstellar Envelopes
The discovery of the CSE’s or cocoons surrounding Cepheids from interferometric observations (Kervella
et al., 2006) have changed the view of Cepheids as singular, isolated objects that are somewhat easier to
model and understand. The inclusion of a shell of material requires one to study the circumstellar environment to understand infrared interferometric, photometric and spectroscopic observations. Furthermore, the
nature of these shells is not understood, Kervella et al. (2006) suggested they may form in a manner similar
to the formation of the circumstellar shells about Mira variables, that being mass loss. However, there is
no obvious evidence for mass loss, the shells might be relics from an earlier stage of evolution. Therefore,
from the perspective of stellar evolution and structure the origins of these shells needs to be understood,
be it from observational or theoretical investigations. Because these shells emit in the IR, then they may
influence the IR P-L relations (Madore et al., 2009; Ngeow et al., 2009), thus further motivating work to
solve the problem.

Cepheid Mass Discrepancy
The Cepheid mass discrepancy has been a persistent problem in Cepheid pulsation and much progress has
been made in resolving the difference from a factor of two for bump Cepheids to ≈ 20%. However, what
is the source of error for this last 20%? Bono et al. (2006) reviewed four possibilities: convective core
overshoot in progenitor main sequence stars, mass loss on the Cepheid Instability Strip, unknown opacities,
or rotational mixing. These possibilities can be explored using theoretical Cepheid models and solutions
such as the amount of mass loss can be tested observationally but there is still no resolution at this time.
While a 20% uncertainty may be well within “astrophysical uncertainty”, it is important to understand the
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masses and the underlying differences between evolution and pulsation models both calibrate properly the
P-L relation to high precision and to understand stellar evolution in general.
The Infrared Leavitt Law
The IR Leavitt Law is an important tool for measuring distances because it is much less influenced by
metallicity effects than its optical counterpart. The benefit of the IR Leavitt Law is that it is not affected
by metallicity effect compared to its optical counterpart. Thus it will have a much smaller uncertainty and
holds great promise for cosmological studies. With enough observations of Cepheids in distant galaxies
with the forthcoming James Webb Space Telescope, one can potentially measure the Hubble Constant to an
accuracy of 1%. With this precision, the degeneracy of cosmological parameters in the WMAP year 5 results
(Dunkley et al., 2009) can be broken, such that Ω M can be constrained. The IR P-L relation can also be used
to better understand the statistical nature of Cepheids. Because IR flux is in the Wein’s tail of the spectral
energy distribution then the temperature of the Cepheid has less of an effect on the luminosity. Therefore
the luminosity is directly related to the stellar radius and the IR P-L relation is related to the Period-Radius
relation. The two observed relations can be used to constrain each other and for studies of populations of
Cepheids. The question about the IR P-L relation is, if there is a metallicity dependence, how significant is
it and does the existence of CSE’s affect the observed relations.
The Calibration of the Zero-Point of Optical P-L Relations
One of the goals of optical interferometry is to compute distances to nearby Cepheids to calibrate the zeropoint of the P-L relation. So far, precision distance estimates have been done for about eight Cepheids. In the
near future though, interferometry will be able to measure about fifty Cepheids using the VEGA instrument
on the Center for High Angular Resolution Astronomy (CHARA) interferometer (Mourard et al., 2008b).
The forthcoming Gaia satellite (Cacciari, 2009) will measure the parallax of all Galactic Cepheids to a
precision < 4% and even the parallax of Magellanic Cloud Cepheids to 20 − 30%, and similar precision will
be achieved by the Space Interferometry Mission (SIM) (Edberg et al., 2007). With such precise distance
estimates, the largest source of uncertainty for the zero-point calibration is the effect of metallicity on the
Cepheid luminosity at a given mass. Solving this uncertainty to high precision requires high resolution timeseries spectroscopy coupled with Cepheid models containing a complete set of opacities to predict synthetic
spectra for comparison.
Non-Radial Pulsation & the Blazhko Effect
These two phenomena summarize one of the grand challenges for modelling Cepheids suggested by Buchler
(2009) based on recent observations of LMC Cepheids. He noted that non-radial modes have mixed p and
g modes which are strongly damped in Cepheids and it is argued that non-radial pulsation in Cepheids
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will require three-dimensional hydrodynamic simulations. The Blazhko effect has been observed in a few
Cepheids and has even been proposed to operate in Polaris (Stothers, 2009) but the cause of the Blazhko
effect is unknown. There are a number of hypotheses to explain the amplitude modulation including nonradial pulsation and pulsation resonances (Dziembowski & Mizerski, 2004), coupling between a subsurface
magnetic field and convection (Stothers, 2006), and possibly shocks (Chadid et al., 2008).

Convection in Cepheids
Understanding convection is possibly the holy grail for stellar physicists and is important in every star, not
just Cepheids. Convection occurs in the envelopes of stars with spectral type A and later, while convection
occurs in the core for stars of earlier spectral type. Also, convection has been discovered to occur in the
envelopes of some hot stars (Cantiello et al., 2009). Current techniques for solving convection in pulsating
stars are all basically some variant of a time-dependent mixing length theory (Buchler, 2009). Both Buchler
and Mihalas (2003) discussed convection as part of a “grand challenge” and noted that the only way to
truly include convection rigorously is with three dimensional hydrodynamic models. This has been done for
stars such as the Sun (Nordlund et al., 2009), and M-dwarfs (Browning, 2008). However, three dimensional
simulations of convection have not been applied to Cepheids because of the scale required to include radial
pulsation that moves the convection zone a significant number of pressure heights. While this goal is probably far off, it may be possible to use spectroscopic observations to constrain one-dimensional convection
schemes. Gray (2009) used spectroscopic line bisectors to understand the surface granulation of the cool star
γ Cygnus and has demonstrated that the shape and position of various line profiles can be used to calculate
the change of radius of a Cepheid as a function of phase (Gray & Stevenson, 2007). It may be possible to
couple this kind of analysis with one-dimensional hydrodynamic calculations to constrain time-dependent
mixing length theory. This observational constraint would be a powerful tool for mapping the red edge of
the Instability Strip.

These seven challenges hardly summarize all the potential unanswered questions in Cepheid research but
they form a common theme. All these problems may be explored to some degree by radiative hydrodynamic
(RHD) models of the atmospheres of Cepheids. Realistic RHD models require convective treatment, the
ability to resolve shocks, and to be able to produce time-series intensities and spectra. Convection can be
explored by various one-dimensional treatments and tested with observations, and the RHD program can
test if shocks might reproduce the amplitude modulation that is the Blazhko effect as suggested by Chadid
et al. (2008). It has been shown previously that RHD models are necessary to understand the variation
of the projection factor with respect to period, phase, and wavelength and to further understand Cepheid
limb-darkening and spectra.
The Cepheid mass discrepancy can also be explored by RHD modelling. A spherically symmetric
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Cepheid atmosphere requires three input parameters, one of which is the mass of the star. Therefore, by
modelling nearby Galactic Cepheids and comparing to observations, pulsation masses may be computed
and the mass discrepancy can refined. The current mass discrepancy is not even consistently measured
(Caputo et al., 2005; Keller, 2008). A RHD program will be able to test the underlying physics that may
explain the mass discrepancy such as opacities or mass loss. The opacity tables may be varied to test its
affect of mass predictions, and if one develops a physical description for mass loss then it may be added
to the RHD program to test its connection with atmospheric dynamics, and pulsation to make observable
predictions.
Mass loss needs to be explored in Cepheids to not just explain the mass discrepancy but also as an
explanation for the existence of the circumstellar envelopes. Observational data regarding the CSE’s is still
sparse but there is enough data to begin constraining theories and potentially mass-loss prescriptions in RHD
simulations. However, before one can attempt to explain the existence of CSE’s using RHD models under
the hypothesis of mass loss, one actually needs to develop a theory for Cepheid mass loss.
The goal of this dissertation is not to revolutionize the understanding of Cepheid pulsation, atmospheres
and dynamics but to take the first steps in developing tools that can be used to study these stated problems
among others. With this goal in mind, the dissertation is divided into two parts. The first part describes
the derivation and development of an RHD program to model the effects of pulsation on the structure of
a Cepheid atmosphere and the resultant emergent radiation. The RHD program is a combination of the
stellar atmosphere program Atlas (Kurucz, 1993) and the one-dimensional hydrodynamic program Hermes
(Sasselov & Raga, 1992). The plane-parallel Atlas program is rewritten in FORTRAN 95 from its earlier
FORTRAN 77 form. New versions of the program are developed to include spherically symmetric geometry
that is appropriate for modelling the extended atmospheres of Cepheids and other giant/supergiant stars and
even pre-main sequences stars.
The conversion to spherical symmetry is discussed in Chapter 2. In that chapter, the new program is
tested by comparing spherically symmetric model atmospheres with spherically symmetric Phoenix model
atmospheres and with optical interferometric plus spectrophotometric observations of K and M-type giants.
This is the first step in verifying that the spherically symmetric version of the Atlas program produces
realistic model atmospheres.
In Chapter 3, a detour is taken from the development of the RHD program to investigate limb-darkening
in static model atmospheres. The current paradigm of stellar limb-darkening, its measurement and parameterization is reviewed and is found to be lacking. Limb-darkening models are used in interferometric
observations to calculate the angular diameters of both static stars and Cepheids, implying that a detailed
understanding of limb-darkening is important for understanding the physical parameters of these stars. The
limb-darkening relations derived in the literature ignore atmospheric extension, but the effect of the extension on the relations carries significant information about atmospheric structure.
The fourth chapter discusses the development of the RHD program with a review of the structure of
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the Hermes program. The hydrodynamical program is converted from plane-parallel geometry to spherical
symmetry and combined with the spherical Atlas program. The appropriate modifications are described as
well as new developments, and preliminary tests.
The second part of this thesis focuses on the hypothesis of mass loss in Cepheids with the goal of
understanding the driving mechanism and testing it with known observational evidence. In Chapter 5, a
theory for pulsation-driven mass loss in Cepheids is derived based on the Castor et al. (1975) analytic method
for calculating radiatively-driven mass loss. An analytic solution for pulsation-driven mass loss is derived
from the theory. In Chapter 6, the pulsation-driven mass-loss theory is applied to a sample of Galactic
Cepheids with determined physical properties and is compared to predictions from radiation-driven mass
loss. The mass-loss rates are used to predict IR excesses from dust produced in the wind generating CSE’s
and are also compared to rate of period change observations to test if mass loss has a significant effect on
the evolution of a Cepheid.
The pulsation-driven mass-loss theory is applied to theoretical models of Cepheids with different metallicities in Chapter 7. The purpose of this experiment is to determine how pulsation-driven mass loss changes
with decreasing metallicity. Understanding the metallicity dependence is important because the mass discrepancy is metallicity dependent (Keller & Wood, 2006) and mass loss is a testable solution to that problem.
In Chapter 8, the mass-loss hypothesis is explored from another angle. Using optical and infrared observations of LMC Cepheids from the OGLE-II and the Surveying the Agents of Galactic Evolution (SAGE)
survey, the prevalence for mass loss is tested. For each Cepheid in the sample, the spectral energy distribution is tested for the existence of infrared excess due to the presence of CSE’s, assuming the CSE’s are
generated from mass loss. In this analysis, the predicted mass-loss rates are independent of assumed driving
mechanism thus providing a test for the pulsation-driven mass-loss theory. Also, the IR P-L relations are
tested to see if and how much they are affected by presences of CSE’s.
In the final Chapter of this dissertation, a summary and conclusions are presented. Furthermore, an
outlook of future research directions stemming from this dissertation is discussed.
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Stellar Atmospheres & Radiative
Hydrodynamics
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Chapter 2

Development of the Spherically Symmetric
Stellar Atmospheres Program SAtlas
Part of this chapter is published as:
“Determining Parameters of Cool Giant Stars by Modeling Spectrophotometric and Interferometric
Observations Using the SAtlas Program” 1
Neilson, H.R., & Lester, J.B. 2008, A&A, 490, 807

“The problem of fitting a series of beautiful internally-consistent models to honest-to-goodness
real stars that are up there, is horrible ... ” - A. B. Underhill (Pecker, 1965)

2.1

Introduction

One of the great successes of modern astrophysics is the development of programs to model stellar atmospheres. These models have increased the understanding of the radiative output of stars and enhanced the
interpretation of the structure of the outer layers of stars. The models have been also used to understand the
frequency-dependent luminosity of galaxies via spectral synthesis models.
The Atlas program (Kurucz, 1970c) is a stellar atmospheres program that has been instrumental in
much of these successes. The Atlas program is designed to model the structure of the atmosphere of a
star and compute the radiative output of the star that can be compared with observations. The program
assumes a plane-parallel geometry for the computation because it is the simplest and is computationally
quick. The Atlas program best models stars in the spectral range A-K, for hotter and cooler stars non-local
thermodynamic equilibrium issues become more important.
The assumption of a plane-parallel geometry treats the atmosphere as an infinite slab that has a thickness
1

Neilson & Lester (2008a), reproduced with permission by Astronomy & Astrophysics
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that is insignificant relative to the radius of the star. This assumption works remarkably well for most stars
however some stars have atmospheres that are significantly extended. The thickness of the atmospheres of
these stars is a significant fraction of the stellar radius.
In these cases, the Atlas program does not model the stellar atmospheres accurately, and the assumption of plane-parallel geometry needs to be revisited. This has been accomplished for other model stellar
atmosphere programs such as the Phoenix (Hauschildt et al., 1999b) and Marcs (Gustafsson et al., 2008).
However, it is useful to include spherical symmetry in the Atlas program because it is the only one of the
three programs that is open source and can easily be used as a testbed for new physics. A second use that
is related to the goals of this thesis is the spherically symmetric version of the program, SAtlas, is used as
part of the hydrodynamic program for modeling Cepheid atmospheres that is presented in Chapter 4.
In this chapter, we discuss the inclusion of spherical symmetry into a Fortran 2003 version of the Atlas
program. The Fortran 2003 versions of the Atlas9 and Atlas12 programs are described in Lester & Neilson
(2008) as well as the conversion to spherical symmetry. To change the program from the plane-parallel
geometry to the spherical geometry requires changes to how the radiative transfer, hydrostatic equilibrium
and temperature correction are calculated. In the next sections, we derive in detail the methodology for
computing the spherically symmetric routines. In section 2.5, we compare the SAtlas models with Phoenix
models followed by analysis of optical interferometric observations using a large number of SAtlas models.

2.2

Spherically Symmetric Radiative Transfer

There are a number of methods for determining the radiative transfer in a stellar atmospheres program. For
example, the Phoenix uses a method of short characteristics (Hauschildt, 1992), while radiative transfer in
the plane-parallel version of the Atlas program is calculated by solving the integral version of the equation
of transfer. In that scenario, the source function S ν is guessed and iterated by solving the equation of transfer
until convergence is reached.
In spherical symmetry, one cannot directly solve the integral version of the equation of transfer. Therefore, we solve the differential version of the transfer equation
µ

∂I(ν) (1 − µ2 ) ∂I(ν)
+
= k(ν)[S (ν) − I(ν)],
∂r
r
∂µ

(2.1)

following the Feautrier (1964) method that is reorganized using the Rybicki (1971) solution. The derivation
of these techniques for solving the spherically symmetric equation of transfer is given in Appendix A, along
with a derivation of a Hermitian solution from Auer (1976) that is fourth-order accurate.
In this solution, the equation of transfer is rewritten so the radiation is computed along rays that are
parallel to the direction of the observer, as shown in Figure 2.1. In this system, there are two sets of rays:
one that intersects the ”core” boundary and the other set penetrates the atmosphere to a depth that is half
64

CHAPTER 2. THE SATLAS CODE

Figure 2.1: The geometry for solving the equation of transfer using the Rybicki (1971) method. Reproduced from the
Lester & Neilson (2008) with permission.

way through the star. The rays that intersect the ”core” terminate at an optical depth τR = 100, although this
depth may be changed by the user. The number of rays are arbitrary, we use 10 rays. The ten rays are spaced
equally in terms of the angle µ = cos θ. The number of rays that intersect the atmosphere is the number of
depth points in the model. This number is typically set to 72, which translates to an optical depth step size
of 0.125 from log τR = −6.875 to 2.

2.3

Spherically Symmetric Hydrostatic Equilibrium

The pressure structure of a stellar atmosphere depends on the assumed geometry of the atmosphere. In a
plane-parallel atmosphere, the radius and mass interior to the atmosphere is constant, meaning the gravity ,g
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at any layer in the atmosphere is constant. The pressure structure is then calculated by solving the equation
dPtot
= g,
dm

(2.2)

dm = −ρdr.

(2.3)

where m is the mass column density defined as

This equation is trivial to solve numerically, illustrating the benefits of assuming a plane-parallel atmosphere.
In spherical symmetry, the gravitational acceleration is not constant because the radius and mass interior
to a layer is not constant. However, the mass of any shell in the atmosphere is orders of magnitude less than
the mass interior the atmosphere. Therefore, we assume that the mass interior to any layer is just the mass
of the star and the gravity scales as
g(r) =

GM∗
.
r2

(2.4)

The equation for hydrostatic equilibrium therefore becomes
dPtot GM∗
= 2 ,
dm
r

(2.5)

where Ptot is the sum of the gas, radiative, and turbulent pressures, or equivalently writing the pressure
structure in terms of the Rossland optical depth, τR ,
dPtot
GM∗
.
=
dτR
kR (r)r2

(2.6)

The Atlas program is written such that the Rossland optical depth is the independent variable of choice.
One may use this or the mass column density or radius as the independent variable, all three choices are
equivalent.

2.4

Spherically Symmetric Temperature Correction

The goal of a temperature correction routine is to enforce the principle of radiative equilibrium in the model
stellar atmosphere. Radiative equilibrium is maintained when the luminosity at each layer in the atmosphere
is constant. In a plane-parallel stellar atmosphere, this is equivalent to the flux being constant at each layer
because the radius is assumed constant. In a spherically symmetric atmosphere, radiative equilibrium may
be written as

∞

" Z
∇ · r2

#
Fν dν = 0.

(2.7)

0

There are a number of methods to enforce radiative equilibrium. One of the most simple is described in
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Appendix B that is based on the integration of Equation 2.1 with respect to µdµ, where µ = cos θ,
∂r2 Hν
= r2 (Jν − S ν )
∂τν

(2.8)

where the source function S ν is approximated as the blackbody function, Bν (T ) and dτν = kν dr. If one
integrates Equation 2.8 with respect to frequency then the left-hand side is zero and
∞

Z

kν (Bν (T ) − Jν )dν = 0.

(2.9)

0

When a stellar atmosphere is calculated this relation is not necessarily conserved so the routine changes the
temperature at each layer so that Equation 2.9 is true. This is done by considering the linear perturbation
of the blackbody function with respect to the temperature, Bν (T ) → Bν (T ) + ∆T dBν /dT and solving for
the correction ∆T . This is a simple method with many flaws but it does illustrate the general theme to
temperature correction methods to use linear perturbation theory and solve for a corrected temperature.
However, this method is very slow and computationally expensive; the ideal temperature correction routine
should be efficient if not as precise.
The Phoenix program uses a modified version of the Unsöld-Lucy temperature correction routine Lucy
(1964). This method is the similar to the previous one, and is described by Mihalas (1978). This UnsöldLucy method produces a similar result as the above method but with an additional term that depends on the
difference between the predicted and desired fluxes at layers above any layer that is being corrected. This
additional term corrects the temperature at larger depths much more rapidly than the previous method and
is thus more efficient.
The Atlas program uses the Avrett-Krook temperature correction routine (Avrett, 1964), which takes
the equation of transfer and the second and third moments of the transfer equation and linearly perturbs
them with respect to the temperature and the independent depth variable, be it the radius, mass column
density or the optical depth. This differs from the other methods that perturb the variables with respect to
the temperature only. Perturbing the independent variable rapidly corrects the temperature at large depths
as well. Because experience has shown that the Avrett-Krook method to be robust and able to stabilize the
temperature structure to ≤ 1 mK (Tycner & Lester, 2002), we derive a spherically symmetric version of the
Avrett-Krook method for the SAtlas program, and is described in detail in Appendix B.

2.5

Comparison of SAtlas Models to Phoenix Models

The spherical version of Atlas program is compared to stellar atmospheres modeled by the Phoenix program
Hauschildt et al. (1999b) as a test of the quality of the models. The SAtlas program has been compared to
the plane-parallel version of the program and to models from the spherical version of the Marcs program
by Lester & Neilson (2008). We compare with the Phoenix models because the Phoenix program, arguably,
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sets the current benchmark for precision stellar atmospheres.
In Figure 2.2, the temperature structure of four model stellar atmospheres computed using the SAtlas
program are plotted as a function of gas pressure along with four Phoenix NextGen model stellar atmospheres (Hauschildt et al., 1999b). The model stellar atmosphere have effective temperatures of 3400 and
3800 K, have log g = 0.5 and 1, and have a mass of 5M . The predicted temperature structures from the
SAtlas program agree with those from the Phoenix program. The structures are most different at depths
where the temperature begins to increase at a greater rate in the range T = 3000 to 4000 K where convection
is important. However, the differences are less than a 5%. The SAtlas computes model stellar atmospheres
that agree with models from the Phoenix and the SAtlas program is a powerful tool for modeling stellar
atmospheres but the program needs to be tested using observations.

2.6

Testing the SAtlas Code Using Optical Interferometry

Optical interferometry accurately measures the combination of the angular diameter and the structure of
the intensity distribution of a stellar disk. The combination of interferometry with spectroscopy and/or
spectrophotometry is a powerful tool for determining effective temperatures and other properties of stars,
and the growth of optical interferometry is testing theoretical models of stellar atmospheres in new ways.
In a series of articles, Wittkowski et al. (2004, 2006a,b) fit Very Large Telescope Interferometer (VLTI)
observations of cool giants using the VINCI instrument with spherically symmetric stellar atmosphere
models in local thermodynamic equilibrium (LTE) computed with the Phoenix program (Hauschildt et al.,
1999b), and with plane parallel models from Phoenix and Atlas (Kurucz, 1970c, 1993). The authors demonstrated that optical interferometry can detect the wavelength-dependent limb-darkening of cool giants and
that the limb-darkening can be used to constrain model stellar atmospheres. These works are based on
observations of three stars: ψ Phoenicis (M4 III), γ Sagittae (M0 III), and α Ceti (M1.5 III) also called
Menkar.
We model these interferometric observations using the new spherically symmetric version of the Atlas
program (SAtlas) developed by Lester & Neilson (2008) and to determine fundamental parameters of the
three stars. There are two versions of the SAtlas program, one using opacity distribution functions while
the other uses opacity sampling; in this work we use the first version. The radiation field is computed using
the method suggested by Rybicki (1971), which is a reorganization of the Feautrier (1964) method.
In the remainder of this chapter, we compute cubes (three dimensional grids) of spherically symmetric
stellar atmospheres with dimensions of luminosity, mass, and radius to model interferometric visibilities
to fit the VLTI/VINCI observations and broadband spectrophotometry from Johnson & Mitchell (1975).
This will provide a robust test of the program and a comparison to the results predicted using spherically
symmetric Phoenix models. In the next section, we outline the method for computing synthetic visibilities
and predicting radii, effective temperatures, luminosities, masses, and gravities. We present the results in
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Figure 2.2: Comparison of model stellar atmospheres with gravity log g = 0.5 and 1, mass of 5M
temperature of (top) 3400 and (bottom) 3800 K.
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4

and effective

2.7. METHOD FOR COMPUTING VISIBILITIES AND DETERMINING STELLAR PARAMETERS
the seventh section and the discussion in the eighth section.

2.7

Method for Computing Visibilities and Determining Stellar Parameters

The goal of these sections is to determine the global properties of the three observed stars. Interferometric
observations are ideal for measuring the angular diameter, and with the HIPPARCOS parallax (Perryman
& ESA, 1997) one can find the linear radii of the stars. The visibility (Davis et al., 2000; Tango & Davis,
2002) at wavelength λ is
VLD (λ) =

1

Z

h
i
S λ Iλ (µ)J0 πθLD (B/λ)(1 − µ2 )1/2 µdµ.

(2.10)

0

In this equation, S λ is the sensitivity function of the instrument (VINCI in this case) (Kervella et al., 2000),
J0 is the zeroth-order Bessel function, B is the length of the baseline of the interferometer, and µ is the
cosine of the angle between the center of the stellar disk and a distance from the center. The center of the
disk corresponds to µ = 1 and the edge of the disk is µ = 0 as seen from the center of the star. To match the
broadband VLTI/VINCI observations, the monochromatic model visibilities must be integrated and squared
to get the squared visibility amplitudes,
R∞
|VLD | =
2

|VLD (λ)|2 dλ
R∞
.
2 F 2 dλ
S
λ λ
0

0

(2.11)

The denominator of Eq. 2.11 normalizes the visibilities, where Fλ is the flux of model. For a given model
atmosphere, we can find the best-fit angular diameter with a minimum χ2 value.
The next step is to use the model stellar atmospheres to fit spectrophotometric observations. The purpose
of fitting spectrophotometry is to constrain the effective temperature and the stellar flux; however, the effective temperature is dependent on the angular diameter. The modeled flux is scaled using the same method
and assumptions as in Wittkowski et al. (2004) to fit the broadband data from Johnson & Mitchell (1975).
The best-fit effective temperature is determined using the best-fit angular diameter from the interferometric
fit to break the degeneracy.
The linear radius of the star is determined using the best-fit angular diameter and HIPPARCOS parallax,
and the luminosity is calculated using the radius and the effective temperature. The mass and gravity are constrained by comparing the predicted effective temperature and luminosity with theoretical stellar evolution
tracks (Girardi et al., 2000).
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Figure 2.3: Values of minimum χ2 for each model stellar atmosphere for fitting the interferometric data of ψ Phe as a
function of (Top) θLD and (Bottom) θRoss .
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Table 2.1: Best-Fit Parameters of the Three Stars

θLD (mas)
θRoss (mas)
χ2
π(mas)
R(R )
T eff (K)
L(L )
M(M )
log g (cm s−2 )

2.8

ψ Phe
8.7 ± 0.3
8.13 ± 0.1
1.66
10.15 ± 0.15
85 ± 1.6
3415 ± 87
882 ± 96
0.85 ± 0.1
0.51+0.06
−0.02

γ Sge
6.3 ± 0.1
6.02 ± 0.1
0.634
11.9 ± 0.71
54 ± 4
3650 ± 78
468 ± 81
0.9 ± 0.2
0.93+0.15
−0.17

α Cet
12.6 ± 0.2
12.10 ± 0.05
0.98
14.82 ± 0.83
88 ± 5
3584 ± 166
1147 ± 249
1.3 ± 0.4
0.66+0.17
−0.20

Results

For each of the three stars, we compute a cube of models with luminosity, mass, and radius as input parameters. The metallicity is assumed to be solar, consistent with the conclusions of Feast et al. (1990), and the
microturbulence is zero. These assumptions can be tested, but for this work variations of metallicity and
microturbulence are ignored. The range of values for the input mass, luminosity and radius are chosen based
on the results of Wittkowski et al. (2004, 2006a,b).
For ψ Phe, the mass range is chosen to be 0.6 to 1.6M in steps of 0.2M ; the luminosity range is 630
to 1580L in steps of 50L and the radius range is 60 to 120R in steps of 20R . There are 480 models
computed for ψ Phe. The mass range for γ Sge is 1.0 to 1.9M in steps of 0.1M , the luminosity range is
400 to 700L in steps of 50L and the radius range is 30 to 70R in steps of 10R , leading to 350 models
for this star. There are 1680 models computed for α Cet to provide a larger range of parameters and a more
robust test of the SAtlas program. The mass range is 1.5 to 3.0M in steps of 0.1M , the luminosity range
is 103 to 2 × 103 L in steps of 50L and the radius range is 60 to 100R in steps of 10R .
We fit the limb-darkened angular diameter, θLD , to the interferometric observations of each star and
find a minimum value of χ2 . The limb-darkened angular diameter is the angular diameter to the edge of
the stellar disk corresponding to the the layer where µ = 0, and from the stellar atmosphere models we
determine the Rossland angular diameter by multiplying θLD by the ratio of radius of the stellar atmosphere
model at τRoss = 2/3 to the radius of the outermost shell of that model, although this outermost shell is
determined by an arbitrary choice of the minimum τRoss when the model is computed. The quality of fit
to the interferometric data is sensitive to the Rossland angular diameter, as was noted by Wittkowski et al.
(2004). The minimum χ2 values are shown in Fig. 2.3 as a function of limb-darkened and Rossland angular
diameter for each model for the case of ψ Phe. The best-fit Rossland angular diameter is well constrained
by interferometry and the values of the Rossland and limb-darkened angular diameters, along with the
uncertainty of the fit, for each star is given in Table 2.1. The Rossland angular diameter has a smaller
uncertainty than the limb-darkened angular diameter for each star because the fits to the interferometric
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Figure 2.4: (Top) The visibilities calculated for three SAtlas models and the interferometric data for ψ Phe . (Bottom)
Close-up of the second lobe of the visibility amplitude. The dotted line refers to the model stellar atmosphere for
L = 1580L , M = 1.6M , and R = 60R , the dot-dashed line represents a model with L = 980L , M = 1.2M , and
R = 80R , and the dashed line is for L = 630L , M = 0.6M , and R = 120R .
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Figure 2.5: The visibilities calculated for three SAtlas models and the interferometric data for γ Sge. The dotted line
refers to the model stellar atmosphere for L = 700L , M = 1.9M , and R = 30R , the dot-dashed line represents a
model with L = 550L , M = 1.4M , and R = 50R , and the dashed line is for L = 400L , M = 1.0M , and R = 70R .

data produce less variation of the Rossland angular diameter than the limb-darkened angular diameter. This
variation is clearly shown in Fig. 2.3.
The model visibilities are shown in Fig. 2.4 for ψ Phe, with a close-up of the second lobe, Fig. 2.5 for γ
Sge, and Fig. 2.6 for α Ceti with a close-up of the second lobe shown. The displayed model visibilities are
chosen to be the smallest, middle and largest luminosity and gravity from each cube of models. The model
visibilities for γ Sge and α Cet agree with the results of Wittkowski et al. (2006a,b). For γ Sge, there is
not enough information to test the limb-darkening of the model atmospheres. While the model visibilities
using SAtlas and Phoenix both fit the observed interferometric data well within the uncertainties of the
observations, the minimum value of the χ2 from fitting the SAtlas models is smaller than that using the
Phoenix models. This implies that there are small differences in the model atmosphere intensity structures
predicted from each program. It is not obvious why the predictions using Phoenix models and SAtlas
models differ in this case.
Having fit the interferometric data, we next fit the broadband spectrophotometric data. One concern
about fitting stellar atmosphere models to spectrophotometry is that the effective temperature and Rossland
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Figure 2.6: (Top) The visibilities calculated for three SAtlas models and the interferometric data for α Cet. (Bottom)
Close-up of the second lobe of the visibility amplitude. The dotted line refers to the model stellar atmosphere for
L = 2000L , M = 3.0M , and R = 60R , the dot-dashed line represents a model with L = 1500L , M = 2.3M , and
R = 80R , and the dashed line is for L = 1000L , M = 1.5M , and R = 100R .
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Figure 2.7: The best-fit effective temperature as a function of Rossland angular diameter found by fitting spectrophotometry (+’s) and interferometry (x’s) for ψ Phe.

angular diameter are related. In Fig. 2.7, we compare the best-fit values of Rossland angular diameter
as a function of the best-fit effective temperature for each model for fitting ψ Phe. The predicted angular
diameter is almost constant with respect to effective temperature for the fit to interferometry. Therefore the
interferometric fit of the Rossland angular diameter is used to constrain the predicted effective temperature.
This process is repeated for the other two stars and the best-fit effective temperatures are given in Table 2.1.
The next step is to calculate the linear radius and luminosity of the stars. Using the HIPPARCOS parallax
with the predicted Rossland angular diameter, we determine the radius of each star, the values of the parallax
and radius are given in Table 2.1. The stellar luminosity is determined using the effective temperature and
4 . The best-fit effective temperature and luminosity for each star is plotted in Fig. 2.8
radius, L = 4πR2 σT eff

along with evolutionary tracks from Girardi et al. (2000) to determine the mass and gravity of each star.

2.9

Conclusions

The purpose of this chapter is to describe the changes to the Atlas program to make it model a spherically
symmetric geometry and test the spherical version of the Atlas program. The program is modified by chang76
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Figure 2.8: Comparison of the derived effective temperatures and luminosities of the three stars relative the derived
parameters from previous analyses. The lines are evolutionary tracks from Girardi et al. (2000), the points given by
x’s are the predicted effective temperatures and luminosities found using the SAtlas models and the plusses are the
values found using Phoenix models.

ing the radiative transfer, hydrostatic equilibrium and temperature correction routines. The transfer equation
is solved using the Rybicki (1971) reorganization of the Feautrier (1964) solution. Hydrostatic equilibrium
is solved using the method suggested by Mihalas & Hummer (1974) while the temperature correction is a
generalization of the Avrett (1964) temperature correction for plane-parallel stellar atmospheres.
By fitting interferometric and spectrophotometric observations using model stellar atmospheres, we derive the properties of ψ Phe, γ Sge, and α Cet. The derived parameters are compared to earlier results. The
angular diameters that are determined by fitting model stellar atmospheres to interferometric observations
are the same, except for α Cet, for which we predict an angular diameter that is 0.1 mas smaller. The differences in predicted angular diameter are likely due to differences in limb-darkening of the model atmospheres
generated using SAtlas and Phoenix. Also our minimum χ2 value of the fit of the limb-darkened angular
diameter for ψ Phe, 1.66, is smaller than the predicted value of χ2 from the spherically symmetric Phoenix
models, 1.8. The SAtlas models for ψ Phe that best fit the interferometric data have effective temperatures
in the range of 4000 to 4500 K, while the Phoenix models from Wittkowski et al. (2004) are all 3550 and
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3600 K. The fit of the SAtlas models to spectrophotometric observations predict an effective temperature of
3415 K conflicting with the prediction of a higher temperature. For the effective temperature range of 3400
to 3800 K, the minimum χ2 values predicted by fitting SAtlas models are 1.70 to 1.72, similar to the values
found using plane-parallel Atlas models.
The fit of the SAtlas models to broadband spectrophotometric observations are used to determine the
effective temperatures of the three stars because spectrophotometry is much more sensitive to the effective
temperature than interferometry. The predicted effective temperatures are smaller than those found in the
previous works, but this difference is due to the methods used for determining the effective temperature, not
differences in the stellar atmosphere programs. If we use the method from Wittkowski et al. (2004) where the
4 = 4 f /(σθ2 ),
bolometric flux fbol is calculated by integrating the spectrophotometric data and then T eff
bol
Ross

we would predict similar effective temperatures. Any variation in that case would be due to differences in
the calculation of the bolometric flux and differences in the angular diameter. This suggests the effective
temperatures here would differ by at most 1%. Our results also differ because of the spectrophotometric
data used. The difference is smallest for ψ Phe because the Phoenix and SAtlas fits both use the same
spectrophotometric data for the fitting and agree within the uncertainty. For γ Sge, Wittkowski et al. (2006b)
complement the Johnson & Mitchell (1975) data with narrow-band data from Alekseeva et al. (1997) while
for α Cet, Wittkowski et al. (2006a) use optical (Glushneva et al., 1998a,b) and infrared (Cohen et al., 1996)
spectrophotometry. The effective temperature difference for the remaining two stars are about 150 to 200 K.
Because the angular diameters are similar, the predicted radii are also similar for both fits with SAtlas
and Phoenix. Therefore the differences between predicted luminosities are due to differences in effective
temperatures and thus due to the different methods for determining the effective temperatures. The lower
effective temperatures and luminosities imply lower masses when compared to Girardi et al. (2000) evolutionary tracks and smaller gravities.
The SAtlas models are consistent with previous results. Fitting the models to interferometric and spectrophotometric observations have provided a robust test of the spherically symmetric version of the Atlas
program and have shown that the SAtlas program is a powerful tool for studies of stellar atmospheres.
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Chapter 3

Using SAtlas Model Stellar Atmospheres as
a Testbed for Understanding
Center-To-Limb Intensity Distributions
Part of this chapter is submitted to the Astrophysical Journal:
“Limb-Darkening as a Test of Stellar Atmospheres”
Neilson, H.R., & Lester, J.B.
“It is the stars, The stars above us, govern our conditions” - William Shakespeare

3.1

Introduction

The center-to-limb intensity distribution, or limb-darkening, of a stellar atmosphere is a measure of the
atmosphere’s temperature and pressure structure and composition. This connection has been known for a
long time, from the introduction of the simple yet profound Eddington-Barbier relation, S (τ) = I(µ, τ = 0)
(Milne, 1930). The development of the theory of stellar atmospheres has led to more complicated relations
between the source function and the emergent intensity of the stellar atmosphere (for example Mitchell,
1959), but as computers evolved then so did the atmospheric models. Today, a stellar atmosphere is modeled
directly without making an assumption of how the source function relates to the intensity distribution. As a
result, limb-darkening is still an ideal test of these model atmospheres.
Model stellar atmosphere can be tested by limb-darkening using a number of observational methods such
as the change of flux from eclipsing binary stars (Popper, 1984), microlensing of stars (Fields et al., 2003),
and optical interferometry, as discussed in the previous chapter. It is also possible that lunar occultations of
stars by the Moon may provide an indirect test of the limb-darkening.
Understanding the structure of limb-darkening of stellar atmospheres is important for modeling the orbits
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of transiting planets as well as eclipsing binaries when the orbit is not known. In both cases, the passage
of one object in front of the other acts a mask removing a fraction of the total flux that is dependent on the
intensity distribution of the eclipsed star. Having a precise understanding of the atmospheric structure and
limb-darkening of each star provides better understanding of the orbits of these systems. Typically, the orbits
of eclipsing binary stars and planetary transits are computed by assuming that the intensity distribution of
the star is linear with respect to variable µ, which is the cosine of the angle between the line of sight of the
observer and the line that is normal to the surface of the star. This simplifies the stellar limb-darkening and
treats it as a single free-parameter in the model fit of the orbit.
The use of a linear limb-darkening law has been tested for better understanding of the orbits of extrasolar
planets. Knutson et al. (2007) derived quadratic and four-parameter limb-darkening laws from Atlas models
to reduce the uncertainty of the computed orbit of HD 209458b. Tingley et al. (2006), on the other hand,
directly compared the intensity distribution of Phoenix models to Hubble Space Telescope observations and
found significant discrepancies. Southworth (2008) used observations of a number of extrasolar planets to
test the effect of different limb-darkening laws for fitting the orbit. He found that linear limb-darkening laws
that have been traditionally used since first derived by Eddington, do not fit the data as well as nonlinear
laws, although different nonlinear laws tend to produce similar results. Understanding the limb-darkening
of planet-hosting stars is important if one is to use optical observations to characterize the transit to high
precision.
Similar analyses have been applied to eclipsing binary systems. There is an extensive literature deriving
orbital parameters of eclipsing binary systems using some parameterization of the stellar limb-darkening.
However, there is not a significant volume of work that uses light curves of eclipsing binaries to test the
limb-darkening of the star. The principal reason, as noted by Popper (1984), is that the observational errors
(about 10%) of the analysis are too large to invert the light curve and constrain the stellar limb-darkening.
Historically though, there have been a number of attempts to constrain the limb-darkening. Serkowski
(1961) and Irwin (1963) modeled the differential stellar limb-darkening, defined as the difference between
the intensity at two different wavelengths but same value of µ, from the lightcurve colors of eclipsing binaries
but still were only able to constrain a linear limb-darkening model. It is likely that the better observations
available today may provide better constraints, especially because the differential limb-darkening analysis
is similar to the method Tingley et al. (2006) used to test Phoenix models.
There are a few examples of recent work on eclipsing binaries that attempt to constrain stellar limbdarkening. One unique idea was presented by Jeffers et al. (2006), where the authors modeled the first
derivative of the observed eclipsing binaries lightcurve and directly compared this to the intensity distributions of Phoenix and Atlas models. They found that the best-fit Phoenix model fit the data only marginally
better than the Atlas model, due to the fact that the Atlas models did not fit the limb of the star as well.
This result is most likely because the Atlas models are plane-parallel and overestimates the intensity near
the edge of the disk and produces an inaccurate first derivative of the intensity with respect to µ.
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Southworth et al. (2007) fit the orbital parameters of an eclipsing binary using WIRE observations to
a precision of about 1%. At this precision the conclusions of Popper (1984) become invalid, and it is
possible to constrain stellar limb-darkening better than just a linear law. The authors fit three different types
of nonlinear laws: quadratic, square-root and logarithmic. It is found that the quadratic law provides a
marginally better fit than the linear and other nonlinear laws. It is also found that when bi-parametric laws,
for example linear plus square-root, are used the best-fit coefficients are correlated. On the other hand, Torres
& Sandberg Lacy (2009) observed VZ Cep and found that the data was not precise enough to distinguish
between linear and nonlinear limb-darkening laws. Testing limb-darkening using eclipsing binaries is still
in the early stages, but with better telescopes and more precise monitoring efforts they will provide a testbed
for stellar limb-darkening.
Limb-darkening has also been explored through microlensing observations. This is a very challenging
method because a microlensing event is a serendipitous discovery chosen by nature and not observer, and for
a star, the event does not repeat. These observations are hence rare. Abe et al. (2003) compared microlensing
observations of a solar-like star to linear plus square-root limb-darkening relations generated by Atlas and
Phoenix stellar atmosphere models. The observations were fit by the atmospheric models with 95% confidence with no significant discrepancy between the stellar atmosphere codes. Likewise, Fields et al. (2003)
conducted a similar analysis using observations of a K giant and found significant discrepancies between the
Atlas and Phoenix models and the observed intensity profile. These observations suggest that microlensing
is a powerful tool for constraining stellar atmosphere models, however, it is argued by Dominik (2004) that
these microlensing observations constrain only the linear term of a linear plus square-root limb-darkening
law due to the geometry of the fold caustics of the microlensing event. It is noted that microlensing observations of a K giant by Albrow et al. (1999) had a significantly larger magnitification than the other two results
and hence could constrain the square-root term of the limb-darkening law. These observations suggest that,
like eclipsing binaries, microlensing is almost able to provide robust tests for stellar atmosphere models
through limb-darkening.
A third possible method for testing limb-darkening is observations of the lunar occultation of stars. As
the Moon passes in front of a star in its motion about the Earth, it acts as a knife edge creating a diffraction
pattern. This diffraction pattern is projected upon the Earth’s surface and can be detected by telescopes with
millisecond readouts. This technique has been applied primarily by Richichi and collaborators (Richichi
et al., 2006; Fors, 2006; Richichi et al., 2008a,b) to determine the angular diameters of the occulted stars.
More specifically, they determine the uniform-disk angular diameter, defined as the angular diameter if
every point on the stellar disk has an intensity equal to the central intensity. This is the drawback of the
lunar occultation technique, the intensity profile is degenerate with the angular diameter. However if one
has an independent measurement of the angular diameter then it may be possible to use the occultation
method to test limb-darkening technique to constrain stellar atmosphere models. For instance, if we observe
a K or M-type giant then the angular diameter can be found using the calibration of Dyck et al. (1996), or
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one can use the infrared surface brightness method (Di Benedetto, 2005). By comparing this limb-darkened
angular diameter to the uniform-disk angular diameter then one has a measure of the limb-darkening profile.
However, it is not clear how that this would provide any more of a robust test than the other techniques
suggested.
The primary method for using these observations to test limb-darkening involves assuming a parameterized function for the limb-darkening. The parameterization assumes a structure for the center-to-limb
intensity distribution. In the next section, the various choices for the parameterization of limb-darkening are
reviewed with an attempt to derive a relation that is consistent with the equation of radiative transfer. In section 2.3, the fixed point of the intensity profiles found by Fields et al. (2003) is discussed and shown to not
be real. The limb-darkening parameterizations are compared to stellar atmosphere models computed using
the SAtlas code in Section 2.4. In Section 2.5, it is shown that the limb-darkening law can constrain stellar
parameters using results from microlensing observations and in Section 2.6 more advanced limb-darkening
parameterizations are computed using SAtlas stellar atmosphere models.

3.2

Parameterization of Limb-darkening in Stars

Limb-darkening laws have been very important for modeling the orbits of binary stars starting from the
early works of Russell (1912a,b); Russell & Shapley (1912a,b). The Eddington approximation, derived in
the pioneering work of Milne (1926), is the one of the first parameterizations of the limb-darkening of the
star of the form

!
I(µ)
2
3
µ+ ,
=
I(µ = 1) 5
3

(3.1)

where µ is the cosine of the angle between the observer’s line-of-sight and the normal to the surface of
the star, while the intensity, I(µ = 0) is the central intensity. This approximation is an early attempt to
characterize the intensity distribution of stars, and began a small industry of defining new relations (see the
early review by Wyse, 1939) and constraining the parameterizations (for example Russell, 1945; Huffer &
Eggen, 1947).
More complex limb-darkening laws have been developed to include square-root, logarithmic or quadratic
terms. Klinglesmith & Sobieski (1970) introduced two limb-darkening parameterizations for stars in the
range 10000 K ≤ T eff ≤ 40000 K and 2.5 ≤ log g ≤ 4.5
Iλ (µ)
= 1 − Aλ (1 − µ) − Bλ (1 − µ3 ),
Iλ (1)

(3.2)

Iλ (µ)
= 1 − Aλ (1 − µ) − Bλ µ log µ,
Iλ (1)

(3.3)

and

where Equation 3.2 is from van’t Veer (1960). The authors calculated model atmospheres and computed the
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best-fit coefficients to Equation 3.3.
A similar analysis was conducted using models of late-type stellar atmospheres by Gustafsson et al.
(1975), and Bell et al. (1976) by Manduca et al. (1977). The model atmospheres span a temperature and
gravity range of 6000 K ≥ T eff ≥ 3750 K and 3.0 ≥ log g ≥ 0.75 with a metallicity range of 0.0 ≥ [A/H] ≥
−3.0. The intensity profile was fit to two limb-darkening parameterizations, linear and quadratic
Iλ (µ)
= 1 − Aλ (1 − µ) − Bλ (1 − µ)2 ,
Iλ (1)

(3.4)

for the U, B, V bands. It was found that the error of the linear fit increases as the effective temperature
decreases, with the linear fit breaking down at about T eff = 4500 K in the U-band, T eff = 4000 K in the Bband and T eff = 3750 K in the V-band. The quadratic fit agrees to within ±0.01 in all cases, suggesting that
the quadratic fit is significantly better for modeling limb-darkening in cool stars. The analysis was repeated
for infrared wavelengths (Manduca, 1979), where it was found that the limb-darkening is more nonlinear
at infrared wavelengths than at optical wavelengths up to a wavelength of 1.6 µm, corresponding to the H−
opacity minimum. At longer wavelengths the author noted the limb-darkening becomes less nonlinear.
The behavior of linear limb-darkening coefficients as a function of wavelength was explored by AlNaimiy (1978) using atmospheric models from Carbon & Gingerich (1969). For hotter stars, T eff ≥ 10000 K,
the linear coefficients are continuous with respect to wavelength except for a break at about 380 nm, corresponding to the Balmer discontinuity. From the other perspective, the linear coefficients at constant wavelength are found to be roughly continuous with respective to effective temperature.
New linear and quadratic limb-darkening expressions were calculated by Wade & Rucinski (1985) using
Kurucz (1979) stellar atmosphere models. The analysis by Wade & Rucinski (1985) differed from previous
works in that it enforced flux conservation in the fit. In that case, the coefficients from the linear limbdarkening fit differed from those calculated by Al-Naimiy (1978) primarily due to the difference between
the stellar atmosphere models. The fit of the linear model at UV wavelengths was also found to be a poor fit,
predicting negative intensities near the limb of the star. The flux-conservation method for computing linear
and quadratic limb-darkening laws was compared to least square fits using MARCS stellar atmospheres
(Gustafsson et al., 1975; Bell et al., 1976). The least-square fitting method produces a more physical limbdarkening law than the flux-conservation method.
Yet another limb-darkening law was introduced by Diaz-Cordoves & Gimenez (1992) of the form
Iλ (µ)
√
= 1 − Aλ (1 − µ) − Bλ (1 − µ)
Iλ (1)

(3.5)

and used Kurucz (1979) model stellar atmospheres (effective temperature range of 5500 K to 50000 K and
surface gravity range log g = 0.0 to 5.0) to produce limb-darkening relations using least squares. The authors
also produces limb-darkening relations using the quadratic and linear parameterizations. The error of the fit
is calculated for each model and each parameterization, and the authors note that the square-root law is a
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better fit to the model limb-darkening for hotter stars T eff ≥ 8500 K while the quadratic law is better a fit to
the limb-darkening of cooler stars T eff ≤ 8000 K corresponding to convective atmospheres.
Linear, logarithmic, and square-root limb-darkening laws were computed using Atlas model stellar
atmospheres by van Hamme (1993). The laws are fit by enforcing flux conservation for the one parameter
fit and both flux and mean intensity agrees with the model atmosphere. The author also tests how reasonable
the quadratic law by defining a new, more general limb-darkening relation
Iλ (µ)
= 1 − Aλ (1 − µ) − Bλ (1 − µ) p
Iλ (1)

(3.6)

and calculates the minimum value of p for the relation to best fit the model atmosphere. It is found that
the value of p = 2 is not ideal; at UV wavelengths the best value of p is about 1 at log g = 0.0, 1 − 3 at
log g = 2.0 and 2 − 3 at log g = 4.0. In the optical regime, p is 2 − 5 at all three gravities and the at IR
wavelengths, p = 5 − 8. However, the polynomial fit to the limb-darkening is statistically equivalent to
the square-root and logarithmic laws, so the author recommends not using the polynomial law as it has one
more free parameter than the other two laws. The fits of the square-root and logarithmic laws are compared
and it is found that the logarithmic law provides a better fit at UV wavelengths while the square-root laws
gives a better fit at IR wavelengths. At optical wavelengths, the fit depends on the effective temperature,
with the logarithmic law fitting better for model atmospheres with effective temperatures T eff ≤ 9000K with
the square-root law fitting hotter stars better.
Diaz-Cordoves et al. (1995) recomputed limb-darkening laws from Kurucz (1979) model stellar atmospheres by for Strömgren uvby and UBV photometry bands using the linear, square-root and quadratic
parameterizations. The relations were calculated using least-squares fitting, the flux conservation method of
Wade & Rucinski (1985), and a hybrid method that uses flux conservation to determine one free parameter
and least-square fitting to determine the second free parameter. For the linear laws, it is found that that
least-squares fit laws are more stable than the flux conserved laws, while for the nonlinear laws, the fitting
method does not cause significantly different results. Claret et al. (1995) computed the limb-darkening profiles at RI JHK, also using Kurucz (1979) models, and found that the square-root parameterization produced
the most accurate representation. This confirmed previous claims (van Hamme, 1993) that the square-root
law was best at near-IR and IR wavelengths. Another result seen in both Diaz-Cordoves et al. (1995) and
Claret et al. (1995) is that the best-fit coefficients were not a continuous function of effective temperature for
a specific gravity; there was a break near T eff = 6300 K, due to the transition from radiative to convective
atmospheres.
Claret (1998) calculated limb-darkening laws with the same three parameterizations from Phoenix models (Hauschildt et al., 1997a,b) over the effective temperature range of 2000 K to 50000 K. The best-fit
coefficients from the linear law are systematically greater than the linear limb-darkening coefficients calculated using the Atlas models over the effective temperature range where the two sets of models overlap.
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The Phoenix models were used again along with Atlas models to model a new limb-darkening law that is a
hybrid of the square-root and quadratic laws
4

X
I(µ)
=1−
Ak (1 − µk/2 )
I(1)
k=1

(3.7)

by Claret (2000, 2003, 2004). The four parameter limb-darkening law is fit using both the least squares
method and flux conservation, and it is found that the least squares method provides a better fit to the
theoretical models; in some cases the error of the flux conservation method is 1000 times larger than the
error from the least squares method.
The square-root limb-darkening law computed by Claret (2000) was applied to microlensing observations by Fields et al. (2003), where the intensity relation is transformed be of the form
#
"
Iλ (µ)
5Λλ √
3Γλ
µ .
= 2 (1 − Γλ − Λλ ) +
µ+
Fλ
2
4

(3.8)

This relation is designed to conserve the flux regardless of the fitting method. In this form the limb-darkening
relations were shown to have the strange property of a fixed point, all limb-darkening relations from Atlas
and Phoenix were shown to intersect at a particular value of µ. It is argued by Heyrovsky (2000) that the fixed
point is related to the opacity of H − that is the primary source of opacity in the stellar atmosphere models
used in his study with a temperature range from 3500 to 4000 K. The analysis of Fields et al. (2003) used
models with an effective temperature range of 3000 to 18000 K to show the fixed point, thus contradicting
the argument that the H − opacity is the source of the fixed point.
Claret & Hauschildt (2003) calculated limb-darkening laws using spherically symmetric stellar atmospheres (Hauschildt et al., 1999b) with log g = 3.5-5.5 and T eff = 5000-10000 K for linear, quadratic,
square-root and the four parameter laws. The author also fits an exponential limb-darkening law
I(µ)
B
= 1 − A(1 − µ) −
.
I(1)
1 − eµ

(3.9)

For the spherical model atmospheres, it was found that the four parameter and exponential limb-darkening
laws fit best while the other laws fit poorly compared to how well they fit plane-parallel model atmospheres.
The authors suggest that it may be best to fit the limb-darkening laws from the center of the disk to the point
where I(µ) ≈ 0 near the limb ignoring the extension of the atmosphere.
Barban et al. (2003) computed limb-darkening laws from Atlas using two different convection routines:
the Mixing Length Theory and the Turbulent Convection approach (Canuto et al., 1996). They find that the
discontinuity that was found in the limb-darkening coefficients as a function of effective temperature (DiazCordoves et al., 1995; Claret et al., 1995; Claret, 2000) does not appear in the limb-darkening coefficients
computed using the turbulent convection models. It is shown that the discontinuity is due to the use of
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convective overshooting in the Atlas models with the mixing length theory as in Diaz-Cordoves et al. (1995),
Claret et al. (1995), and Claret (2000), and not to the onset of convection. The Atlas models constructed by
Barban et al. (2003) do not use convective overshoot and the resulting limb-darkening laws did not show the
discontinuity.
The method of fitting the intensity parameterizations to the model stellar atmospheres was tested by
Heyrovský (2007). It is argued that least-squared fitting is not the best method for fitting atmosphere models,
in particular Atlas models, because the model have less than 20 value of I(µ) for each wavelength and that
the spacing of µ is not even. To counter this problem, the fitting method should be based on cubic spline
interpolation and minimizing the integral
∆2 =

Z
˜ 2 dµ,
(I M − I)

(3.10)

where I˜ is the assumed limb-darkening law, and I M is the model intensity. It is also argued that minimizing
the fit with respect to µ constrains the fit more to the limb of the disk. The author prefers to constrain the fit
more so to the center of the disk by minimizing the similar integral
∆ =
2

Z
˜2
(I M − I)

µ
dµ
(1 − µ2 )1/2

(3.11)

to reproduce the light curves of eclipsing binaries and microlensing events more accurately. The technique is
tested using the five different limb-darkening laws: linear, quadratic, square-root, logarithmic, and the four
parameter model with Atlas models, and it is found that minimizing Equation 3.11 had an error significantly
less than the error from least squares fitting with the exception of the four parameter law where the least
squares method was equivalent. The ability of each to conserve flux was also tested by calculating the
fractional difference between the flux of the model atmosphere and integrated value of the limb-darkening
relation. The method minimizing Equation 3.10 had a fractional flux error of 10−16 for all relation while the
other methods had errors of 10−5 to 10−3 .
The least-squares method was tested recently using Atlas and Phoenix models with 100 equally spaced
µ-points (Claret, 2008). It is found that with a factor of ten more data points, it is possible to obtain limbdarkening laws with errors similar to the errors from minimizing Equation 3.11 but with smaller flux errors.
However, the flux errors are still orders of magnitude larger than from minimizing Equation 3.10.
There has been significant progress regarding the study of stellar limb-darkening and how it relates to the
physical processes in the atmosphere. In this age of computing it is becoming possible to directly compare
the limb-darkening from model stellar atmospheres to observations (for example, Wittkowski et al., 2004,
2006a,b), but for most observations the errors are too large to provide a useful test. Parameterizations of
stellar limb-darkening allow us to fit observations such as eclipsing binary lightcurves, but they can also
be used to provide insight into how limb-darkening varies across the Hertzsprung-Russell Diagram, for
instance, how the structure of the limb-darkening relations changes at the transition between convective and
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radiative atmospheres.
This review highlights some of the knowledge gained from studying the parameterizations of limbdarkening, but there are more questions that should be addressed. One such question is the existence of the
fixed point in the intensity as a function of µ discovered by Heyrovsky (2000) using both principle component analysis and linear limb-darkening laws. Another question of interest is how well the limb-darkening
parameterizations represent limb-darkening in stars with low gravity log g = 0 − 2 with very extended atmospheres. Most of the limb-darkening relations are tested using plane-parallel stellar atmosphere models
which are adequate for modeling stars with gravity similar to the Sun but this approximation is poor at lower
gravity.
In this chapter, we explore the existence of the fixed point in spherically symmetric model stellar atmospheres from the SAtlas stellar atmospheres code and propose an alternative explanation for why it is
seen in the limb-darkening profiles. Using the models, we test which of the limb-darkening parameterizations described in this section most accurately describe the modeled intensity profiles, and also which of the
proposed minimization techniques, least squares fitting, minimizing the flux error, etc. is most accurate. In
particular, we test how well the parameterizations fit the intensity at the limb of the disk, which is important
for fitting planetary transits, and interferometric observations.

3.3

The Cause of the Fixed Point in Stellar Limb-Darkening Laws

Heyrovsky (2000) and Fields et al. (2003) found the fixed point of the limb-darkening laws for center-tolimb intensity profiles of cool red giants and for the predicted limb-darkening profile of the Sun. Heyrovsky
(2000) argues that the fixed point is related to the fact that H− is the dominant continuous opacity source in
these stars. In both cases, the fixed point was determined from plane-parallel Atlas models, and Fields et al.
(2003) uses spherical Phoenix models. The intensity profiles of the Phoenix models showed a sharp decrease
in intensity at a distance from the distance from the center of the disk that corresponds to the atmospheric
extension of the star. Because the square-root law does not model the atmospheric extension; Fields et al.
(2003) truncate the radius of the star at the edge of the sharp decrease of intensity, effectively removing the
sphericity of the model atmosphere from the intensity profile.
It has been argued that a fixed point is to be expected if one uses a single parameter law to describe
the flux-conserved limb-darkening profile (Fields et al., 2003). For example, if one parameterizes the limbR1
darkening as I/F = 2[1 + ax(µ)] then the fixed point µfixed = f −1 [2 0 f (µ0 )µ0 dµ0 ]. Consider instead the
general two parameter limb-darkening function
I
= 2[1 + ax(µ) + by(µ)],
F
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and integrate it with µdµ to get
"

1
1=2 +a
2

1

Z

x(µ)µdµ + b

1

Z

0

#
y(µ)µdµ .

(3.13)

0

In this case, we can write the unknown parameter a as a function of b
R1
a = −b R01
0

y(µ)µdµ

(3.14)

x(µ)µdµ

and the required flux conservation reduces the relation from two free parameters to one. However, for the
√
case where x(µ) = 3µ/2 − 1 and y(µ) = 5 µ/4 − 1 (Fields et al., 2003) then
R1

(3µ/2 − 1)µdµ
0
a = −b R 10 √
= −b .
0
(5 µ/4 − 1)µdµ
0

(3.15)

This suggests that the conservation of the flux does not allow us to write a as a function of b. However, the
analysis of Fields et al. (2003) does find a fixed point. If we compare two intensity profiles
I1 (µ0 ) = I2 (µ0 ),
3
3
5 √
5 √
1 − a1 − b1 + a1 µ0 + b1 µ0 = 1 − a2 − b2 + a2 µ0 + b2 µ0 ,
2
4
2
4

(3.16)
(3.17)

which yields
3
5
√
− (a1 − a2 ) − (b1 − b2 ) + (a1 − a2 )µ0 + (b1 − b2 ) µ0 = 0.
2
4

(3.18)

Equation 3.18 may be solved for any two arbitrary intensity profiles if and only if a1 = a2 and b1 = b2 or
∆a = α∆b which is a result of a = αb + β. If we substitute this relation into Equation 3.18 then

or

5
3
√
− α(b1 − b2 ) − (b1 − b2 ) + α(b1 − b2 )µ0 + (b1 − b2 ) µ0 = 0,
2
4

(3.19)

!
3
5√
(b1 − b2 ) −1 − α + αµ0 +
µ0 = 0.
2
4

(3.20)

The fixed point is determined from the relation
5√
3
− 1 − α + αµ0 +
µ0 = 0
2
4

(3.21)

and that the fixed point is a function of the slope of a = αb + β only. The fixed point requires that the two
free parameters are related to each other.
The question is why should a be a function of b? The coefficients a, and b are determined using a general
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least squares method where
χ2 =

N
X


Yi − a f1 (µi ) − b f2 (µi ) 2

(3.22)

i

√
where Y = I/(2F) − 1, f1 = 3µ/2 − 1 and f2 = 5 µ/4 − 1. The coefficients are determined by taking the
derivative of χ2 with respect to a and b and setting the derivative to be equal to zero. This means
N


∂χ2 X  I
=
− 1 − a f1 (µi ) − b f2 (µi ) f1 (µi ) = 0,
∂a
2F
i
and

(3.23)

N


∂χ2 X  I
=
− 1 − a f1 (µi ) − b f2 (µi ) f2 (µi ) = 0.
∂b
2F
i

(3.24)

We multiply Equations 3.23 and 3.24 by ∆µ and convert the summation to integration to get
!
!2
!
!
Z 1
Z 1
 3
I
5√
3
3
−1
µ − 1 dµ − a
µ − 1 dµ − b
−1
µ − 1 dµ = 0,
2F
2
2
2
4
0
0

(3.25)

!
!
!
!2
Z 1
Z 1
 5√
I
5√
3
5√
−1
µ − 1 dµ − a
µ−1
µ − 1 dµ − b
µ − 1 dµ = 0.
2F
4
2
4
4
0
0

(3.26)

1

Z
0

and
1

Z
0

Solving the integrals in these relations, we find that
1−
and
5
4

1

Z
0

J
1
1
− a − b = 0,
2F 4
6

I 1/2
1
J
1
11
µ dµ + −
− a − b = 0.
2F
6 2F 6
96

(3.27)

(3.28)

Both relations conserve the quantity J/2F, meaning the mean intensity J is that of the model atmosphere
R √
because the flux F is conserved by definition. Furthermore the pseudo-moment of the intensity, I µdµ,
is also conserved from the intensity profile data from model stellar atmospheres. If this pseudo-moment is
either a function of a and b or J only then we may solve for a = f (b).
We calculated the pseudo-moment and mean intensity from the cube of SAtlas stellar atmosphere models from the previous chapter for γ Sge, which range in mass from 1.5 to 3.0 M , in luminosity from
(1-2) × 103 L and in radius from 60 to 100 R . In Figure 3.1, we show the pseudo-moment plotted as a
function of the mean intensity at λ = 555 nm. The choice of this wavelength is somewhat arbitrary, but
avoids the weakening of limb-darkening across the stellar disk in the infrared as well as avoiding the large
number of spectral lines in the UV. The pseudo-moment appears to be a linear function of the mean intensity,
but the range of is very small and it is impractical to compute the linear relation using least-squares fitting.
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Figure 3.1: Comparison of the pseudo-moment, normalized to have unit Flux, defined in the text and the mean
intensity of a cube of SAtlas model atmospheres at λ = 555 nm.

Instead, the mean values of the pseudo-moment and the mean intensity are computed, and it is assumed that
the ratio of any pseudo-moment to mean intensity is equal to the ratio of the mean values. The mean ratio is
0.811 ± 0.00043. Thus we write
5
4

1

Z
0

I 1/2
5
J
J
µ dµ = 0.811
= 1.014 .
2F
4
2F
2F

(3.29)

We now combine Equations 3.27, 3.28, and 3.29 to determine a as a function of b
a = −0.688b + 1.082,

(3.30)

and ∆a = −0.688∆b. This function is used with Equation 3.21 to determine the value of the fixed point to
be
3
5√
− 1 + 0.688 − (0.688)µ0 +
µ0 = 0,
2
4
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(3.31)
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and rearranging
1.065µ20 − 0.918µ0 + 0.097 = 0.

(3.32)

Solving this polynomial yields not one but two fixed points at µ0 = 0.739 and µ0 = 0.123.
From this result, we test how the value of the fixed point and the value of α = ∆a/∆b varies with respect
R √
to the ratio of the pseudo-moment of the intensity and the mean intensity, represented as δ = J −1 I µdµ,
shown in Figure 3.2. With the exception of δ ≈ 0.267 where the value of α approaches ±∞, the value
of α ranges from −0.72 to −0.65, causing the fixed points to be 0.72-0.74 and 0.08-0.14. Is this range of
values reasonable or is α → ±∞ a realistic possibility? In Figure 3.2, the value of α is determined from the
combination of Equations 3.27 and 3.28 such that,
α=−

(5δ/4 − 1)/6 + 11/96
.
(5δ/4 − 1)/4 + 1/6

(3.33)

R
This relation goes to infinity when δ → 4/15, however, δ can never be 4/15. The reason is that J = Idµ >
R √
I µdµ > K and hence δ is constrained to be 1 ≥ δ ≥ 1/3 > 4/15 for a spherical atmosphere with a
variable Eddington factor f = K/J ≥ 1/3. It also means that δ ≤ 1 and thus we can define the range of
possible values for α as −5/6 ≤ α ≤ −15/22. Inserting this range of values for α in Equation 3.21, we find
that the fixed point can range from 0.025 ≤ µ1 ≤ 0.130 and 0.708 ≤ µ2 ≤ 0.741. This result suggests that the
fixed point exists and is stable to differences in the intensity profiles of stellar atmospheres. It also suggests
that the fixed point exists regardless of the dominant opacity, contradicting the conjecture by Heyrovsky
(2000), meaning that it occurs at all wavelengths as long as the value of δ > 1/3. However, it is necessary
to verify the behavior of the fixed point with respect to wavelength to see if the fixed point spans the entire
allowed range or only a fraction of the range.
We test the variation of δ, α, and the fixed points by calculating the average value of δ from the cube
of models representing γ Sge. The statistical deviation of δ is also calculated, measuring the change of
the intensity profile with respect to differences in the gravity, effective temperature and mass of the model
atmospheres. This is done for the wavelength range of 100 nm to 100 µm. The resultant mean values of
δ and α are shown in Figure 3.3 as a function of wavelength. The plot of δ as a function of wavelength,
spans a range of δ̄λ = 0.72-0.82 and the behavior suggests that it is tracing the average spectral energy
distribution of the cube of models that span a narrow range of parameters. The plot of α shows an interesting
result for λ < 300 nm, where the uncertainty of α is larger and implies that the fixed point does not exist
at these short wavelengths. Other than this uncertainty, the value of α = −0.698 is roughly constant at
λ > 300 nm. The two solutions for the fixed point, of the intensity distribution is shown in Figure 3.4
and traces the behavior of α as a function of wavelength. Both the negative solution, µ1 ≈ 0.113, and
the positive solution, µ ≈ 0.735 are roughly constant with respect to wavelength but this result needs to
be tested with a grid of model atmospheres spanning a larger range of gravities, effective temperatures
and masses. Furthermore it is interesting to test how the value of the fixed point is dependent on these
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Figure 3.3: (Top) The mean value of the ratio of the pseudo-moment to the mean intensity, δ, determined from the
cube of models for γ Sge, as a function of wavelength. (Bottom) The value of α calculated from the mean value of δ,
also as a function of wavelength.
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global quantities. If there is a significant dependence then we may be able to glean more information
from microlensing observations about the atmospheric structure of the observed stars. However, before
considering this possibility, it is important to check if the fixed point actually exists in the predicted intensity
profiles of model stellar atmospheres.

3.4

Limb-darkening and SAtlas Stellar Atmosphere Models

It has been shown that the parameterization of limb-darkening of stars is fraught with pitfalls and have intrinsic properties unique to those parameterizations. For the two-parameter flux-conserving limb-darkening
law suggested by Heyrovsky (2000) and Fields et al. (2003), it is shown that the observed fixed point is a
result of the law conserving physical properties of the atmospheric models that do not appear to vary significantly. However, it has not yet been shown if this fixed point does or does not appear in the limb-darkening
profiles from the model atmospheres. In this section, the intensity as a function of angle µ is compared to
√
the best-fit limb-darkening laws of the form I/(2F) = 1 − a − b + 3aµ/2 + 5b µ/4, and the existence of
the fixed point is tested using spherically symmetric SAtlas models and plane-parallel Atlas ODF models
(Lester & Neilson, 2008).
We first explore the limb-darkening of the model grid for γ Sge to explore the behavior of the intensity
profile as well as to compute the coefficients of the linear plus square root limb-darkening law. In Figure
3.5, we plot the intensity profiles directly taken from the model atmospheres as well as the best-fit limbdarkening laws at λ = 555 nm. The model intensity profiles do not have an obvious fixed point but there is a
range of µ where the range of intensity is smallest ∆I/2F ≈ 0.04. In the plot of the best-fit limb-darkening
laws the fixed point is more apparent, where the range of ∆I/2F ≈ 0.02. From this analysis, it would appear
that the fixed point roughly exists and that fitting the linear plus square root law causes the fixed point to be
more pronounced. Because the range of gravity, effective temperature and mass is small, it is not certain if
the appearance of a fixed point is real or due to the model atmospheres all being similar.
In order to explore the reality of the fixed point, the intensity profiles are computed for a much larger
cube of model stellar atmospheres. Three cubes of model atmospheres have been computed using the SAtlas
code with turbulent velocities of 0, 2, and 4 km/s. Each grid uses the effective temperature, mass, and gravity
as input. There are four mass bins M = 2.5, 5.0, 7.5, and 10.0 M , with the effective temperature ranging
from 3000 to 8000 K in steps of 100 K and the gravity ranging from log g = −2 to 3 in steps of 0.25.
Each cube of models potentially contains 4284 model atmospheres, but many models do not converge. For
vturb = 0, there are 2112 model atmospheres, vturb = 2 there are 2067 models and form vturb = 4 there are
2101 models. The cubes of models cover a significant range of the Hertzsprung-Russell diagram, as shown
in Figure 3.6. The intensity profiles for each cube of models are computed with 1000 µ points, more than
the 100 points of µ used by Claret (2008) and more than the 17 µ points used by van Hamme (1993).
Using these three cubes of models, the intensity profiles are calculated at λ = 555 nm, and shown in
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Figure 3.5: (Top) The intensity profiles of each star in the grid of models representing γ Sge at λ = 555 nm. (Bottom)
The best-fit linear plus square-root limb-darkening laws calculated from the intensity profiles given above.
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Figure 3.6: The effective temperature and luminosity range of the model stellar atmospheres computed using the
SAtlas code along with stellar isochrones from Girardi et al. (2000)..

Figures 3.7, 3.8, and 3.9, along with the best-fit linear plus square-root limb-darkening law. From the model
intensity profiles, it is clear that there is no fixed point µ0 and that the structure of the intensity profile
appears to vary significantly with various properties such as gravity and effective temperature. The best-fit
limb-darkening laws have a fixed point at approximately µ0 = 0.7 that is not seen in the model atmospheres.
Therefore, it can be concluded that the fixed point is not real in general. Even though the fixed point is not
apparent in model atmospheres, it does appear in the parameterized law and depends on the mean intensity
and the pseudo-moment. This implies a connection to physical stellar properties. It is worth computing
the fixed point µ0 as a function of wavelength, gravity, mass, and effective temperature to learn if there is a
dependence that may be exploited with observations.
For the first step we calculate the fixed point of each cube of models at 555 nm following the method
illustrated earlier. For each cube of models, the mean value of δ, the ratio of the pseudo-moment and the
mean intensity, is calculated. For the grid with vturb = 0, δ = 0.797 ± 0.028, meaning the fixed points are
µ1 = 0.124 ± 0.017 and µ2 = 0.739 ± 0.010. The fixed points are the same for the vturb = 2, and vturb = 3
grids. This averaging over all models suggests that the fixed point is a robust property of the linear plus
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Figure 3.7: (Top) The intensity profiles of each star in the grid of models with vturb = 0 at λ = 555 nm. (Bottom) The
best-fit linear plus square-root limb-darkening laws calculated from the intensity profiles given above.
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Figure 3.8: (Top) The intensity profiles of each star in the grid of models with vturb = 2 at λ = 555 nm. (Bottom) The
best-fit linear plus square-root limb-darkening laws calculated from the intensity profiles given above.

99

3.4. LIMB-DARKENING AND SATLAS STELLAR ATMOSPHERE MODELS

2

1.2

I555 nm/2F555 nm

1.1
1

1.5

0.9
0.75

1

0.7

0.65

0.5

0
1

0.8

0.6

µ

0.4

0.2

0

Figure 3.9: (Top) The intensity profiles of each star in the grid of models with vturb = 4 at λ = 555 nm. (Bottom) The
best-fit linear plus square-root limb-darkening laws calculated from the intensity profiles given above.
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square-root limb-darkening law. The fixed points are plotted as a function of wavelength from 300 nm to
160 µm for each of the three grids in Figure 3.10. At every wavelength the fixed points are consistent with
µ1 = 0.112 to 0.114 and µ2 = 0.72 to 0.75 with the error being more than twice as large as was found in
the analysis of the γ Sge grid of models. This is further suggestive of a dependence of the fixed point on the
global parameters describing the models such as effective temperature, gravity and mass.
To explore this dependence further, we examine the behavior of the fixed point in subsets of the vturb =
0 km/s such as the the fixed point as a function of effective temperature for a constant gravity. In Figure 3.11
we plot the value of the fixed point and the normalized intensity as a function of the gravity for models with
effective temperatures of 3000, 4000, 5000, 6000, and 7000 K. In the plot of the fixed point µ0 as a function
of log g, there is an apparent relation for the model stellar atmospheres with effective temperature ≥ 4000 K
but at 3000 K the relation disappears. The same behavior is seen in the plot of the intensity at the fixed point.
The lack of apparent relations between the fixed point and the gravity and the intensity at the fixed point and
the gravity at T eff = 3000 K is likely due to a change in the dominant source of continuum opacity in the
cool stars. For the hotter stars the opacity source does not change, causing the apparent relations. It should
also be noted that the dispersion of the trends between µ0 , I0 /2F, and the gravity is related to masses of the
model atmospheres. The masses of the models in this work are 2.5, 5.0, 7.5 and 10.0 M and the values of
both µ0 and I0 /2F increase with mass.
We now test the dependence of the fixed point and the intensity at the fixed point as a function of effective
temperature for fixed values of gravity log g = 0, 1, 2, shown in Figure 3.12. It is clear that the behavior of
the fixed point as a function of effective temperature is continuous function for T eff > 3500 K as well as a
dispersion that is dependent on the mass of the model atmosphere. The fixed point, µ0 , is mildly dependent
on the value of the effective temperature but is clearly dependent on the gravity of the models, larger gravity
atmospheres have larger values of µ0 . The plot of the intensity normalized to the surface brightness shows
the same behavior. The intensity is roughly constant with respect to effective temperature for T eff > 3500 K
while the dispersion, again, is due to differences in the mass for each value of log g. It is also worth noting
that there appears to be a slight linear dependence of the intensity on the effective temperature for decreasing
log g, but the dependence is not significant enough to be pursued further.
It is not surprising that the value of the fixed point and the intensity at the fixed point varies as a function
of gravity. In this situation, the gravity is acting as a proxy for the atmospheric extension, where the extension increases as the gravity decreases. When the extension is larger, the slope of the linear plus square-root
law is steeper with the intensity approaching zero at a larger value of µ. In this case, intensity profiles with
the same gravity but different effective temperature will intersect at larger values of µ and larger values of µ
cause larger values of normalized intensity at the fixed point.
The two figures, Figures 3.11 and 3.12 illustrate the how the value of the fixed point and the intensity at
the fixed point depends on the gravity, the effective temperature of the model atmospheres as well as the mass
of the model atmospheres. The relation between the gravity and µ0 and I0 /2F is clear and approximately
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Figure 3.11: (Top) The fixed point of the linear plus square-root limb-darkening law as a function of the gravity of
the model stellar atmospheres for different effective temperatures. (Bottom) The intensity at the fixed point at 555 nm
as a function of gravity.
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linear, but the dispersion due to the differences in the mass of models makes it difficult to constrain. However,
we attempt to minimize the affect the mass has on the relations by exploring how µ0 and I0 /2F depend on
the radius of the models scaled by the mass. The variable R∗ /M∗ is a more appropriate measure of the
atmospheric extension, defined here as the difference between the outer radius of the star at an optical
depth of τRoss → 0 and the radius of the star at an optical depth τRoss = 2/3. This is seen by noting that
dτRoss = χRoss ρdr and approximating ρ = ρ̄ = M∗ /R3∗ . The opacity has units of cm2 /g suggesting that we
can write the opacity to scale as the radius squared per unit mass. However, the opacity at some radius is
determined by the composition and hence mean particle mass, more so than the total stellar mass. Therefore,
we write χ ∝ R2∗ /m̄. The atmospheric extension ∆R = R(τRoss = 10−7 ) − R(τRoss = 2/3) is
∆R ≈

∆τRoss
2/3
R∗
= 2
.
∝
3
χRoss ρ (R∗ /m̄)(M∗ /R∗ ) M∗

(3.34)

This scaling relation is reasonable as long as the effective temperature and density structure in the atmosphere does not change too significantly between different model atmospheres that are being compared
because it is assumed that the mean particle mass is roughly constant. It the temperature varies enough then
the atmospheric extension will change from the change of mean mass due to ionization or recombination.

Using this scaling relation for the atmospheric extension, the behavior of the fixed point µ0 and the
intensity at the fixed point I0 /2F is shown in Figure 3.13. In the top panel, the fixed point is plotted
as a function log(R∗ /M∗ ) and there appear to be correlations at each given effective temperature with the
exception of T eff = 3000 K. This correlation is very similar to that seen in Figure 3.11 between the fixed
point and the gravity of the models. However, the dispersion of the correlation with R∗ /M∗ seems to be much
less than the dispersion for the correlation with the gravity itself. The correlation between the intensity at
the fixed point and the radius per mass also has less dispersion than the correlation between the intensity at
the fixed point and the gravity for different effective temperatures.

The dependence on the effective temperature seen in Figure 3.13 is the same as that seen in the Figures
3.11 and 3.12. When the effective temperature is < 4000 K, there is no correlation, the behavior of the
fixed point and the intensity is more random with respect to the radius per mass. This is consistent with the
scaling relation derived for the atmospheric extension which is shown to be dependent on the composition
via the mean particle mass. When the effective temperature is small (< 3500 K), the opacity becomes more
dependent on the density of the gas at each point, implying that a change in gravity of the models leads to
significant a change in the mean particle mass and hence the oontinuous opacity. The dominate source of
continuous opacity switches from H − to neutral and diatomic hydrogen. At larger effective temperatures,
the change of particle mass is due primarily to changes to the effective temperature only explaining why
there are strong correlations between the fixed point and the intensity at specific effective temperatures.
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Figure 3.13: (Top) The fixed point of the linear plus square-root limb-darkening law as a function of the radius per
mass of the model stellar atmospheres for different values of the effective temperature. (Bottom) The intensity at the
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Table 3.1: Best Fit Parameters for the Fixed Point and Intensity at the Fixed Point

T eff (K)
3000
4000
5000
6000
7000
T eff (K)
3000
4000
5000
6000
7000

aµ
(−2.0593 ± 3.726) × 10−5
(4.3284 ± 0.0476) × 10−4
(5.3943 ± 0.0404) × 10−4
(7.1074 ± 0.0987) × 10−4
(8.1628 ± 0.2155) × 10−4
aI
(−0.206 ± 1.015) × 10−3
0.01234 ± 8.824 × 10−5
0.01530 ± 6.531 × 10−5
0.02012 ± 1.982 × 10−4
0.02369 ± 4.126 × 10−4

bµ
0.7359 ± 9.544 × 10−5
0.7352 ± 1.041 × 10−5
0.7349 ± 7.644 × 10−6
0.7348 ± 1.119 × 10−5
0.7348 ± 1.369 × 10−5
bI
1.1504 ± 0.025
1.0861 ± 1.931 × 10−4
1.0785 ± 1.232 × 10−4
1.0747 ± 2.247 × 10−4
1.0740 ± 2.621 × 10−4

σµ
4.060 × 10−4
4.830 × 10−5
3.361 × 10−5
4.022 × 10−5
3.775 × 10−5
σI
0.0110
8.057 × 10−4
5.417 × 10−4
8.076 × 10−4
7.227 × 10−4

Because of these correlations, best-fit relations are computed of the form
µ0 = aµ [log(R∗ /M∗ )]2 + bµ

(3.35)

I0
= aI [log(R∗ /M∗ )]2 + bI .
2F

(3.36)

and

The best-fit relations are computed for the effective temperatures 3000, 4000, 5000, 6000, and 7000 K and
the best-fit parameters are list in Table 3.1. The relations at T eff = 3000 K data are poor fits to the models
suggesting that for very cool stars, the fixed point is not an useful measure for stellar properties. However,
the remainder of the relations model the data very well, meaning that we can use them to understand observations of limb-darkening, if we have a measure for the effective temperature of that star. In that case, we can
measure the parameter R∗ /M∗ using these two relations plus the best-fit limb-darkening law to observations.
First, we guess a value of R∗ /M∗ and determine the value of µ0 . Using the limb-darkening law representing
the observed intensity profile, µ0 is used to compute I0 /2F and the value of I0 /2F is used to compute a new
value of R∗ /M∗ . The process is iterated until convergence is reached.

3.5

Application of R∗ /M∗ Method to Microlensing Results

Observations of microlensing produce limb-darkening parameters that can be used to test the method producing an estimate of R∗ /M∗ . The microlensing event EROS-BLG-2000-5 (An et al., 2002; Fields et al.,
2003) was observed in the V, I and H-band as well as the VE and IR bands, described by Afonso et al.
(2001). Here, we take the computed V-band limb-darkening law from Fields et al. (2003) to predict a value
of R∗ /M∗ . An et al. (2002) use the color (V − I)0 and the fact that the observed star is a K3 giant star to
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Table 3.2: Iterative Solution of R∗ /M∗ for Microlensing Event EROS-BLG-2000-5

Iteration
1
2

R∗ /M∗
10
NaN

µ0
0.73560
NaN

I0 /2F
1.07264
NaN

determine an effective temperature of 4200 K.
From the grid of SAtlas model limb-darkening laws, the (R∗ /M∗ , µ0 ) and (R∗ /M∗ , I0 /2F) relations are
µ0 = 4.48857 × 10−4 (±4.684 × 10−6 )[log(R∗ /M∗ )]2 + 0.73515(±9.961 × 10−6 )

(3.37)

I0
= 0.012781(±9.049 × 10−5 )[log(R∗ /M∗ )]2 + 1.08445(±1.925 × 10−4 ).
2F

(3.38)

and

The V-band limb-darkening relation from Fields et al. (2003) is
!
!
I
3
5√
µ−1 .
= 1 + 0.7856(±0.1058) µ − 1 − 0.1192(±0.1981)
2F
2
4

(3.39)

We apply the iterative method starting with a value of log(R∗ /M∗ ) = 1. In Table 3.2, the solution at each
step using this method is shown. It is clear from the results that the method does not work with this data
because the intensity at the fixed point predicted in the first iteration is less than the zero-point of the
(R∗ /M∗ , I0 /2F)-relation. While this is a disappointing result, it must be noted that the uncertainty of the bestfit limb-darkening parameters is large relative to the parameters themselves and we have already determined
that the two coefficients of the limb-darkening law are related via Equation 3.30, which predicts a much
different value of the coefficient of the square-root term. Applying Equation 3.30 to the determined value
of a = 0.7856 ± 0.1058 yields b = 0.4314 ± 0.1538, and using this different limb-darkening law, we find a
value of R∗ /M∗ = 31.5 ± 0.33. The results of the iterative solution are given in Table 3.3.
The method proposed seems robust but must be compared to the radius and mass found by An et al.
(2002) from kinematic information. Based on the proper motion and radial velocity plus the color and
magnitude, the radius was determined to be R∗ = 11.4 ± 1.0 R . If we include that result then we find a
mass of M∗ = 0.36 ± 0.1 M . This is equivalent to a gravity log g = 1.88+0.29
−0.21 , more precise than the range
of gravity determined by Fields et al. (2003) of log g = 1.9-2.6.
The computed results are robust assuming we have a precise estimate of the effective temperature. In
most cases, it is unlikely that a precise estimate of the effective temperature is possible. The microlensing
data are tested again using best-fit relations for the fixed point and the intensity at the fixed point over a
larger temperature range, from T eff = 4000 to 5000 K, equivalent to an stellar atmosphere having T eff =
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Table 3.3: Iterative Solution of R∗ /M∗ for Microlensing Event EROS-BLG-2000-5 With One Free Parameter LimbDarkening

Iteration
1
2
3
4
5
6
7
8
9
10

R∗ /M∗
10
29.9905291
31.4633528
31.5419462
31.5460701
31.5462862
31.5462976
31.5462982
31.5462982
31.5462982

µ0
0.735598857
0.736129174
0.736156975
0.736158432
0.736158508
0.736158512
0.736158513
0.736158513
0.736158513
0.736158513

I0 /2F
1.11233152
1.11312315
1.11316465
1.11316682
1.11316694
1.11316694
1.11316694
1.11316694
1.11316694
1.11316694

4500 ± 500 K. The two relations, over this temperature range are
µ0 = 4.79234 × 10−4 (±2.331 × 10−6 )[log(R∗ /M∗ )]2 + 0.735064(±4.776 × 10−6 ),

(3.40)

I0
= 0.0136554(±5.678 × 10−5 )[log(R∗ /M∗ )]2 + 1.082060(±1.1182 × 10−4 )
2F

(3.41)

and

with dispersions of σµ = 7.1801 × 10−5 and σI = 1.777 × 10−3 . The uncertainty of the relations over
an effective temperature range of 1000 K is only a factor of 2 larger than the precise relations, while the
uncertainties of the slopes and zero-points are similar for both the large range of temperatures and the
precise relations. When these two relations are applied, the predicted value of R∗ /M∗ is 32.30 ± 0.26 R /M
and hence a mass M = 0.35 ± 0.10 M . This mass agrees with the result from using the relations for
T eff = 4200 K only. The difference between the predicted masses is due to the degeneracy between the
dependence of the intensity and fixed point on the effective temperature and R∗ /M∗ . In fact, the values of
the slopes and zero-points of the relations shown in Table 3.1 scale with the effective temperature.
We have discovered a useful method for constraining fundamental parameters of stars where the limbdarkening is determined and parameterized as a linear plus square-root law. The precise results found from
the method are surprising when one considers how poorly this type of law fits the computed stellar atmospheres. The downside of this method is that it requires knowledge of one of the degenerate parameters
such as the effective temperature or luminosity. However, this formalism is able to constrain stellar parameters using limb-darkening observations even though it is still not possible for limb-darkening observed from
microlensing or eclipsing binary stars test for model stellar atmospheres.
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3.6

Testing the Limb-darkening Parameterizations with Models

The goal of any limb-darkening law is to produce the most realistic intensity profiles with the fewest free
parameters. The results of Claret (2000) and others suggest that a two-parameter limb-darkening law produces satisfactory results, but the best-fit law is different for hotter and cooler stars. The two different laws
are linear plus square-root and linear plus quadratic, respectively. Claret (2000) proposed a four-parameter
limb-darkening law with the intention of fitting model stellar atmosphere well at all effective temperatures.
This limb-darkening law is
4

X
I
ai (1 − µi/2 ),
=1−
I(1)
i=1

(3.42)

such that it is a composite of the square-root and quadratic laws but with an additional term 1 − µ3/2 . This
law has been applied to spherical Phoenix model atmospheres in the gravity range log g = 3.5-5.5 and
effective temperature range T eff = 5000 to 10000 K(Claret & Hauschildt, 2003), and it is found that the law
fits the intensity profiles better than one- and two-parameter limb-darkening laws but not as well as for fits
to plane-parallel model atmospheres. The limb-darkening law has not been applied to the spherical model
atmosphere with lower gravity and hence larger atmospheric extension. It is expected that the four-parameter
law will not fit the data well because of the tail of the intensity profile where the I/I(1) → 0 at small values
of µ.
The intensity as a function of µ for each SAtlas model is fit to the Claret (2000) limb-darkening law
at about 300 wavelengths using least squares fitting. The quality of the fit is tested by computing the ratio
of the flux from the best-fit law and the flux from the model atmosphere, F p /Fm . This ratio is shown in
Figures 3.14, 3.15 and 3.16 for the set of models with vturb = 0, 2, and 4 km/s, respectively, as a function
of effective temperature. The flux conservation varies from 0.98-1.01 at short wavelengths to 0.96-1.01
at longer wavelengths. At low effective temperatures, T eff = 3000-3500 K, the flux is not conserved at
λ = 435, 555, and 655 nm. This is most likely due to a change of opacity at these temperatures that
dramatically changes the structure of the intensity profile as is seen in the analysis of the linear plus squareroot law. The fit of the data is similar for the different turbulent velocities, suggesting that the turbulent
velocity has little effect on the intensity structure of the atmosphere.
Because of the significant scatter of the flux ratio as a function of effective temperature, the flux ratio
is plotted as a function of gravity log g in Figures 3.17, 3.18, and 3.19 for the three respective values of
turbulent velocity. The flux ratio ranges from 0.99-1.01 for log g > 1.5 for effective temperatures T eff >
3500 K and has a much larger range from 0.96-1 for log g < 1.5. The four-parameter limb-darkening
law does not conserve the flux from the model atmosphere at low gravity. The models where the fit fails
significantly at low effective temperature, T eff < 3500 K is seen at log g = 2-3. There is also a small
difference between the flux ratios for different turbulent velocities at gravities log g < 0 and wavelengths
longer than 1 µm. At vturb = 0 km/s the flux ratio is as large as F p /Fm = 1.01, while at vturb = 2 km/s, the
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Figure 3.14: Measuring the quality of fit of the four-parameter limb-darkening law, Equation 3.42, with the ratio of the
flux from the integration of the limb-darkening law and the flux from the model stellar atmospheres with vturb = 0 km/s
as a function of effective temperature from T eff = 3000 to 8000 K for a number of wavelengths. The spread of F p /Fm
at a specific effective temperature is due to difference of gravity and mass between the models.
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Figure 3.15: Same as Figure 3.14 but for vturb = 2 km/s.
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Figure 3.16: Same as Figure 3.14 but for vturb = 4 km/s.
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flux ratio is larger, and at vturb = 4 km/s, the flux ratio decreases to be less than unity. This implies there are
small differences between intensity profiles of spherical model atmospheres due to differences of turbulent
velocity.
It is found that the flux is conserved to the range of F p /Fm = 0.96-1.02 for all spherical model atmospheres. This result is poor in comparison to the fit of the four-parameter limb-darkening law to planeparallel Atlas model atmospheres from Claret (2000). For the plane-parallel models, the flux ratio deviates
from unity by less than 0.0005. This deviation is two orders of magnitude smaller than that seen in the
spherical models. The four-parameter law is not ideal for fitting the intensity distribution of spherical atmosphere but is still better than the simpler linear and two-parameter laws discussed. The reason these laws do
not fit the spherical models as well as the plane-parallel models is due to the difference between the intensity
profiles near the edge of the disk, µ → 0. In the plane-parallel models the intensity decreases rapidly to a
minimum, dI/dµ → −∞ as µ → 0, however in the spherical models, the rapid decrease of intensity occurs
at some positive value of µ that depends on the amount of atmospheric extension. As µ → 0, the slope
dI/dµ → 0 asymptotically, suggesting a significantly different structure for the limb-darkening law.
As noted, while the four-parameter law is not ideal, it has been found to be the best representation for
the intensity distribution of spherical model atmospheres. It is interesting to compare the coefficients of the
limb-darkening law from fits to spherical Atlas models with the coefficients determined by fitting planeparallel Atlas models (Claret, 2000). Claret (2000) compute limb-darkening laws for Atlas models in the
effective temperature range 3500 K ≤ T eff ≤ 50000 K in steps of 250 K, a gravity range 0 ≤ log g ≤ 5
is steps of 0.5 for a number of compositions and turbulent velocities of 0, 1, 2, 4, and 8 km/s. This set of
plane-parallel models overlap with the spherical models in the gravity range 0 ≤ log g ≤ 3 in steps of 0.5 and
temperature range of 3500 K ≤ T eff ≤ 8000 K in steps of 500 K for turbulent velocities vturb = 0, 2, 4 km/s,
and the difference between spherical and plane-parallel models is calculated for each of the four masses of
spherical model atmospheres. The difference between the models is measured as the difference between
coefficients calculated from the plane-parallel and spherical models.
The difference between the predicted values of the first coefficient a1 is shown in Figures 3.20, 3.21, and
3.22 for values of vturb = 0, 2, and 4 km/s for wavelengths ranging from 360 nm to 2.22 µm as a function of
gravity log g. The difference a1 (Sph) − a1 (PP) varies significantly as a function of gravity with the difference
also depending on the effective temperature and mass of the model. At larger values of log g the difference
between the leading coefficient a1 as determined from spherical and plane-parallel models is smallest with
the spherical coefficient being greater than the plane-parallel coefficient, with the difference increasing with
longer wavelength. The difference between the coefficients is most significant a gravities log g = 0.5-1.5
where the spherical coefficient is much smaller than the plane-parallel coefficient. It is interesting that at
log g = 0 the difference varies significantly depending on the mass and effective temperature. In fact, at some
effective temperatures, the difference between the spherical and plane-parallel values of a1 are about zero.
It is strange that plane-parallel and spherical values of a1 can agree at log g = 0 but not at log g = 0.5-1.5.
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Figure 3.17: Measuring the quality of fit of the four-parameter limb-darkening law, Equation 3.42, with the ratio of the
flux from the integration of the limb-darkening law and the flux from the model stellar atmospheres with vturb = 0 km/s
as a function of gravity from T eff = 3000 to 8000 K for a number of wavelengths.
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Figure 3.18: Same as Figure 3.17 but for vturb = 2 km/s.
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Figure 3.19: Same as Figure 3.17 but for vturb = 4 km/s.
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The difference between the second coefficient a2 calculated from spherical models and that from planeparallel models is shown as a function of gravity for the three values of turbulent velocity in Figures 3.23,
3.24, and 3.25. The difference for the coefficients a3 and a4 are shown in Figures 3.26, 3.27, and 3.28 and
Figures 3.29, 3.30, and 3.31, respectively. The difference between a2 from spherical models and a2 from
plane-parallel models is approximately −2× value of a1 (Sph) − a1 (PP). At log g = 3, the spherical and
plane-parallel coefficients approximately agree while the difference is largest at log g = 0.5-1.5 as well.
The values of a2 roughly agree at shorter wavelengths, λ ≤ 555 nm and the differences there are due to
the effect of the mass and temperature on the intensity structure. At longer wavelengths the difference is
more pronounced as well as the dependence on mass and effective temperature. The strange behavior of
a2 (Sph) − a2 (PP) at log g = 0 as seen in Figures 3.20-3.22, where for some values of T eff and mass the
difference is approximately zero, is apparent here as well.
The computed values a3 (Sph) − a3 (PP) show the same behavior as a1 (Sph) − a1 (PP), and a2 (Sph) −
a2 (PP) but ranging from −40 to +40 and the values a4 (Sph) − a4 (PP) also show the same behavior as a
function of gravity but the range is −20 to +20. It is not surprising that the difference between plane-parallel
and spherical coefficients have related behaviors. This may be seen by writing the difference between the
intensities for the spherical fit and the plane-parallel fit
4
ISph (µ) IPP (µ) X
−
=
∆ai (1 − µi/2 ).
ISph (1) IPP (1) i=1

(3.43)

While the value of ∆I(µ) does not need to be zero, if the fits are reasonable then they should predict the same
value of mean intensity, flux, and radiation pressure. Also, the computed value of I(1) does not vary greatly
between spherical and plane-parallel models for the same effective temperature and gravity. Therefore, the
R
R
R
integrals [∆I/I(1)]dµ, [∆I/I(1)]µdµ, and [∆I/I(1)]µ2 dµ are all approximately zero. This yields three
equations with four unknown variables
0 =
0 =
0 =

2
∆a1 +
3
2
∆a1 +
5
2
∆a1 +
7

1
∆a2 +
2
1
∆a2 +
3
1
∆a2 +
4

2
∆a3 +
5
2
∆a3 +
7
2
∆a3 +
9

1
∆a4 ,
3
1
∆a4 ,
4
1
∆a4 ,
5

(3.44)
(3.45)
(3.46)

and thus three of the four variables are a function of the fourth variable. The equations are solved for
∆a2 , ∆a3 , and ∆a4 in terms of ∆a1 , yielding ∆a2 ≈ −5.5∆a1 , ∆a3 ≈ 9∆a1 , and ∆a4 ≈ −4.5∆a1 . However,
these values are not precise relations because the spherical limb-darkening laws do not agree perfectly with
the model intensity profile so there are errors being propagated in this analysis. While the values do not
agree perfectly with the results in the figures, it does illustrate the observed trends.
The differences between the coefficients determined from plane-parallel and spherical models show in118
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Figure 3.20: Comparison of the first coefficient a1 from the limb-darkening law, Equation 3.42, derived using planeparallel model atmospheres (Claret, 2000) and spherically symmetric model atmospheres, a1 (Sph) − a1 (PP), as a
function of gravity for a number of wavelengths and turbulent velocity of 0 km/s. The effective temperature at each
gravity ranges from 3000 to 8000 K though at lower gravities this upper limit decreases.
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Figure 3.21: Same as Figure 3.20 but for a turbulent velocity of 2 km/s.
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Figure 3.22: Same as Figure 3.20 but for a turbulent velocity of 4 km/s.
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Figure 3.23: Comparison of the second coefficient a2 from the limb-darkening law, Equation 3.42, derived using
plane-parallel model atmospheres (Claret, 2000) and spherically symmetric model atmospheres, a2 (Sph) − a2 (PP), as
a function of gravity for a number of wavelengths and turbulent velocity of 0 km/s.
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Figure 3.24: Same as Figure 3.23 but for a turbulent velocity of 2 km/s.
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Figure 3.25: Same as Figure 3.23 but for a turbulent velocity of 4 km/s.
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Figure 3.26: Comparison of the third coefficient a3 from the limb-darkening law, Equation 3.42, derived using planeparallel model atmospheres (Claret, 2000) and spherically symmetric model atmospheres, a3 (Sph) − a3 (PP), as a
function of gravity for a number of wavelengths and turbulent velocity of 0 km/s.
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Figure 3.27: Same as Figure 3.26 but for a turbulent velocity of 2 km/s.
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Figure 3.28: Same as Figure 3.26 but for a turbulent velocity of 4 km/s.
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Figure 3.29: Comparison of the fourth coefficient a4 from the limb-darkening law, Equation 3.42, derived using
plane-parallel model atmospheres (Claret, 2000) and spherically symmetric model atmospheres, a4 (Sph) − a4 (PP), as
a function of gravity for a number of wavelengths and turbulent velocity of 0 km/s.

128

CHAPTER 3. THE STUDY OF STELLAR LIMB-DARKENING

20
10
0
-10
-20
-30

362 nm

435 nm

555 nm

655 nm

805 nm

1260 nm

1620 nm

2220 nm

20
10
0
a4(Sph) - a4(PP)

-10
-20
-30
20
10
0
-10
-20
-30
20
10
0
-10
-20
-30
0

1

2

3

0

1

2

2

Log g (cm/s )

Figure 3.30: Same as Figure 3.29 but for a turbulent velocity of 2 km/s.
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Figure 3.31: Same as Figure 3.29 but for a turbulent velocity of 4 km/s.
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teresting behaviors but it is not clear if the behavior is primarily due to the fits to the spherical model models
or some combination of the two fits. The behavior of the coefficients determined from spherical models are
explored as a function of atmospherical extension defined by the ratio of the radius and mass, R∗ /M∗ , in
Figures 3.32-3.43 for the three values of turbulent velocity vturb = 0, 2, and 4 km/s. The coefficients are
presented for the same range of wavelengths as before and for effective temperatures ranging from 3500 to
7500 K in steps of 500 K.
The first coefficient a1 is shown in Figures 3.32, 3.33, and 3.34, where the coefficient is plotted as a
function of the atmospheric extension for specific values of effective temperature. The range of values for
the coefficient increases with longer wavelength and the rate of change of the coefficient with respect to
R∗ /M∗ tends to be larger. The coefficients also reach a minimum value at about log R∗ (R )/M∗ (M ) ≈ 1.51.6 at T eff = 3500 K with the location of the minimum decreases with increasing effective temperature. It
is also worth noting that the values of a1 do not appear to depend significantly on the turbulent velocity,
there is little difference between the coefficient from model atmosphere with vturb = 0 km/s and those with
vturb = 4 km/s. This shows that the turbulent velocity does not contribute significantly to the structure of the
intensity profile of model stellar atmospheres.
The second coefficient a2 is shown in Figures 3.35,3.36, and 3.37. The coefficient shows similar behavior
as a function of R∗ /M∗ and effective temperature as a1 except that the range of values is from −40 to
+40 and negative curvature as opposed to a range −10 to +10 and positive curvature found for a1 . This
relative behavior between a1 and a2 is the same as found for the relative behavior of a1 (Sph) − a1 (PP)
and a2 (Sph) − a2 (PP) suggesting that the difference between the coefficients from spherical and planeparallel models is due to the change of structure of the spherical models. The best-fit coefficients for planeparallel models are constant to within ±1 with the range of a particular coefficient decreasing with increasing
wavelength for a particular effective temperature.
The remaining two coefficients are shown in Figures 3.38, 3.39, and 3.40 and Figures 3.41, 3.42, and
3.43, respectively. The behavior of the coefficients a3 and a4 further emphasize the result that the difference
between spherical and plane-parallel fits is due primarily to the extension of the atmosphere that cannot be
included in the plane-parallel model atmospheres. It is also worth noting that a3 and a4 are also insensitive
to the values of vturb .
The structure of each coefficient as a function of effective temperature and atmospheric extension suggest a method to determine fundamental parameters of star from multi-wavelength observations of limbdarkening using microlensing, eclipsing binaries, planetary transits, etc. If one determines coefficients for
the four-parameter law from observations then the coefficients can be used to constrain these parameters.
Optical/IR interferometry has the potential for determining the coefficients with sufficient accuracy, however
microlensing observations are not precise enough. This result is interesting but it is similar to the method
for determining stellar parameters from the linear plus square-root limb-darkening law which has two less
free parameters and is hence much simplier.
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Figure 3.32: The behavior of the first coefficient of the four-parameter limb-darkening law, a1 with respect to the
spherical extension of the stellar atmosphere R∗ /M∗ for the model atmospheres with a turbulent velocity of 0 km/s.
The effective temperatures shown are 3500 K (solid red), 4000 K (green dashed), 4500 K (blue short-dash), 5000 K
(purple dotted), 5500 K (aqua dash-dot), 6000 K (yellow short dash-dot), 6500 K (brown two short-dash-space),
7000 K (orange three short-dash-space), and 7500 K (gray four short-dash-space).
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Figure 3.33: Same as Figure 3.32 but for a turbulent velocity of 2 km/s.
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Figure 3.34: Same as Figure 3.32 but for a turbulent velocity of 4 km/s.
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Figure 3.35: The behavior of the first coefficient of the four-parameter limb-darkening law, a2 with respect to the
spherical extension of the stellar atmosphere R∗ /M∗ for the model atmospheres with a turbulent velocity of 0 km/s.

135

3.6. TESTING THE LIMB-DARKENING PARAMETERIZATIONS WITH MODELS

40

362 nm

435 nm

555 nm

655 nm

805 nm

1260 nm

1620 nm

2220 nm

20
0
-20
-40
40
20
0

a2(Sph)

-20
-40
40
20
0
-20
-40
40
20
0
-20
-40
0

0.5

1

1.5
2
0
0.5
Log (Radius/Mass) (RSun/MSun)

1

1.5

Figure 3.36: Same as Figure 3.35 but for a turbulent velocity of 2 km/s.
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Figure 3.37: Same as Figure 3.35 but for a turbulent velocity of 4 km/s.
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Figure 3.38: The behavior of the first coefficient of the four-parameter limb-darkening law, a3 with respect to the
spherical extension of the stellar atmosphere R∗ /M∗ for the model atmospheres with a turbulent velocity of 0 km/s.
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Figure 3.39: Same as Figure 3.38 but for a turbulent velocity of 2 km/s.

139

2

3.6. TESTING THE LIMB-DARKENING PARAMETERIZATIONS WITH MODELS

40

362 nm

435 nm

555 nm

655 nm

805 nm

1260 nm

1620 nm

2220 nm

20
0
-20
-40
40
20
0

a3(Sph)

-20
-40
40
20
0
-20
-40
40
20
0
-20
-40
0

0.5

1

1.5
2
0
0.5
Log (Radius/Mass) (RSun/MSun)

1

1.5

Figure 3.40: Same as Figure 3.38 but for a turbulent velocity of 4 km/s.
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Figure 3.41: The behavior of the first coefficient of the four-parameter limb-darkening law, a4 with respect to the
spherical extension of the stellar atmosphere R∗ /M∗ for the model atmospheres with a turbulent velocity of 0 km/s.
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Figure 3.42: Same as Figure 3.41 but for a turbulent velocity of 2 km/s.
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Figure 3.43: Same as Figure 3.32 but for a turbulent velocity of 4 km/s.
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3.7

Conclusions

In this chapter, grids of spherical Atlas stellar atmosphere models are computed for the effective temperature
range of T eff = 3000-8000 K and gravities log g = −2 to 3 for four different masses and three different
values of turbulent velocity. In each model, the center-to-limb intensity distribution is calculated for each
wavelength of computation for one thousand points of µ equally spaced from the center to the edge of the
disk. This is the largest number of µ-points used for the calculation of the intensity structure ever done.
The intensity structures have been computed with the goal of testing the discovery of Heyrovsky (2000)
and Fields et al. (2003) that a flux-conserving linear plus square-root limb-darkening law that represents
intensity distribution has a fixed point at some value of µ where laws computed from a grid of planeparallel model atmospheres all intersect. We test that result be directly plotting the intensity profiles from
the spherical grid of models and find that the fixed point does not actually exist. However, when the best-fit
limb-darkening laws are plotted there is evidence of a fixed point within some range of ∆µ. This is different
from the plane-parallel laws but still an interesting result to be explored.
It has been demonstrated that the apparent fixed point is a result of least-square fitting where the two
free parameters are dependent on two properties of the atmosphere, the mean intensity, J, and the integral
R √
I µdµ. But for the stellar atmospheres in the temperature range of 4000 K-8000 K the mean intensity
is correlated to the psuedo-moment, which means that the two coefficients depend on only one piece of
information. Therefore, the two free parameters are not actually free and are correlated. Because of this
correlation, it is shown there must be a fixed point.
The non-specific value of the fixed point from spherical models suggest that the additional fundamental
parameters that describe the spherical model atmosphere affect the limb-darkening law in a way not seen
in the plane-parallel models. This effect is explored by computing the relation between the fixed point, µ0
and the intensity at the fixed point I0 /2F and the atmospherical extension, defined by the ratio of the radius
and mass. Distinct, and precise non-linear relations are found for µ0 (R∗ /M∗ ) and I0 /2F(R∗ /M∗ ) for specific
effective temperatures. This implies a method for determining fundamental parameters for stars using this
limb-darkening law. It is argued that if one guesses a value of the fixed point, then uses the limb-darkening
law from observations to calculate I0 /2F and then I0 /2F can be used to estimate the value of R∗ /M∗ . This
process can be iterated until the value R∗ /M∗ converges.
This method was applied to the microlensing results presented by An et al. (2002) and Fields et al.
(2003). When the observed values of both coefficients is used, it is found that the method fails. This
is because the uncertainty of the observations is large enough to cause the method to fail. However, the
coefficients are correlated and if we use the one free parameter and the correlation to constrain the second
parameter then the method is shown to succeed to reasonable precision. The method is demonstrated to be
a robust tool to help constrain fundamental parameters of stars. This is ironic as the linear plus square-root
limb-darkening law is shown to be a poor fit of the intensity distribution of the model atmosphere.
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The more precise four-parameter limb-darkening law is also tested in this chapter. The law is fit to grids
of models and shown not to conserve flux, the flux varies by a few percent, about two orders of magnitude
larger than the flux conservation from plane-parallel model atmospheres. However, the four-parameter law
is still a reasonable representation of the data when one considers how well other limb-darkeing laws fit the
data. The fits to the spherical models show significant differences from the fits to plane-parallel models. The
differences are greatest at a gravity of log g = 0.5 to 1.5 but surprisingly tend to agree more at log g = 0. One
would expect that as the gravity decreases, the atmospheric extension increases and the intensity structure
would deviate more from the plane-parallel intensity structure but this is not what happens. It should be
noted that at log g = 0, the differences are more dependent on the mass and effective temperature than at
higher gravity, suggesting that a possible change of opacity causes the agreement.
The coefficients of the four-parameter law are compared to the atmospheric extension of the spherical models and the same behavior is seen as with the differences between the spherical and plane-parallel
limb-darkening fits. This is because the plane-parallel fits produce roughly constant coefficients while the
spherical fits produce a large range of coefficients. The coefficients have a strong dependence on the extension for specific effective temperatures, similar to the correlation seen for the two-parameter limb-darkening
law. This implies there is a possible correlation between the four parameters that may be exploited. This
possibility was not explored because the method found from the two-parameter law is already robust, uses
fewer parameters, and fitting observations with higher order laws tend to produce larger uncertainties.
This work shows how limb-darkening varies as functions of fundamental parameters and demonstrates
the power of limb-darkening to constrain fundamental stellar parameters. It is also shown that observations still do not constrain limb-darkening to the necessary precision to allow astronomers to move beyond
simple representations of the intensity distribution and yet it is shown that we are not fully exploiting even
these simple representations. Even though limb-darkening has been modeled and used as a tool in stellar
astrophysics for almost a century, in many ways this tool is still in its infancy.
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Chapter 4

Development of the Hydrodynamic
Program for Modeling Cepheid
Atmospheres
“Computers are useless. They can only give you answers.” - Pablo Picasso

4.1

Introduction

The purpose of this is chapter is the describe the one dimensional hydrodynamic program Hermes (Sasselov
& Raga, 1992), its strengths and drawbacks and derive the spherically symmetric version of the program.
Hermes is designed to calculate the dynamic atmospheres of pulsating stars such as Cepheids. In its non–
local thermal equilibrium configuration, the program uses the radiative transfer solver MULTI (Carlsson,
1986), which allows the user to calculate the effect of radiation due to lines from certain atoms and to
calculate the effect of pulsation on line profiles.
Sasselov & Raga (1992) discussed the application of Hermes on a model of the Cepheid ζ Gem where
line profiles of Mg II at λ = 9226Å at multiple pulsation phases as well as a comparison of the predicted
radial velocity and the observed radial velocity of ζ Gem as a function of phase. Sasselov & Lester (1994c)
and Sasselov & Lester (1994b) analyzed the formation of He I λ10830 and the generation of chromospheres
in Cepheids using the Hermes program to model the pulsating atmospheres of ζ Gem and η Aql. The
hydrodynamic program has also been used to calculate pulsation dependent limb–darkening of l Car for
the purpose of predicting the effect of limb–darkening on interferometric estimates of the radii of Cepheids
(Sasselov & Karovska, 1994). Evans, Sasselov, & Short (1998b) use the program to model the first overtone
pulsator Polaris and compare model of the line profile of Mg II near λ = 2800Å with observations. More
recently, Marengo et al. (2002) used the program to construct updated models to investigate details of limb–
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darkening in Cepheids as it relates to pulsation.
For the advances in the understanding of pulsation atmospheres due to the program Hermes, there are
also many drawbacks. One of the main drawbacks is the geometry of the program, it is a plane-parallel
hydrodynamic program whereas Cepheids have extended atmospheres though it is argued that a spherically
geometry is used in Marengo et al. (2002). There are various effects not modeled correctly such as limb–
darkening. The hydrodynamic program does not use a complete set of opacities which means a significant
amount of the cooling and heating in the atmosphere is ignored and makes it difficult to model spectra.
For these reasons and more, it is advantageous to modify the Hermes program to spherical symmetry and
combine it with the spherically symmetric version of the Atlas program (Kurucz, 1993).
The next section in this report is reviews the structure of the Hermes program, how it solves the hydrodynamic problem, the third section discusses the conversion to FORTRAN 90 while the fourth section
outline the necessary changes to convert the geometry of the program from planar to spherically symmetric.

4.2

Structure of Hermes

The hydrodynamic program is designed to solve the set of equations denoted by
∂U ∂F
+
= G,
∂t
∂m

(4.1)

where t is time and m is mass. The quantities U, F and G are vectors


 τ 


U =  u  ,


E



 −u 


F =  P  ,


uP




G = 


0
−g
−ug − Λ




 ,



(4.2)

where τ = 1/ρ is the specific density, u is the velocity, P is the pressure, g is the acceleration due to gravity
and Λ is the energy balance due to atomic heating and cooling. These differential equations are for a plane–
parallel system. This description is based on the work of Colella & Woodward (1984).
The program is written to solve the set of equations using a multi-ordered Godunov scheme so that it will
be second order accurate. A Godunov scheme is designed to solve the set of partial differential equations at
time t, defined as t = (n + 1)∆t where n is an integer and ∆t is the change of time. The equation is solved by
knowing the physical quantities as a function of location at time t = n∆t where the solution is approximated
by a finite grid. The second step is to calculate the solution to the Riemann problem at each grid interface,
this is called a flux step. In a plane-parallel stellar atmosphere, this includes solving for the velocity, and
pressure. The next step is to use the variables solved at the grid interface to find a time advanced solution to
the the state variables τ, u, E. This is a Godunov scheme and it is first order accurate as the variables found
at the interface need to be averaged to get solution in the grid at the same points as the state variables. A
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second order accurate scheme is found by calculating a Godunov solution on a rougher grid, the change in
location, ∆m, is larger. This solution is added to the first order solution to determine a second order accurate
solution.
The Hermes program can be broken up into ten separate pieces: main, initial, timestep, flux step, extrapolation, large grid flux step, largebin, the second order correction, the reimann solver and interate/reset.
The Main routine is designed to call the other routines to solve the partial differential equation. It starts
by initializing the variables, which includes the change of time ∆t, calling the starting stellar atmosphere
model, via the initial routine, and calculating the initial flux variables. The main routine follows a loop over
the input period of pulsation of the model and starts by calling the timestep routine for each of the three
differential equations to calculate the time advanced solutions and then does a flux step to calculate the flux
variables at the grid interface at this new time. This is followed by another call to the timestep routine to
calculate the state variables at the next time. The values of the state values from the first advance of time
are extrapolated to a grid that has a larger difference in mass between grid cells. This is equivalent to extrapolating to a lower spacial resolution. The next step is to calculate the flux variables at the interfaces of
the rough grid and then extrapolate the state variable from the original time and source term, G variables to
this grid as well at the state variables at the second time step. Then the second order correction is applied to
solve for the U at the new time. The variables are then reset, the new solution becomes the input solution,
and the loop is iterated to calculate the array U at a new time.
The second component of the hydrodynamic program is the initialization. The input parameters of the
program are the starting static model, the period of pulsation of the model and the amplitude of the change
of radius. The mean gravity of the starting model, and the number of time steps desired are also input
variables. The starting model contains information about the density and temperature as a function of mass.
Once the density and temperature are determined then a “piston” is applied to the base of the atmosphere
to seed motion. The acceleration due to this piston is calculated in a separate routine called Gravity. This
routine uses the calculation of the wavefunction for the linear nonadiabatic perturbation of the radius from
Buchler, Moskalik, & Kovacs (1990) based on Fourier components. The wavefunction is
∆r(t) = ∆r0 {1 − [cos(ωt) + 0.271 cos(2ωt) + 0.649] + 0.065 cos(3ωt + 1.802)}

(4.3)

and the perturbed velocity and acceleration are just the first and second time derivatives, respectively. The
specific density is input from the model and the initial velocity is found from the piston model while the
energy is calculated by interpolating a table of potential energy and electron fraction as a function of temperature. The total energy is then the sum of the kinetic and potential energy. Once the state variables are
determined then the flux variables are computed followed by the ∆t. The change of time is related to the grid
cell size, if the velocity large relative to the sound speed then the time required for the gas to move across
one grid cell is small. Therefore ∆t must be small so that only the nearest cells are required for solving the
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partial differential equations, here ∆t is defined as
∆t =

∆m
.
cs

(4.4)

The next part of the calculation is to calculate the state variables at time t = t0 + ∆t. This is done by
simply writing the partial differential equation as difference equations. In this case, the state variables at a
new time at grid cell i is
#
Fi − Fi−1
− Gi .
Ui (t + ∆t) = Ui (t) − ∆t
∆mi
"

(4.5)

The flux step is important as it is the physical part of the calculation. In Hermes, the flux step is used
to calculate the pressure, gravity and velocity at the interface. The first step is to determine the potential
energy, which is just the total energy minus the kinetic energy. The temperature and electron fraction of the
gas is found by interpolating values in tables as a function of the potential energy. The pressure is calculated
by assuming an ideal gas,
p=

kρ(1 − χe )T
,
µ̄

(4.6)

where k is Boltzmann’s constant, µ̄ is the average atomic mass, χe is the electron fraction, and ρ and T
are the density and temperature respectively. The source function is also determined by calculating the
gravity using the Gravity subroutine while the energy losses and gains written as Λ is found in the ALOSS
subroutine. Here the ALOSS function calculates the change of energy with respect to time due to the
change of temperature. The first step is to account for chromospheric heating, it is calculated based on the
temperature structure of input hydrostatic model. This is based on the belief that the chromosphere is a
constant phenomenon independent of the pulsation. The heating rate is written as
QGain
where the term

1.131 × 1026 ρχ2e
=−
√
Ti

r



Ti

− 1 ,
T rad

(4.7)

√
√
T i /T rad − 1 is from the Taylor series expansion of exp(− T i /T rad ). The quantity T i is the

temperature at some point in the initial model. The energy loss is
QLoss

1.131 × 1026 ρχ2e
=
√
T

r



T

− 1 ,
T rad

(4.8)

where T is the temperature at some time. The ALOSS routine calculates the change of energy at time t due
to chromospheric heating as

and this is used to calculate

dE
= QGain − QLoss ,
dt

(4.9)

r
−1

∆E
∆t dE 1 
T

=
− 1 .
kT rad
3 dt kT rad
T rad

(4.10)
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The temperature at some layer at a new time due to chromospheric heating is

T New



2
r
 −∆E/kTrad 


T


 .

− 1 e
= T rad 1 + 
T rad

(4.11)

A new change of energy is calculated from E = 3/2kT as
3 dT
3 T New − T
dE ALOS S
=− k
≈− k
.
dt
2 dt
2
∆t

(4.12)

The ALOSS routine then tests the solution to choose whether dE/dt or dE ALOS S /dt is used as the final
solution. If both values have the same sign then the routine chooses the quantity with the smallest absolute
value; if they have opposite signs then dE/dt is chosen as the final solution in this function.
The flux variables are calculated at the grid cell interface using a Riemann solver. The Riemann solver
uses the pressure, specific density, and velocity at the positions i and i + 1 as input to calculate the three
flux variables at the interface defined at i + 1/2. A zeroth order approximation is that the flux variable at the
interface is the average of the values at i and i + 1. A first order approximation is found by including the
motion of gas over time ∆t, in that case the effect of gravity must be included
1
P0 = PAvg − ∆tc s,Avg g = PAvg − (ui − ui+1 )cAvg ,
2

(4.13)

where c = (γρP)1/2 , and an average quantity is the mean of two adjacent zones. However this is not the
best solution for the pressure at the interface, especially since the velocity at the grid interface is not known.
Colella & Woodward (1984) argue the pressure and velocity at the grid interface can be determined by
solving the following set of equations
P̄i+1/2 − Pi+1/2,L
+ (ūi+1/2 − ui+1/2,L ) = 0,
WL
 + "
!#
γ + 1 P̄i+1/2
 γPi+1/2 
2
WL =  +
−1 ,
 1 +
τ
2γ P

(4.14)
(4.15)

i+1/2,L

i+1/2

P̄i+1/2 − Pi+1/2,R
+ (ūi+1/2 − ui+1/2,R ) = 0,
WR
 − "
!#
γ + 1 P̄i+1/2
 γPi+1/2 
2
WR =  −
−1 .
 1 +
τ
2γ P

(4.16)
(4.17)

i+1/2,R

i+1/2

In this system of equations the variables Pi+1/2,L , Pi+1/2,R , P+i+1/2 and P−i+1/2 are generally unique and depend
on the geometry of the system. Because the Hermes program is plane-parallel then one can treat these as
Pi = Pi+1/2,L = P−i+1/2 and likewise for Pi+1 as well as the velocity and density terms. The variables denoted
by a bar are the desired solution at the interface and can be found by using a Newton–Raphson method to
iterate towards a solution where the initial guess is P0 . With the pressure and velocity determined at the gird
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interface then the flux variables at the interface are known.
Once the flux variables is determined, a second order time step is done in the main routine which calculates the state variables at time t = t0 + 2∆t. This is followed by computing the state variables on the larger
grids where dX = dxi + dxi+1 . The state variables at time t are extrapolated onto this grid. The new grid
is defined to have the same number of grid cells and the information is “smoothed”. The extrapolation is
found using two possible solutions, depending on how large U2 j − U2 j−1 is, where j spans one half the total
number of grid cells. If the difference is large then it is smoothed over the two grid cells with
U L,2 j = U L,2 j−1 =

∆m2 j−1 U2 j−1 + ∆m2 j U2 j
,
∆m2 j + ∆m2 j−1

(4.18)

while the state variables on the larger grid is
(U2 j − U2 j−1 )∆m2 j−1
,
∆m2 j + ∆m2 j−1
(U2 j − U2 j−1 )∆m2 j
,
= U2 j +
∆m2 j + ∆m2 j−1

U L,2 j−1 = U2 j−1 −

(4.19)

U L,2 j

(4.20)

when U2 j − U2 j−1 is small. These extrapolated values can be then used to calculate the flux variables at
the interface on the larger grid. The method is the same as the flux solver on the smaller grid except the
Riemann solver is called for the interface between points 2 j and 2 j + 1 of the variable U L to determine the
flux variables on this larger grid.
The Largebin routine takes the source functions G, the state variables U and the predicted values of
the state variables after two time steps and smoothes them on the larger grid. This is different then the
extrapolation routine, here the large grid variables QL are just a weighted average of the variable Q on the
smaller grid at points 2 j and 2 j + 1 and the size of the vector QL is half the size of the vector Q. Here the
value of QL at point j where j = 2i is
QL, j = wQ2i + (1 − w)Q2i−1 ,

(4.21)

where w = ∆m2i−1 /(∆m2i−1 + ∆m2i ).
Now the state variables, source functions, flux variables, and the predicted state variables after two time
steps are determined on the larger grid. Now it is possible to apply the second order correction to the system.
The second order correction starts by using the state variables at time t to solve Equation 4.1 for UL(t + 2∆t)
at position j = 2i

!
2∆t
(F2i − F2i−1 ) ,
U LN, j (t + 2∆t) = U L, j (t) −
∆m2i + ∆m2i−1

(4.22)

where the subscript LN refers to new values on the large grid. This is used to correct the value of the
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predicted state variable U L (t + 2∆t) that has been smoothed onto the larger grid such that
U LN2 (t + 2∆t) = U LN (t + 2∆t) − U L (t + 2∆t).

(4.23)

However the routine also tests whether the U LN2 is very different from U LN −U L and if the difference between
the predicted state variables on the small grid, u(x + ∆m, t + 2∆t) − u(x, t + 2∆t) is large. If either of these
criteria are large then the second order correction U LN2 is set to zero to avoid smoothing out discontinuities
in the fluid motion. The correction is then applied to the predicted state variables on the small grid
U N,2i−1 (t + 2∆t) = U2i−1 (t + 2∆t) + U LN2,i (t + 2∆t)

(4.24)

U N,2i (t + 2∆t) = U2i (t + 2∆t) + U LN2,i (t + 2∆t).

(4.25)

The predicted array U N is a second order accurate solution to the state variables at time t + 2∆t.
The final step of one iteration of the Hermes program is to reset the variables to be able to calculate the
next time step. This is done by first setting the state variables U = U N and then followed by relaxing the
conditions next to the surface by noting that the surface pressure is known from the input and is treated as
constant with time. The state variables at M − 1, where M + 1 is the constant pressure boundary, are used
to calculate a new pressure via the method discussed earlier and the pressure at M is a weighted average of
p M−1 and the surface pressure. The new pressure at M is used to calculate relaxed state variables at M. This
is done so that the pulsation does not cause the calculation to blow up.

4.3

Conversion to Spherical Symmetry

The program is plane-parallel and it is desirable to convert it to spherical symmetry to better model the
dynamics of the extended atmospheres of Cepheids. There are two main differences for computing hydrodynamic models in spherical symmetry as opposed to plane-parallel are the structures of the differential
equation and the Riemann solver.
The set of differential equations differ with geometery of the problem, Colella & Woodward (1984)
derive the set of Equations to be
∂τ ∂(rα u)
−
= 0,
∂t
∂m
∂u
∂P
+ rα
= −g,
∂t
∂m
∂E ∂(rα uP)
+
= −ug − Λ,
∂t
∂m

(4.26)
(4.27)
(4.28)

where τ is the specific volume, u is the velocity and E is the total energy per unit volume. The value of α
is dependent on the geometry of the system being investigated. A value of α = 0 represents a plane-parallel
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geometry, α = 1 represents cylindrical symmetry and α = 2 is spherical symmetry. This can be written in a
form similar to Equation 4.1,

∂U
∂F
+ H(r)
= G,
∂t
∂m

where


 τ 


U =  u  ,


E


 −rα u

F =  P

rα uP



 1 


H =  rα 


1

(4.29)




 ,






G = 


0
−g
−ug − Λ




 .



(4.30)

The finite difference approximation of Equation 4.29 is
!
#
Fi − Fi−1
− Gi .
Ui (t + ∆t) = Ui (t) − ∆t Hi (r)
∆mi
"

(4.31)

This equation will replace the finite difference equation given by Equation 4.5 and equivalently Equation
4.22 in the Hermes program. The addition of the vector H will also require an additional call to the routine
Largebin where the variables are averaged over grid cells via Equation 4.21. These are the only changes to
the program necessary outside of the flux solvers.
The flux solver needs to be changed to account for the geometry. In this case the issue relates to the
Riemann solver. In the Hermes program, the pressure and velocity at the grid cell interface is found by
solving the set of Equations, 4.14–4.17, where it is assumed the values of P+i+1/2 = Pi+1/2,R = Pi+1 and
P−i+1/2 = Pi+1/2,L = Pi and likewise for the velocity. However, the geometry is not plane–parallel, this
assumption is not valid. The left (L) and right (R) values as well as the + and − values will be solved
following the derivation of Colella & Woodward (1984). The first step is to calculate the left and right
values of the pressure and the velocity at the grid interface i + 1/2 which is between the grid cells i and i + 1.
These are given as
Pi+1/2,L = P+i+1/2 + ∆tc+j+1/2 gi ,

(4.32)

Pi+1/2,R = P−i+1/2 − ∆tc−j+1/2 gi ,

(4.33)

ui+1/2,L = uR,i +

A+i+1/2 u+i+1/2 − Ai+1/2 uR,i

ui+1/2,R = uL,i+1 +

,

1 +
2 (Ai+1/2 + Ai+1/2 )
A−i+1/2 u−i+1/2 − Ai+1/2 uL,i+1
.
1 −
2 (Ai+1/2 + Ai+1/2 )

(4.34)
(4.35)

α
The quantity Ai+1/2 = ri+1/2
represents the geometry of the system. The next step is to write the calculation

of Q± where Q is some variable, here
Q
Q+i+1/2 = fi+1/2,L
(∆tc s,i χi ),

(4.36)

Q
Q−i+1/2 = fi+1/2,R
(∆tc s, j+1 χi+1 ),

(4.37)
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where the function f Q is given as
"
!
#
y
2 y
= QR,i −
∆Qi − 1 −
Q6,i ,
2∆mi
3 ∆mi
"
!
#
2 y
y
Q
∆Qi+1 − 1 −
Q6,i+1 .
fi+1/2,R (y) = QL,i+1 −
2∆mi+1
3 ∆mi+1

Q
fi+1/2,L
(y)

The function χi is
χi =

α+1 − r α+1
ri+1/2
i−1/2

(α + 1)(ri+1/2 − ri−1/2 )

.

(4.38)
(4.39)

(4.40)

In the function f Q the variables ∆Qi and Q6,i are
∆Qi = QR,i − QL,i ,
#
"

1
Q6,i = 6 Qi − QL,i + QR,i .
2

(4.41)
(4.42)

The final quantities to be determined are QL,i and QR,i . These two variables depend on the smoothness of
the solution. In smooth parts of the solution, QL,i+1 = QR,i = Qi+1/2 , where a third order accurate solution
to Qi+1/2 is
∆mi
1
(Qi+1 − Qi ) + P2
∆mi + ∆mi+1
j=−1 ∆mi+ j
(
"
#
2∆mi+1 ∆mi ∆mi−1 + ∆mi
∆mi+2 + ∆mi+1
×
−
(Qi+1 − Qi )
∆mi + ∆mi+1 2∆mi + ∆mi+1
2∆mi+1 + ∆mi
)
∆mi+1 + ∆mi+2
∆mi−1 + ∆mi
δQi+1 + ∆mi+1
δQi ,
−∆mi
2∆mi + ∆mi+1
∆mi + 2∆mi+1
Qi+1/2 = Qi +

(4.43)

where
∆mi
δQi =
∆mi−1 + ∆mi + ∆mi+1
#
"
∆mi + 2∆mi+1
2∆mi−1 + ∆mi
×
(Qi+1 − Qi ) +
(Qi − Qi−1 ) .
∆mi+1 + ∆mi
∆mi−1 + ∆mi

(4.44)

Colella & Woodward (1984) replace δQi with δm Qi in their calculations to better represent the steepness of
discontinuities in the solution and guarantees Qi+1/2 is in the range given by Qi and Qi+1 , where
δm Qi = Min(|δQi |, 2|Qi − Qi−1 |, 2|Qi+1 − Qi |)Sgn(δQi )
if (Qi+1 − Qi )(Qi − Qi−1 ) > 0
= 0

(4.45)

Otherwise.

If there is a large discontinuity in the range of Qi and Qi+1 , then the definition of QL,i and QR,i must change,
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and are given by
1
QL,i = Qi−1 + δm Qi−1
2

1
QR,i = Qi+1 − δm Qi+1 .
2

(4.46)

At this point, we have determined all of the necessary components to calculate the pressure and velocity at
the grid interface to third order accuracy. The Hermes program, on the other hand, is designed to be second
order accurate. If we wish to use the second order approximation then
QL,i+1 = QR,i = Qi+1/2 = Qi +

∆mi
(Qi+1 − Qi )
∆mi + ∆mi+1

(4.47)

in smooth parts of the solution. Where there are discontinuities, the value of QL,i and QR,i are
QL,i = Qi−1

QR,i = Qi+1 .

(4.48)

At this point, there is enough information to calculate the flux values at the grid interface to second order
accuracy.

4.4

Combining SAtlas with Hermes

The SAtlas program and spherically symmetric version of the Hermes may be combined to develop a local
thermodynamic equilibrium radiative hydrodynamic program for modeling radial pulsation in the atmosphere of a star. Remarkably. accomplishing this merger does not require a dramatic re-writing of both
programs. The Main routine of the SAtlas can be used as part of the flux solver, since that routine calls the
radiative transfer and opacity routines. This means the program requires the radiative transfer routine josh,
which uses either of two spherical routines designed for the SAtlas program as well as can use a planeparallel version of the radiative transfer routines if one wishes to save computing time. This second option
is being used during testing. The opacity routines include the same routines as they assume only the line
and opacities and the equation of state for the atmosphere, not hydrostatic equilibrium. The only routines
that make calculations of or assume hydrostatic equilibrium are in the Main, Read (model input), and the
convection routine, The assumptions of hydrostatic equilibrium are removed from the main routine which
is converted to a “flux” routine in the RHD program and from the convection routine. It is left in the input
routine to provide a consistent starting model atmosphere.
To construct the RHD program, there exist three routines that must be developed. They include a routine
for calculating the equation of state, a convergence solver, and new convection routines.

4.4.1

Equation of State

The equation of state is important for computing the gas pressure, temperature, electron number from the
known quantities of the composition, density and hence number of atoms, and the energy density of each
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layer. This requires assuming the relation between the gas pressure, temperature and number of particles
Pg = (χa + χe )kT.

(4.49)

Fortunately, the Equation of State (EoS) routine does not need to be invented from scratch. The SAtlas
program contains an EoS solver for the cases where the atmosphere includes molecular opacities or with
atomic opacities only. The EoS solver starts with the gas pressure, temperature and hence total number
of particles and iteratively solves for the electron number and then the number of atoms. The iteration
procedure starts with a guess for the value of χe , usually the value of χe from the previous iteration of the
model atmosphere. Then the procedure solves the Saha equations for each atom for the given temperature.
The solutions of the Saha equations are then added together to get a new value for χe . The procedure is
iterated until the value of χe converges. Once this is found then the value of χa and the mass density is
calculated at that layer.
For the RHD program, the known variables are the mass density, internal energy density and χa with
Pg , χe and T as the unknowns. To solve for the unknown variables, the internal energy density is used to
constrain them via
e = 1.5(χa + χe )kT/ρ.

(4.50)

In this equation the only unknowns are the electron number and temperature. Once these two parameters
are found then the gas pressure can computed. The temperature and χe are computed by guessing an initial
value of T and then using the SAtlas methodology to find the corresponding value of χe and then a value of
the energy density is predicted. The process is continued for another guess of the temperature and solution
for energy density. A root-finding method is then used to compute a final value of the temperature, and χe .
A similar method is used when molecular opacities are included.

4.4.2

Convergence Solver

The purpose of the convergence solver is to both initiate pulsation via a perturbation to the velocity or
acceleration, and to test whether the pulsation is stable and regular. The first routine is called the “kick”
routine adds a perturbation to the velocity structure. This perturbation assumes that the model has an initial
uniform velocity at each layer in the atmosphere. By having an initial variation of velocity then the mass
density and energy density will be affected in the first timestep.
The second routine tests whether the pulsation has reached a regular amplitude. This is done by saving
the value of the radius and velocity at the top of the atmosphere for each timestep. As the RHD program
iterates, the routine checks the change of velocity. If the velocity at the top of atmosphere changes sign
over two iterations then the radius is either at a minimum or maximum. At this time, if the acceleration is
positive then the radius is at a minimum and if the acceleration is negative the radius is at a maximum value.
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One the minimum and maximum radius is found, the amplitude of pulsation is computed and saved. The
process is continued until an arbitrary number of amplitudes are calculated (currently set to 50), and the last
two amplitudes are compared. If the amplitude is found to be decaying then RHD program starts anew and
inputs a larger value for the “kick”. If the radius at the top of the star is too large, for instance double the
initial radius of the model then a smaller “kick” is used. The third possibility is if the amplitude is stable
within some uncertainty, then the another pulsation period of the atmosphere is computed with output at
each step, including the atmospheric structure, limb-darkening as a function of angle and wavelength, the
flux and mean intensity as a function of depth and wavelength.

4.4.3

Convective Treatment

The treatment of convection within the RHD program is important because convection is known to modify
pulsation in a star. The SAtlas program uses the mixing length theory to model convection which solves for
the pressure, velocity and flux due to convection. This formalism can be used in the RHD if one wishes to
assume that convection is frozen relative to pulsation. In this scenario, convection does not directly affect
the pulsation of the star. For Cepheids, the assumption of frozen convection is a poor one, it is known
that convection affects the pulsating structure of Cepheids near the red edge of the Cepheid Instability
Strip. However, near the blue edge convection does not interact significantly with the ionization zone so
the assumption is not unreasonable. Either way, the assumption is reasonable for the purpose of testing the
hydrodynamic program, as is done here.
The second option is based on the methodologies of Stellingwerf (1982a), Kuhfuß (1986) and more
recently Smolec & Moskalik (2008). In this methodology, convection is argued to depend on the turbulent
energy in each layer of the star. The turbulent energy is treated as a hydrodynamic variable like the mass
density, velocity and total energy such that
∂et
∂(r2 u)
∂Ft
+ Pt
= −4πr2
.
∂t
∂m
∂m

(4.51)

The terms Pt and Ft are the turbulent pressure and the turbulent flux, respectively. In the current test version
of the program the flux terms are ignored in the energy equation, so the turbulent energy may be written as
∂et
∂(r2 u)
= −Pt
.
∂t
∂m

(4.52)

The turbulent pressure is defined by Smolec & Moskalik (2008) to be Pt = αt ρet where αt is a free parameter
of order unity. Therefore Equation 4.52 may be rewritten as
∂(ln et )
∂(r2 u)
= −αt ρ
.
∂t
∂m
158

(4.53)

CHAPTER 4. DEVELOPING THE RHD PROGRAM
In layers of the star that are convective, the turbulent energy is used to compute the convective flux
Fc = −ααc ρT cP e1/2
t [∇ − ∇ad ] .

(4.54)

The convective flux is then added as a source term in for solving the differential equation for the total energy.
The second method has the advantage of being time-dependent and coupled to the velocity field of
the star. Hence convection will be allowed to vary with phase and contribute to the energy budget. The
disadvantage of the time-dependent model is the number of free parameters. In this simple case for solving the turbulent energy there are three free parameters and if we include the source term for turbulence
Ft = −αρΛe1/2
t (∂et /∂r) then the mixing length parameter is introduced as well. While the time-dependent
convection is preferable, it still has significant issues to be addressed.

4.5

The Current Status of the RHD Program

As of August 1, 2009, the RHD program has been constructed and is being tested. So far a complete
pulsation model has not been produced but significant progress has been made in that direction. The current
version of the RHD program is a more simple version than that proposed. The convection is assumed to be
frozen with respect to pulsation, the second-order hydrodynamic correction is not used and a plane-parallel
radiative transfer algorithm is applied.
The use of frozen convection was discussed in the previous section. The second-order hydrodynamic
correction is not used because of errors in earlier versions of the Riemann solver. These errors have been
corrected for the first-order calculation but not yet done for the second-order calculation. Since the program
is still being tested, correcting these errors do not have high priority. It is also beneficial to not use the
second-order solver because incorporating it increases the computing time by a factor of 1.5. At this time,
speed is more useful than the second-order correction. This is also the reason for using a plane-parallel
radiative transfer routine; the plane-parallel Feautrier solver takes about one second to compute the flux
while a spherical Feautrier solver (or Rybicki solver) will take about 150 seconds. Since the program
computes an iteration for a timestep of about 50-100 seconds, the number of required iterations to a solution
will be order 106 . This fact suggests that the plane-parallel routine is preferable for computing the test
models as well as being used as a first step for computing the final hydrodynamic models. For instance the
plane-parallel radiative transfer may be used until regular pulsation is found, then the program switches to
spherical radiative transfer and perturbs the original best-fit kick to test if the geometry affects the solution.
In the testing of the program, the most significant issue is due to the temperature range of the opacity
table. As the program progresses in time, the temperature of layers near or at the base of the atmosphere
increases until the temperature is greater than 2 × 105 K. The standard opacity table used in SAtlas program
has a temperature range 1000 < T < 2 × 105 and when temperatures are beyond the limits of the table the
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program crashes. The solution to this program is to build a new opacity table with a temperature maximum
between 0.5-5 × 106 K.
With a larger opacity table, the input static models may also be computed to greater depths, though this
process is challenging. The static models require conservation of radiative equilibrium at all layers which is
enforced by the temperature correction routine, see Chapter 2. However, a temperature correction operates
from the surface inwards and at large values of Rosseland optical depth, τRoss > 102 -103 the temperature correction becomes ineffective. Without radiative equilibrium operating at large depth the temperature
structure reaches a plateau instead of increasing with increasing depth. This result would be a poor input
model. To work around this problem, an additional temperature correction method is added only at large
depths under the assumption that the radiation is effectively blackbody. Thus the luminosity at these layers
is L = 4πR2 σT 4 and we can solve for the temperature correction based on the luminosity error ∆L to be
∆T BB = αT

∆L
,
4L

(4.55)

where α is an efficiency factor designed only to not change the temperature too much. In the SAtlas
program, a large correction may lead to an instability in the calculation and the program crashes. If the
program does not crash and completes the desired number of iterations, the luminosity error is significantly
reduced.
Another issue is related to the convection routine and the computation of thermodynamic quantities.
Currently the RHD programs assume a value of γ = 5/3 throughout the atmosphere, however, this is not
ideal and will bury information. The SAtlas program computes the specific heats cP and cV in the convection
routine by calculating the various thermodynamic derivatives such as (∂e/∂T ) p and (∂ρ/∂p)T among others
to compute the specific heats. In the SAtlas program, this routine works well and for the input static
models predicts sounds speeds of the order 105 -106 cm/s. However, in the RHD program the value of cV
is predicted to be much smaller by about 3-4 orders of magnitude at the surface while the value of cP is
approximately the same for both cases to within 10%. Therefore, the sound speed in the RHD program will
be unrealistically large. This problem has been dealt with by assuming γ = 5/3 everywhere but this is not a
permanent solution.
Computations have been made for a Cepheid model atmosphere with solar abundance, M = 4 M ,
L = 2862 L , and R = 59 M . The model is computed for an Rosseland optical depth of 105 corresponded to
a temperature of about 19000 K. At the large depths there is still uncertainty due to having large luminosity
error, thus the temperature of the model plateaus at large depths. The initial velocity perturbation at every
depth is 0.05 km/s. The model is left to run until it fails due to the temperature at some layer being larger
than maximum value in the opacity table. In Figure 4.1, the temperature, radius and radiative pressure is
shown for the initial static model atmosphere and the hydrodynamic model at its last timestep as a function
of gas pressure. The temperature plateau in the static model is apparent and static model ranges from
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about 3000 K to 20000 K. This model is arguable completely inappropriate for modeling pulsation as it
is just barely deeper than the Helium I ionization zone, however, it is useful for testing. The temperature
structure of the final RHD model is very different and contains three temperature inversions and one possible
discontinuity. The inversion near the surface is due to the enforced presence of a chromosphere, which
is manifested by forcing a small pressure inversion at the top layer. This practice was suggested by Dr.
Dimitar Sasselov. The two interior inversions surround a local temperature minimum at 104 dynes/cm2
corresponding to T = 104 K. This appears to be the opacity mechanism operating on the first Heium
ionization zone. The radius is shown to vary significantly with the outer layers of the atmosphere having
expanding by about 20%. There is also a jump in radius at the He I ionization zone. The radiation pressure
traces the temperature structure of the atmosphere in both the static and dynamic cases with the exception
of the surface of the dynamic model. The radiation pressure at the surface does not see the chromosphere.
The Lagrangian variables that are computed in the RHD program are shown in Figure 4.2. The mass
density is plotted as a function of gas pressure and the discontinuity is seen again at Pgas = 104 dynes/cm2 .
The mass density is increasing and is consistent the opacity mechanism operating at this layer. The velocity
is also shown but no significant velocity gradients are seen about the ionization layer. It is interesting that the
velocity for most of the atmosphere is roughly constant, suggesting that no waves have been generated in the
atmosphere. The total energy, yet again, shows the impact of the ionization zone but is also increasing with
depth below the ionization zone. This is related to the temperature increase at the base of the atmosphere.
Finally, the radius and velocity of the top layer of the model atmosphere is shown as a function of time in
Figure 4.3. The velocity is increasing almost linearly with no indication of behaving like a sinusoidal radial
velocity curve. Similarly the radius is also increasing, growing by almost 20%. This is a larger amplitude
than would be expected, however, to call this an amplitude requires assuming that the input radius is about
the mean radius of pulsation. There is no a priori reason for that to be true and it may be more reasonable to
expect that the mean radius would be larger than the input because pulsation will “puff up” the atmosphere.
The radiation hydrodynamic program has been developed significantly and is near completion. It is
expected that the program will be able to compute complete dynamic atmospheric models of Cepheids in the
near future and apply them to the interesting questions such as comparison to interferometric observations
of Cepheids.
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Figure 4.1: The comparison of the temperature, radius, and radiative pressure as a function of the gas pressure from
the initial static model atmosphere and the hydrodynamic model atmosphere after approximately 60 hours.
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Figure 4.2: The mass density, velocity and total energy of the hydrodynamic model after approximately 60 hours.
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Figure 4.3: The predicted radius and velocity at the top of the model atmosphere as a function of time for the duration
of the simulation.
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Chapter 5

The Analytic Derivation of Pulsation-Driven
Mass Loss in Cepheids
This chapter is published as:
“On the Enhancement of Mass Loss in Cepheids Due to Radial Pulsation”
Neilson, H.R., & Lester, J.B. 2008, ApJ, 684, 5691

“The answer, my friend, is blowin’ in the wind...” - Bob Dylan

5.1

Introduction

The observations of circumstellar shells surrounding Cepheids (Kervella et al., 2006; Mérand et al., 2006,
2007) have generated a new set questions regarding the structure and evolution of Cepheids and how these
shells are generated. Could these shells be relics from earlier stages of stellar evolution or are they related
to Cepheid stage of evolution? Interferometric observations, presented in Mérand et al. (2007), of the non–
pulsating yellow supergiant α Persei did not find evidence for circumstellar envelopes and suggests that the
shells are not a relic of stellar evolution but are related to Cepheid pulsation.
One possible generation mechanism for these shells is a stellar wind in Cepheids. This is not a particularly new idea, it has been suggested as a solution for the Cepheid mass discrepancy (Brunish & Willson,
1989) and there have been a number of observations that are consistent with mass loss (Deasy, 1988, for
example). Because a stellar wind is generated in the atmosphere of a star, then it is important to consider
the existence of stellar winds in Cepheids and how the winds are generates to help understand pulsation and
dynamics in Cepheid atmospheres.
1

Neilson & Lester (2008b), reproduced with permission by the American Astronomical Society
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5.2

The Driving Mechanism of Cepheid Winds

Mass loss has been studied in other types of variables stars such as luminous blue variables (Guzik et al.,
2005), asymptotic giant branch stars (Höfner, 1999), and Miras (Höfner & Dorfi, 1997). Luminous blue
variables are hot evolved stars near the Eddington limit that exhibit pulsation variations of brightness of
about 0.1 magnitudes and it is argued by Guzik et al. (2005) that these variations are pulsations generated
by iron opacities. These pulsations cause regions of the star to exceed the Eddington limit and thus eject
mass. This is not the only suggestion; Owocki & van Marle (2008) argues that outbursts might be due to
continuum opacities that are modified by differences in density at various times.
Mass loss in asymptotic giant branch stars is believed to be caused by radiation pressure on dust generated in the atmospheres of these stars. This mass loss is affected by pulsation via the injection of pulsation
energy (Mattsson et al., 2008), however the amount of mass that is ejected is strongly dependent on dust
properties in the stars, for instance Woitke (2007) found that mass loss is negligible in oxygen–rich AGB
stars where Iron and Magnesium silicates are important for absorbing radiation. The mass loss mechanism
in Miras is believed to be similar to AGB stars, the mass–loss history of the prototype of the class has been
modeled this way (Wareing et al., 2007) to explain ultraviolet observations (Martin et al., 2007).
While it may be assumed that Cepheid mass loss is related to pulsation, mass loss be have other driving
mechanisms like those implied for other variable stars. The most common mechanisms for driving a stellar
wind are: dust driving, radiative line–driving, coronal winds, and magnetic fields (Lamers & Cassinelli,
1999). Dust driving is important in stars where dust can form in the atmosphere. This leads to an increase
of the opacity of the star and radiation pressure accelerates the dust away from the star. If the dust is ionized
then the particles have a larger effective collisional cross–section and causes more material to be ejected.
Since dust must form in the atmosphere for this to be important, the star’s effective temperature must be
cooler than 2000 K; Cepheids have effective temperatures of order 4000 K – 6500 K. Dust is not a likely
factor though it can form some distance from the star where the temperature of the gas is much less when
the gas is optically thin.
Radiative line–driving has been explored thoroughly for most stars and is considered to be most important for hotter stars where carbon, nitrogen and oxygen atoms are ionized in the atmosphere causing a
larger effective collisional cross–section. The ions are accelerated by radiation and interact with other atoms
in the atmosphere, in turn accelerating them outwards. For stars with an effective temperature of order
6000 K, neon, iron, hydrogen and helium may play the role that carbon, nitrogen and oxygen play in hotter
stars (Abbott, 1982). Therefore radiative line–driving must be considered in any analysis of mass loss in
Cepheids.
To have a coronal wind, a star must have a corona where the temperature is very large. Sasselov & Lester
(1994a) and Schmidt & Parsons (1982, 1984a,b) found only weak chromospheres for Cepheids implying
there are no hot coronae; coronal driving is an unlikely source.
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The presence of magnetic fields is uncertain and controversial in Cepheids. Plachinda (2000) detected a
100 G magnetic field in η Aquilae but Wade et al. (2002) could not verify that result, inferring an upper limit
a 10 G field. However, Polaris has recently been observed to be a soft X–ray source, though this may be due
to its binary companion; far UV observations of Polaris imply the possible existence of warm winds, shocks
or magnetic activity (Engle et al., 2006). Magnetic fields seem an unlikely cause of winds in Cepheids. Thus
one needs to be concerned with only one of those four possibilities: radiative line driving.
The purpose of this study is to explore the role radial pulsation plays in driving mass loss in classical
Cepheids when coupled with radiative line–driving. Castor, Abbott, & Klein (1975), hereafter CAK, devised a method to solve for the radiation–driven wind structure of a star. Here that method is modified to
include a simple function describing additional momentum input into the wind. This chapter describes the
derivation of the CAK momentum equation for a pulsating star, including pulsation and shock physics. The
shock velocities are taken from a hydrodynamic model of δ Cephei (Fokin et al., 1996) and scaled for other
Cepheids.

5.3

Pulsation Enhanced CAK Method

Castor et al. (1975) proposed an isothermal wind model to describe the mass–loss rates and wind structures
of stars. The method is a powerful, yet simple, analytical tool for understanding the effects of radiative
line driving because it requires knowledge of only the mass, radius and luminosity of the star. The authors
assume the forces due to the radiative lines and the pressure gradient are functions of the local velocity
gradient; this results in having the conservation of momentum written in a form that can be solved for the
velocity as a function of distance from the stellar surface. The CAK wind model is the standard tool for
understanding winds in O, B, and A stars (Owocki, 2005; Watanabe et al., 2006) and possibly F and G
supergiants (Lamers & Cassinelli, 1999). A review of the analytic derivation can be found in Lamers &
Cassinelli (1999).

5.4

Derivation for Pulsation Driven Winds

One can derive the equations governing the mass–loss rate for a radially pulsating star by following the
derivation given by Lamers & Cassinelli (1999), who start with the momentum equation for the wind including the effects of continuum and radiative line driving, gravity and gas pressure,
v

dv
GM∗ 1 d p
=− 2 +
+ ge + g L .
dr
ρ dr
r
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The functions ge and gL describe the radiation force per unit mass due to electron scattering and line opacity
respectively. The expression for ge is
ge =

σ e L∗
GM∗
= 2 Γe
2
4πr c
r

(5.2)

where Γe ≡ σe L∗ /(4πcGM∗ ), and σe = σT N(e) is the electron scattering opacity as a function of the
Thomson scattering opacity and the number of electrons. The electron scattering term is clearly dependent
on the composition and temperature of the star, but for this analysis is assumed not to vary significantly. The
acceleration due to lines is found by using the Sobolov approximation; the final form is
gL = Cr
where

σe L∗ k Z
C=
4πc Z

"

−2

dv
r v
dr

!α
,

2

σe vth Ṁ
4π

#−α "

10−11 ne
W

(5.3)

#δ
.

(5.4)

The function C is treated as a constant, although this is not strictly true. The parameters α, k and δ are
force multiplier parameters calculated using model atmospheres to measure the radiative acceleration due to
lines. The values of α and δ tend to be of the order 0.5 and 0.1 respectively, while k can vary significantly:
for stars T eff < 104 K k ≈ 0.1 (Abbott, 1982; Shimada et al., 1994; Pauldrach et al., 1986). The ratio
√
of the electron density with the geometric dilution factor W(r) = (1 − 1 − R∗ /r)/2 can vary for all stars
implying C is not constant, but the ratio has the exponent δ that is small. Therefore the term to the power
δ is ignored by assuming it is approximately unity. It should be noted, however, in Cepheids the ionization
rate of hydrogen and helium is dependent on the phase of pulsation. The number density of electrons could
thus vary as a function of phase and play a small role. If the number density of electrons is increased then
the mass–loss rate that is calculated may be larger as a result, but not by more than an order of magnitude
because the term Γe is much less than unity. Also C has an explicit and implicit metallicity dependence
found from calculations on the contributions to radiative line driving for various ions as a function of gravity
and effective temperature (Abbott, 1982; Shimada et al., 1994).
The pressure term is rewritten in terms of the velocity by assuming the wind is isothermal
1 dp
2a2 dv 2a2
=−
−
,
ρ dr
v dr
r

(5.5)

where a is the isothermal sound speed. The resulting total form for the conservation of momentum is
dv
GM∗ (1 − Γe ) a2 dv 2a2
dv
v =−
+
+
+ Cr−2 r2 v
2
dr
v dr
r
dr
r

!α
.

(5.6)

Equation 5.6 does not include the effect of pulsation. Radial pulsation injects momentum into the wind
due to the acceleration of the outer layers of the atmosphere of the star. Radial pulsation also generates
shocks in the interior that propagate to the surface, depositing energy into the wind. This means there are
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two additional sources of acceleration in the atmosphere of the Cepheid. For this derivation, it is assumed
the accelerations due to pulsation and shocks are determined at the surface of the star so that they are only
a function of time and global parameters. In the wind, these additional acceleration terms are modified by
a dissipation factor, (r/R∗ )−ν where ν > 0. Therefore the sum of the acceleration due to pulsation and the
acceleration due to shocks are written as ζ(r/R∗ )−ν . The function ζ is the acceleration at the surface of the
star due to the sum of the pulsation and shocks that is written in terms of the global quantities of the star.
The function is derived in detail in the next section. The full equation for the conservation of momentum
including pulsation is
rv

dv
GM∗ (1 − Γe ) a2 dv 2a2
dv
=−
+
+
+ Cr−2 r2 v
dr
v dr
r
dr
r2

!α
+ζ

r
R∗

!−ν
.

(5.7)

Rearranging terms and simplifying, Equation 5.7 becomes
dv
C r v
dr
2

!α

!
!(2−ν)
a2 2 dv
2
2 r
− 1 − 2 r v − GM∗ (1 − Γe ) + 2a r + ζR∗
= 0.
dr
R∗
v

(5.8)

Equation 5.8 represents the quasi–static approximation of the momentum equation for the wind of a pulsating star. The differential equation can be solved in a series of snapshots where the velocity calculated is
based on the conditions of the star at the given time, however this does not change the mass–loss rate at that
instant. The mass–loss rate depends on the velocity and the density of the wind as it is ejected, but the wind
does not feed back onto the layers that generate the wind. Therefore the time averaged mass–loss rate can
be determined by this quasi–static approximation but the velocity of the wind will be unphysical near the
surface of the star. Hence only the change of the luminosity and radius and other quantities dependent on
them are considered in the problem.
Because the implicit effects of time are ignored, the differential equation can be solved in the same
manner as the non–pulsating form. From Figure 4 of Cassinelli (1979), it is clear there is only one solution
to the non–pulsating differential equation, the solution where the velocity as a function of distance from
the star satisfies both regularity and singularity conditions at some critical point, rc . It must be noted the
quantity rc is a mathematical construct for solving the differential equation and is not necessarily a physical
quantity. If F = 0 represents the momentum equation, Equation 5.8, then
!
∂F
=0
∂v0 c
!
!
∂F
0 ∂F
+ v
=0
∂r c
∂v c

Singularity Condition
Regularity Condition,

(5.9)
(5.10)

where 0 denotes the derivative with respect to r. While it may seem that using the velocity structure to determine a valid solution is contradictory with previous statements, this would be a reasonable approximation if
the star were non–pulsating. The amount of mass ejected at time t is not be affected by the amount of mass
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ejected an instant later. At that instant when the mass is ejected it has a velocity structure for a steady flow
that provides a satisfactory solution to the differential equation, though this ignores the effect of clumping.
The singular and regularity conditions become
!

α
a2 2 0
1 − 2 rc vc vc = αC rc2 vc v0c ,
vc

!
!1−ν
rc
a2
2αC  2 0 α
0
2
rc vc vc − 1 − 2 2rc vc vc + 2a + ζR∗
rc
R∗
vc
"
!
#
0
v
a2
a2
+ c αC(rc2 vc v0c )α − 1 − 2 rc2 vc v0c − 2 2 rc2 vc v0c = 0
vc
vc
vc

(5.11)

(5.12)

respectively, where one should recall dζ/dr = 0 as ζ is defined at the surface of the star.

One may now use the momentum equation and the singularity and regularity conditions to determine
the velocity and velocity gradient at the critical point by first substituting the momentum equation into the
singularity condition, and eliminating the quantity C,
rc2 vc v0c

!−1 
!(2−ν) 
 α 


r
a2
c
2
2
GM∗ (1 − Γe ) − 2a rc − ζR∗
 .
1−
=
1−α
vc
R∗

(5.13)

Combining the singularity condition with the regularity condition will determine the velocity gradient at the
critical point and using that result with Equation 5.13 one finds the velocity at the critical point
v0c

vc
=
rc


!(1−ν) 1/2


r
ζR
(2
−
ν)
∗
c
1 +
 ,
2
R∗
2a


!1−ν −1/2 


ζR∗ (2 − ν) rc
α 


= a + 1 +
R∗
1−α
2a2

!1−ν 
 GM∗ (1 − Γe )

rc
 .
× 
− 2a2 − ζR∗
rc
R∗

v2c

2

(5.14)

(5.15)
(5.16)

These two expressions give the velocity and velocity gradient at the critical point and form a starting point for
solving the momentum equation. The expression v0c is combined with the singularity condition to determine
the radiative driving constant C in terms of the radius and velocity at the critical point and various terms
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from the momentum equation
!(1−ν) −α/2
!

1 
1
ζR∗ (2 − ν) r

C=
1 +
2
α
1−α
R∗
2a
rc v2α
c


!2−ν


rc
 .
× GM∗ (1 − Γe ) − 2a2 rc − ζR2∗
R∗

(5.17)

Equating the two expressions for C, Equation 5.4 and 5.17, and using the function for the critical velocity,
Equation 5.15, yields the relation for the mass–loss rate
#1/α
!
!2−ν −1/α

4π 
σ e L∗ k Z
2
2 rc

(1 − α)
Ṁ =
GM∗ (1 − Γe ) − 2a rc − ζR∗
4πc Z
σe vth
R∗


!(1−ν) 1/2




ζR∗ (2 − ν) rc
 2 

×
r
a
1
+

c



R∗
2a2

!2−ν 
 α  



2
2 rc

.
+
GM∗ (1 − Γe ) − 2a rc − ζR∗



1−α
R∗
"

(5.18)

It is now shown the mass–loss rate of a Cepheid can be calculated by knowing the global parameters for
the star and the critical point. Lamers & Cassinelli (1999) argue that if one assumes a value for rc then the
velocity structure can be solved and the density structure can be derived from the velocity. The continuum
optical depth of the wind is calculated from the density. This lends itself to a condition for the solution of
the differential equation. The stellar surface is generally defined where the mean optical depth equals 2/3,
therefore the optical depth of the wind, given by the integration of the density and opacity from infinity to
the stellar surface, must be 2/3. The inclusion of pulsation and shocks, however, means it is not so clear this
criterion needs to be satisfied for a wind to be driven. Because there is no ideal criterion to use that will give
a clear solution, the optical depth τ = 2/3 will be used. The mass–loss rate is tested and shown to verify
that it varies only weakly for different values of the critical point; hence it is reasonable to use the integral of
the optical depth as a criterion for solving the momentum equation. Therefore at some phase of pulsation,
one can calculate the instantaneous mass loss rate by adopting a value for rc and solving the wind structure
and comparing the velocity predicted at the surface with the velocity due to pulsation; a solution is reached
when the two values match.

5.5

Defining the Acceleration Due to Pulsation and Schocks

In deriving the solution for the enhanced mass loss due to pulsation and shocks, it was assumed the function
ζ, which represents the sum of the acceleration from both pulsation and shocks, depends only on the global
parameters that describe the Cepheid, such as effective temperature, radius, amplitude of radius variation
and period of pulsation. In this section, the formulation for the acceleration will be defined and justified.
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For simplicity it is advantageous to consider a one–zone model for the radial pulsation of the Cepheid
with period P. In that case the radius of the Cepheid as a function of time is written as ∆R(t) = −∆R cos(ωt),
where ∆R is the amplitude of pulsation. The amplitudes of the nearest Cepheids are readily available from
radial velocity studies, and a list has been compiled by Moskalik & Gorynya (2005). The minus sign in
the equation defines a phase of zero to correspond to the minimum radius and ω = 2π/P is the angular
frequency of pulsation. The acceleration of the surface of the Cepheid due to pulsation is thus
apuls = d2 [∆R(t)]/dt2 = ω2 ∆R cos(ωt).

(5.19)

The luminosity varies as a function of time as well. Since there is a well–known phase lag, such that the
maximum luminosity occurs roughly a quarter period before the maximum radius, the quasi–adiabatic approximation is used to describe the luminosity such that ∆L(t) = ∆L sin(ωt). Writing the electron-scattering
opacity as a Kramer’s law to be σe ∝ ρT −3.5 , implies it too varies due to pulsation because both the temperature and density vary as a function of time. Because the temperature goes as T eff ∝ [L∗ (t)/(R∗ (t)2 ]1/4 , the
variation of the temperature is

∆T eff (t) 1 ∆L∗ (t) 1 ∆R∗ (t)
=
−
.
4 L̄∗
2 R̄∗
T̄ eff

(5.20)

In addition, the linear perturbation of the density in the one zone model is
∆ρ(t)
∆R∗ (t)
= −3
,
ρ̄
R̄∗

(5.21)

meaning the variation of the electron scattering opacity is
∆σe
5 ∆R 7 ∆L
=−
−
,
σ̄e
4 R̄∗ 8 L̄∗

(5.22)

where variables denoted with a bar are the mean values of the variable over a pulsation period. Also, because
the effective temperature will vary as a function of phase then so will the isothermal sound speed, which
goes as a ∝ T 1/2 . This defines all of the quantities that are assumed to vary due to pulsation.
The role of shocks is not as easily quantified as there is no simple method to describe the acceleration
of gas by spherically symmetric shocks. Willson (1976) and Willson & Hill (1979) develop a model for a
shock in the atmosphere of long period variables where the shock is periodic with the pulsation. However
Mathias et al. (2006) and Sasselov & Lester (1990), for example, find evidence for multiple shocks per
period. Also, while the mechanism for generating shocks is understood to be related to both the opacity
mechanism and the γ–mechanism, the strength of shocks is uncertain. An analysis of shock behavior in
δ Cephei was conducted by Fokin et al. (1996), who modeled the atmosphere of δ Cephei and traced the
difference between the post–shock velocity of the gas and the pre–shock velocity of the gas in the frame
of reference of the traveling shock as a function of the phase of pulsation. Our work uses that information
to estimate the acceleration of the gas in Cepheids due to shocks. Here it is assumed that the velocity of
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the shock itself goes to zero at the surface of the Cepheid. This assumption is justified based on evidence
that Cepheids have weak chromospheres generated by shocks (Sasselov & Lester, 1994a). Therefore the
difference between the velocity of the pre– and post–shocked gas at the stellar surface in the frame of the
shock is the same as in the rest frame. It is also assumed that the velocities in Fokin et al. (1996) are valid
in a one zone model, i.e. these velocities are at the surface of the Cepheid.
From Matzner & McKee (1999) and Klimishin & Gnatyk (1981), one can assume the pressure of the
post–shocked gas is proportional to the mean energy density
u2 =

E
,
m

(5.23)

where u, E, m represent the velocity, mean energy density and the mass of the post shock gas, respectively.
The mean energy density is roughly constant, while the mass is not. For a central explosion, such as a
supernova, one can write the mass as m ≈ ρr3 , where r is the scale of the post shock gas from the shock.
However, shocks in Cepheids are generated relatively near the surface, therefore we can write the mass as
m ≈ ρR2∗ ∆r, where ∆r is the thickness of the shock front. Thus the velocity relative to the sound speed inside
the star, c s , scales as
u
m
=Ω
cs
M∗

!−1/2

ρ4πR2∗ ∆r
=Ω
ρ̄4πR3∗ /3

!−1/2
,

(5.24)

where Ω is a constant, and ∆r is the mean free path times the pre–shock pressure divided by the change of
pressure (Zel’Dovich & Raizer, 1967),
∆r = l

p
.
∆p

(5.25)

The pre–shock pressure is c2s ρ at the surface and the change of pressure is the sound speed at the radius
where the shock is formed times the change of density. The shock is formed at the partial ionization zone,
which has the same temperature for all Cepheids. The mean free path is 1/κρ, and the opacity of the shock
is also constant. Therefore the thickness of the shock front is
∆r =

1
T eff
1 L∗1/4 R−1/2
1 r1/2
∗
=
=
,
κ∆ρ T ionization κ∆ρ L1/4 (r)r−1/2 κ∆ρ R1/2
∗

(5.26)

where the luminosity is the same at both r and R∗ , and the radius where the shock is formed is roughly
constant for all Cepheids. Thus the speed of the gas due to a shock, given by Equation 5.24, is proportional
to

1/2
u ∝ c s ρ̄R3/2
.
∗

(5.27)

Therefore the ratio of the velocity of gas for any Cepheid relative to the prototypical Cepheid, δ Cephei, is
u
c s ρ̄1/2 R3/4
∗
=
,
uδ c s,δ ρ̄1/2 R3/4
δ
δ
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Range of Phase
0 - 0.08
0.1 - 0.12
0.13 - 0.22
0.65 - 0.68
0.73 - 0.76
0.79 - 0.83
0.93 - 1

du/dφ (km/s/phase)
187
208
120
75
200
240
187

Table 5.1: The change of speed of shocked gas at the surface of δ Cephei with respect to phase of pulsation at different
phases. At any phase not within the given ranges the change of speed is zero. The data are taken from Figure 4, Fokin
et al. (1996).

where δ refers to δ Cep. The sound speed is proportional to the square root of the effective temperature
which, in turn, is proportional to the luminosity and the radius, T eff ∝ L1/4 R−1/2
. The relative shock speed is
∗
1/8
1/2
now u/uδ = (L ∗1/8 ρ̄R1/2
∗ )/(Lδ ρ̄δ Rδ ). The radius can be expressed in terms of the mean density and the

mass, R∗ ∝ ρ̄−1/3 M 1/3 while the mean density is a function of the period of pulsation ρ̄ = (Q/P∗ )2 where
Q is the pulsation constant. Fernie (1967) found that pulsation constant is not strictly constant, and actually
varies as Q ∝ P1/8 . Equation 5.28 is rewritten in terms of the luminosity, period and mass,
u
L∗
=
uδ
Lδ

!1/8

P∗
Pδ

!−7/24

M∗
Mδ

!5/12
.

(5.29)

This defines the velocity of the gas due to shocks at the surface of a Cepheid.
The acceleration of the gas is ashock = P−1 du/dφ. In terms of Equation 5.29,
ashock =

L∗
P−1
duδ
dφ
Lδ

!1/8

P∗
Pδ

!−7/24

M∗
Mδ

!5/12
,

(5.30)

where the quantities describing δ Cep are taken from the model computed by Fokin et al. (1996). The values
of du/dφ are listed in Table 5.1, where zero phase corresponds to minimum radius.
Having defined the acceleration of the gas due to shocks and pulsation, the function ζ is
P−1
L∗
ζ = ∆Rω cos(ωt) +
duδ
dφ
Lδ
2

!1/8

P∗
Pδ

!−7/24

M∗
Mδ

!5/12
,

(5.31)

where ζ is dependent only on global parameters: the amplitude of radius variation, luminosity, period, and
mass.
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5.6

Solution Space of the Wind Equation

It is important to explore the momentum equation’s parameter space before applying it to real stars. There
may be situations where the combination of parameters do not give a physical solution, which is true for the
momentum equation for static stars. There are two regions in the velocity–distance parameter space where
there are no solutions: one region is defined where the velocity is subsonic when GM∗ (1−Γe )−2a2 r < 0, the
other is when the velocity is supersonic too close to the surface of the star where GM∗ (1 − Γe ) − 2a2 r >> 0.
Cassinelli (1979) reviewed the solution space of a radiative wind. The first case is explored by analyzing
how the addition of pulsation affects the Parker point, r p (Parker, 1958), which is the distance from the star
where the effective escape velocity equals the isothermal sound speed. In the pulsating case the Parker point
is defined as
GM∗ (1 − Γe ) − 2a2 r p − ζR2∗

rp
R∗

!2−ν
= 0.

(5.32)

Second, the boundary where the wind becomes supersonic too close to the surface will be explored by
analyzing the parameter space of the critical velocity and the derivative of the critical velocity.
The Parker point is an important quantity in the radiative driving momentum equation as the wind
solution must be supersonic at a distance less than
r < rp =

GM∗ (1 − Γe )
,
2a2

(5.33)

otherwise the velocity gradient dv/dr < 0 and the v(r) would go to zero. The inclusion of pulsation adds
an extra complication since the Parker point is now defined as the solution to a polynomial equation. In the
momentum equation given by Equation 5.8, it is necessary that
F(r) = GM∗ (1 − Γe ) − 2a2 r − ζRν∗ r2−ν > 0

(5.34)

when a2 /v2 > 1. Because this function is non–linear, the Parker point is not a complete definition of the
instability, especially since it is mathematically plausible to have a solution where r p is less than the stellar
radius R∗ . The true Parker point can be defined by using F(r p ) = 0 and dF(r p )/dr < 0. The second definition
ensures F(r) is decreasing before the Parker point. This is seen if different values of ν are assumed; consider
ν = 0, 2, 3, which are the quadratic and linear cases for Equation 5.32 for the Parker point. In the linear case
of ν = 2 the Parker point is
rp =

GM∗ (1 − Γe ) − ζR2∗
.
2a2

(5.35)

In this case the Parker point is modified from the traditional definition to one that oscillates about GM∗ (1 −
Γe )/2a2 . This case does not suffer from multiple solutions, but the cases ν = 0, 3 have two solutions each,
where
for ν = 0,

rp =

177

2a2 ±

p

4a4 + 4ζGM∗ (1 − Γe )
−2ζ

(5.36)
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and
for ν = 3,

rp =

GM∗ (1 − Γe )
±
4a2

q
[GM∗ (1 − Γe )]2 − 8a2 ζR3∗
−4a2

(5.37)

respectively. These solutions highlight another potential pitfall, the term in the square root may be imaginary
depending on the phase of pulsation. In the case of ν = 0, if the phase 0.25 ≤ φ ≤ 0.75 then it is possible for
ζ < 0 when the shock acceleration is zero and the acceleration due to pulsation is less than zero. For ν = 3
the Parker point can be imaginary when the function ζ is large as is the case for short period Cepheids or
hotter evolved Cepheids. If the Parker radius is imaginary then there may not exist a wind solution at that
time as the gravity is less than the outward acceleration implying an instability in the star.
Applying the second criterion for a proper solution for the Parker point, one finds the derivative of
Equation 5.32
dF(r p )
rp
= −2a2 − (2 − ν)ζR∗
dr
R∗

!1−ν
.

(5.38)

Testing this for the case where ν = 2 the derivative is always less than zero. When ν = 0, the Parker point is
given by Equation 5.36 and substituting this result to solve for dF(r p )/dr
q
dF(r p )
= ± a4 + ζGM∗ (1 − Γe )
dr

(5.39)

implying only the negative square root in the solution for the Parker point as given in 5.37 is the true Parker
point. From Equation 5.37, it is clear the Parker point given by the positive square root is less than R∗ for
most values of ζ.
The second region of interest is based on the wind becoming supersonic too close to the surface of the
star, where the boundary is defined as the curve that is tangential to the critical velocity. Therefore Equation
5.15 can be used to analyze any instabilities. There is the obvious possible instability given by the term
{1 + [ζ(2 − ν)R∗ /2a2 ](rc /R∗ )1−ν }−1/2 . This term can be imaginary depending on the chosen value of ν and
the phase of pulsation. If this is imaginary, then both the critical velocity and the derivative of the critical
velocity is complex and the will be no real wind solution. It should be noted that this instability disappears
in the case of ν = 2, and it is possible to compute a mass–loss rate at any phase of pulsation.
The conclusion is that there exists time–dependent perturbations to the Parker point and the critical
velocities causing no real wind solutions. This is different from the non–pulsating CAK method which does
not contain any explicit pitfalls.

5.7

The Power–Law Dependence of the Pulsation and Shock Acceleration

It is important to understand the role the exponent ν plays in the pulsation term of the wind equation. The
power law is chosen to represent the dissipation of energy imparted by pulsation as particles in the wind are
accelerated outwards. The use of a power law is an approximation of the detailed physics of the dissipation
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process. Without having a firm physical determination of ν, it is necessary to determine how sensitive the
total mass–loss rate is to an adopted value of ν. One way to test the effect of ν is to derive the change of
instantaneous mass–loss rate with respect to ν. This will be done by calculating an approximation of the
instantaneous mass–loss rate and solving it for various values of ν.
The sensitivity of the instantaneous mass–loss rate with respect to ν can be measured by the quantity d ln Ṁ/dν. The mass–loss rate is given by Equation 5.18, which can be rewritten in the form Ṁ =
K1 A−1/α
(A2 + K2 A1 ); the term K1 and K2 = α/(1 − α) are constant multipliers, and A1 and A2 are the
1
respective functions of ν. The derivative of the mass–loss rate is
d ln Ṁ
1 1 dA1 dA2 /dν + K2 dA1 /dν
=−
+
dν
α A1 dν
A2 + K2 A1
where

!2−ν
rc
A1 = GM∗ (1 − Γe ) − 2a rc −
,
R∗

!2−ν 1/2


ζR∗ (2 − ν) rc
2 
 .
A2 = a rc 1 +
R∗
2a2
2

ζR2∗

(5.40)

(5.41)

(5.42)

This can be considered one term at a time; starting with A1
rc
dA1
= ζR∗
dν
R∗
and

!1−ν

rc
ln
R∗

!

#−1
"
GM∗ (1 − Γe )/rc − 2a2
1 1 dA1 ln(rc /R∗ )
=
.
−1 +
α A1 dν
α
ζR∗ (rc /R∗ )1−ν

(5.43)

(5.44)

The derivative of the second term is
dA2
a2
=−
dν
2


!(1−ν) −1/2
!(1−ν) "
!#


ζ(2
−
ν)R
r
ζR∗ rc
rc
∗
c
1 +

1 + (2 − ν) ln
.
R∗
R∗
2a2
2a2 R∗

(5.45)

Starting with the result for dA1 /dν, it can be seen that there is a large change with respect to ν if the
pulsation term is of order the effective potential, where the enthalpy term given by the isothermal sound
speed is relatively insignificant. In the limit the pulsation term is equal to the effective potential then the ratio
approaches one and the term in square brackets goes to zero. Therefore dA1 /dν → −∞ and the derivative
of the mass–loss rate will approach infinity. The terms (dA2 /dν)/(A2 + K2 A1 ) and K2 (dA1 /dν)/(A2 + K2 A1 )
can be shown to have a similar behavior. Therefore ν can have a significant effect on the mass–loss rate
depending on the combination of parameters.
While the choice of ν affects the mass–loss rate, it also affects the predicted density structure that is used
to calculate the continuum optical depth as a criterion for a solution to the momentum equation. Consider
the mass loss for a pulsating star from two different dissipation laws given by ν1 and ν2 where ν2 > ν1 .
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For the power–law ν1 there is a solution given by a corresponding critical point rc,1 , which satisfies the
Singularity and Regularity condition, Equations 5.9 and 5.10 respectively, as well as predicting a density
structure such that the continuum optical depth is 2/3. Using the critical point, rc,1 , to test the solution for
the second dissipation law given by ν2 produces a smaller mass–loss rate. At that choice of critical point,
the velocity vc is larger than that predicted for ν1 according to Equation 5.15. Similarly the derivative of the
velocity at the critical point is larger than in the case of the first dissipation law. At the star’s surface, r = R∗ ,
the dissipation law does not play a role, implying the momentum equation and the quantity v(R∗ )v0 (R∗ ) is
approximately the same for both cases. Hence there are three possibilities for the velocity at the surface: the
velocity for the second dissipation law is less than, equal, or greater than the velocity for the first dissipation
law. If the velocity given by ν2 is less, then the velocity derivative at the surface is greater, which causes
the velocity as a function of distance from the stellar surface to increase too rapidly and not satisfy the
Singularity and Regularity conditions at rc . If the velocity at the surface for ν2 is greater than or equal to
that in the first case then the density structure given by ρ ∝ Ṁ/v2 is smaller at all distances. The continuum
optical depth is less than 2/3 for the second dissipation law and thus the critical point rc that would satisfy
the second dissipation is at a larger distance from the star than the critical point in the first case. The larger
value of rc for the case of ν2 increases the mass–loss rate and acts to cancel the effect of greater dissipation.
The conclusion of these two sections is the dissipation power law will have a significant effect on density
and velocity structure but only a minor effect on the mass–loss rate. The effect on mass loss due to dissipation
given by the power law is cancelled by forcing a different value of the critical point to satisfy the requirement
that the continuum optical depth of the wind is 2/3. So far, the dissipation exponent ν has been treated as
a variable where specific cases have been explored, ν = 0, 2, 3. The results show that ν, while not greatly
affecting the mass–loss rate, causes complications regarding the Parker point, r p , except for the case of
ν = 2. Therefore, to avoid those pitfalls, the mass loss of pulsating winds will be treated with the dissipation
law given by ν = 2.

5.8

Comparison of Pulsating and Non–Pulsating Winds

It is useful to compare the instantaneous mass–loss rate at some phase of pulsation to the mass–loss rate
predicted by only radiative driving in a simple case. In this case, one can consider the region of the wind
where v >> a, ignoring terms of the order a2 /v2 and assuming the term 2a2 r << GM∗ (1 − Γe ) − ζR2∗ (again
ν is assumed to equal 2). These assumptions still allow the solution to probe most of the subcritical region
r < rc as well as the supercritical region r > rc to large r (Lamers & Cassinelli, 1999), but does limit the
solution from describing the case where the GM∗ (1 − Γe ) − ζR2∗ ≈ 0. Thus it is possible to rewrite Equation
5.13 as
rc vc v0c ≈

 α h
i
GM∗ (1 − Γe ) − ζR2∗ .
1−α
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If it is assumed that the right hand term, over the range specified, does not vary then rc vc v0c is approximately
constant meaning rvv0 is constant over that range. Therefore the velocity structure of the wind ejected at
some instant can be approximated as
v =
2

v2c

 α h
i 1 1!
2
+2
GM∗ (1 − Γe ) − ζR∗
− .
1−α
rc r

(5.47)

Furthermore the term v2c can be replaced with the approximate form of Equation 5.15, such that the velocity
as a function of r is
 α  (" GM (1 − Γ ) ζR2 #
h
i 1 1 !)
∗
e
∗
2
−
+ 2 GM∗ (1 − Γe ) − ζR∗
−
v =
.
1−α
rc
rc
rc r
2

(5.48)

Rearranging and solving for rc at the surface r = R∗ and taking v(R∗ ) ≈ a

−1
1 − α a2 
3 
rc = R∗ 1 +

2
α v2esc,eff 

(5.49)

where v2esc,eff = GM∗ (1 − Γe )/R∗ − ζR∗ . This result is similar to the solution of the critical radius for radiative
driving from Lamers & Cassinelli (1999), except the escape velocity is different.
When the function ζ is greater than zero then the effective escape velocity for the pulsating case is smaller
than the escape velocity when there is no pulsation implying rc in the case of pulsating stars is smaller than
the critical point for no pulsation. Therefore in the quasi–static pulsating limit one would expect the wind
to have a larger acceleration than in the case of only radiative driving. The instantaneous mass–loss rate in
the approximate case, using the assumptions given above with Equation 5.18, is
σe L∗ k Z
Ṁ =
(1 − α)
4πc Z

!1/α

!
i1−1/α
4π  α  h
GM∗ (1 − Γe ) − ζR2∗
.
σe vth 1 − α

(5.50)

Relative to the approximate mass–loss rate due to radiative driving only, the ratio of mass–loss rates is
Ṁpuls
Ṁrad

σe (t)
≈
σ̄e
"

#−1+1/α "

L∗ (t)
L̄∗

#1/α

vth
v̄th

!−1 "
1−

ζR2∗
GM∗ (1 − Γe )

#1−1/α
,

(5.51)

where the quantities denoted with a bar are time averaged over one period of pulsation. It is interesting to
note the instantaneous mass–loss rate scales directly with the variations of luminosity to the power of 1/α,
and the electron scattering opacity to the power −1+1/α and inversely with the square root of the temperature
through the thermal velocity. More important is the last term in square brackets containing the ratio of the
acceleration due to shocks and pulsation and the effective gravitational acceleration. The exponent 1 − 1/α
is less than zero as α is of order 1/2, meaning as ζ becomes larger so will the instantaneous mass–loss rate.
Furthermore it is clear when ζ is of order the effective gravity the mass–loss rate goes to infinity; however,
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this regime violates the assumption 2a2 r << GM∗ (1 − Γe ) − ζR2∗ . Still this does illustrate the non–linear
behavior of the mass–loss rate due to the added effects of pulsation and shocks.

5.9

Conclusion

The pulsation–enhanced version of the CAK method for calculating the mass–loss rates and velocity structures of winds around Classical Cepheids is a useful tool for testing the impact of mass loss on the structure
and evolution of these stars. The method is also applicable to other radially puslating stars such as RR Lyrae,
RV Tauri, and R Coronae Borealis stars, to name a few.
In the next chapters, the pulsation–driven mass–loss theory is applied to samples of observed and theoretical model Cepheids to quantify the importance of mass loss. In Chapter 7 the theory is applied to other
pulsating variable stars to explore the propensity of mass loss on the instability strip of the H–R Diagram.
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Chapter 6

Predicting Mass–Loss Rates of Galactic
Cepheids
This chapter is published as:
“On the Enhancement of Mass Loss in Cepheids Due to Radial Pulsation”
Neilson, H.R., & Lester, J.B. 2008, ApJ, 684, 5691

“I think there should be a law of Nature to prevent a star from behaving in this absurd way!” Sir Arthur Eddington

6.1

Introduction

Having derived a analytic method for predicting mass loss in Cepheids in the previous chapter, we wish to
apply it to observed Galactic Cepheids and compare the results to observations of infrared excess and mass–
loss rates. The Cepheid instability strip spans a large range of mass, radius and luminosity, so to understand
the role of mass loss, it is necessary to have a significant number of Cepheid models and observations. That
information can be used to calculate mass–loss rates across the instability strip and probe how mass loss
evolves with time. The circumstellar shells that have been observed can be modeled as material from the
wind that condenses to dust when the temperature reaches approximately 1500 K, as mentioned by Kervella
et al. (2006). The dust would absorb light and re-emit isotropically, some of the radiation is toward the
observer and thereby causing a flux excess at near infrared and longer wavelengths.
To calculate mass–loss rates using the modified version of the CAK method, it is necessary to know
the following parameters: the radius, amplitude of radius variation, luminosity, amplitude of luminosity
variation, mass, and the period, along with the metallicity. Furthermore the values of α and k are needed
1

Neilson & Lester (2008b), reproduced with permission by the American Astronomical Society
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Name
R TrA
RT Aur
BF Oph
V Vel
T Vul
V482 Sco
S Cru
AP Sgr
V350 Sgr
δ Cep
V Cen
Y Sgr
RV Sco
S TrA
AW Per
BB Sgr
AT Pup
V Car
U Sgr
V496 Aql
X Sgr
U Aql
η Aql
W Sgr
RX Cam
W Gem
U Vul
GH Lup
S Mus
S Nor
β Dor
ζ Gem
XX Cen
RX Aur
TT Aql
X Cyg
Y Oph
VY Car
RZ Vel
T Mon
l Car
U Car
RS Pup
SV Vul

Period(d)
3.388
3.724
4.064
4.375
4.436
4.529
4.688
5.058
5.152
5.370
5.495
5.768
6.067
6.324
6.456
6.637
6.668
6.699
6.745
6.808
7.014
7.031
7.178
7.603
7.907
7.907
7.998
9.268
9.660
9.750
9.840
10.139
10.965
11.614
13.740
16.368
17.139
19.011
20.417
27.040
35.563
38.726
41.400
44.978

MV
-2.74
-2.86
-2.97
-3.06
-3.08
-3.11
-3.15
-3.25
-3.27
-3.32
-3.35
-3.41
-3.47
-3.53
-3.55
-3.59
-3.59
-3.60
-3.61
-3.62
-3.66
-3.66
-3.69
-3.76
-3.81
-3.81
-3.82
-4.01
-4.06
-4.07
-4.08
-4.12
-4.22
-4.29
-4.51
-4.73
-4.78
-4.91
-5.00
-5.36
-5.70
- 5.81
-5.90
-6.00

∆V
0.561
0.803
0.636
0.689
0.643
0.652
0.690
0.832
0.705
0.838
0.804
0.725
0.824
0.768
0.812
0.597
0.904
0.601
0.717
0.349
0.590
0.757
0.799
0.805
0.729
0.822
0.718
0.192
0.500
0.640
0.630
0.480
0.924
0.664
1.082
0.986
0.483
1.065
1.181
1.028
0.725
1.165
1.105
1.054

Radius (R )
25.3
35.1
34.5
32.8
38.2
44.4
42.1
44.0
47.8
41.6
45.3
50.0
47.7
39.2
47.3
40.3
45.4
40.6
51.4
45.5
49.8
54.7
54.9
63.3
76.0
50.7
56.5
58.2
71.3
66.4
64.4
64.9
57.8
63.4
95.8
118.1
93.5
108.9
111.7
130.6
183.7
162.2
197.7
235.5

∆R/R
0.074
0.103
0.101
0.116
0.100
0.103
0.108
0.110
0.110
0.116
0.119
0.120
0.102
0.106
0.118
0.097
0.120
0.094
0.115
0.067
0.093
0.116
0.121
0.121
0.120
0.126
0.098
0.040
0.109
0.119
0.118
0.099
0.140
0.122
0.196
0.216
0.080
0.220
0.243
0.230
0.191
0.238
0.246
0.246

Mass (M )
2.4
4.7
3.9
3.1
4.5
6.4
5.3
5.3
6.3
4.2
5.0
6.0
4.9
2.8
4.4
2.8
3.8
2.8
5.1
3.7
4.4
5.6
5.5
7.2
10.8
3.9
5.0
4.3
6.8
5.6
5.1
5.0
3.3
3.8
8.5
11.1
5.8
7.3
7.0
6.8
10.7
6.9
10.3
14.2

Teff (K)
6470
5640
5840
6110
5690
5320
5510
5510
5320
5800
5820
5370
5570
6230
5700
6230
5870
6220
5540
5900
5720
5440
5510
5200
4770
5840
5550
5710
5220
5420
5550
5590
6020
5840
5020
4760
5410
5140
5210
5230
4780
5200
4820
4520

Table 6.1: Data for modeling the mass–loss rate behavior of Cepheids. See text for description and references.
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Name
R TrA
RT Aur
BF Oph
V Vel
T Vul
V482 Sco
S Cru
AP Sgr
V350 Sgr
δ Cep
V Cen
Y Sgr
RV Sco
S TrA
AW Per
BB Sgr
AT Pup
V Car
V496 Aql
X Sgr
U Sgr
U Aql

Ṁpuls (M /yr)
4.9 × 10−10
2.3 × 10−8
5.4 × 10−10
1.3 × 10−8
1.3 × 10−10
1.0 × 10−10
2.1 × 10−10
1.5 × 10−10
1.2 × 10−10
3.6 × 10−10
1.7 × 10−9
1.9 × 10−10
9.3 × 10−11
2.3 × 10−10
1.8 × 10−10
2.1 × 10−10
2.4 × 10−10
2.0 × 10−10
1.0 × 10−10
1.2 × 10−10
1.4 × 10−10
1.3 × 10−10

Ṁrad (M /yr)
1.2 × 10−11
7.5 × 10−12
1.1 × 10−11
1.7 × 10−11
1.2 × 10−11
9.0 × 10−12
1.2 × 10−11
1.4 × 10−11
1.2 × 10−11
2.3 × 10−11
2.7 × 10−11
1.7 × 10−11
2.4 × 10−11
5.0 × 10−11
3.2 × 10−11
5.7 × 10−11
4.1 × 10−11
5.8 × 10−11
4.5 × 10−11
4.1 × 10−11
3.1 × 10−11
3.1 × 10−11

Name
η Aql
W Sgr
RX Cam
W Gem
U Vul
GH Lup
S Mus
S Nor
β Dor
ζ Gem
XX Cen
RX Aur
TT Aql
X Cyg
Y Oph
VY Car
RZ Vel
T Mon
l Car
U Car
RS Pup
SV Vul

Ṁpuls (M /yr)
1.8 × 10−10
1.3 × 10−10
8.4 × 10−11
3.0 × 10−10
1.3 × 10−10
1.4 × 10−10
1.4 × 10−10
2.0 × 10−10
2.4 × 10−10
2.2 × 10−10
7.3 × 10−10
4.6 × 10−10
8.0 × 10−9
7.7 × 10−8
5.1 × 10−10
4.7 × 10−9
3.7 × 10−8
5.5 × 10−9
2.4 × 10−9
1.0 × 10−8
6.5 × 10−9
4.8 × 10−9

Ṁrad (M /yr)
3.6 × 10−11
3.0 × 10−11
2.0 × 10−11
6.2 × 10−11
4.8 × 10−11
8.3 × 10−11
5.6 × 10−11
7.0 × 10−11
8.3 × 10−11
9.5 × 10−11
1.7 × 10−10
1.7 × 10−10
1.1 × 10−10
1.3 × 10−10
3.0 × 10−10
2.8 × 10−10
3.8 × 10−10
8.1 × 10−10
9.9 × 10−10
2.0 × 10−9
1.6 × 10−9
1.3 × 10−9

Table 6.2: Predicted mass–loss rates for Cepheids using shock and pulsation dynamics along radiative driving and
assuming only radiative driving.

for radiative driving. These parameters are based on the effective temperature and gravity of the star. For
this work the parameters chosen are: α = 0.465 and k = 0.064 from the analysis of Abbott (1982). These
values are used for models with temperatures ranging from 4600 K to 6000 K. There is a lack of parameters
calculated at effective temperatures less then 6000 K, but α and k are not likely to vary much since the
main elements that drive the mass loss radiatively are iron, neon and calcium as well as contributions from
hydrogen and helium remain the same (Lamers & Cassinelli, 1999). Molecules may play a small role as
molecular opacities are important in AGB star winds, T eff ≈ 3000 K (Helling et al., 2000), but they are
ignored in this analysis.
The amplitude of the radius variation can be determined by integrating the radial velocity profile over
one period. Moskalik & Gorynya (2005) compiled a list of viable interferometric targets and calculated the
amplitudes of radius variation. The Cepheids on this list that pulsate in the fundamental mode are used here.
Since all of the Cepheids in the sample are galactic stars the metallicity is assumed to be solar, Z = 0.02,
consistent with the shock model from Fokin et al. (1996). Recently, Asplund et al. (2005) have suggested
that the solar metallicity might be Z = 0.012, This downward revision is being questioned because it is
incompatible with helioseismology. It is unclear how the lower metallicity would affect the shock structure in
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the atmosphere of a Cepheid, although if one increases the hydrogen and helium abundances then the shocks
generated in the hydrogen and helium ionization fronts might have more energy. An obvious consequence of
a lower metallicity is seen in Equation 5.50, where the mass–loss rate explicitly depends on the metallicity,
and would lead to the mass–loss rate at lower Z being 1/3 the mass–loss rate at Z = 0.02. However, it
is shown other parameters affect the mass loss more significantly. The radius, luminosity and luminosity
variation are found in the David Dunlap Observatory Catalogue of Galactic Classical Cepheids (Fernie
et al., 1995). The effective temperature iscalculated from the mean luminosity and radius while the mass is
calculated using the Period–Mass–Radius relation from Gieren (1989) and Fricke et al. (1972):
M∗ = [40P(days)]−1.49 (R∗ /R )2.53 M .

(6.1)

The properties of the observed Cepheids are listed in Table 6.1 and the computed mass–loss rates are listed
in Table 6.2.

6.2

The Dependence of Mass Loss on the Wind Boundary Conditions

The first test is to compare the sensitivity of the pulsation mass loss to the value of the critical point, rc . If
the mass loss varies significantly as a function of rc for a given set of parameters then the predicted mass–
loss rate will strongly depend on the criterion that the continuum optical depth of the wind be 2/3. The
continuum optical depth is shown in Figure 6.1 (Left) as a function of the critical point, rc , for two Cepheids
in the sample, l Car and δ Cep at minimum radius. The continuum optical depth varies between 0.1 and 1
over a small range of critical points, for δ Cep the range is approximately 0.5R∗ and for l Car it is about
1.5R∗ . Over the two ranges of critical points, the mass–loss rates vary only about a factor of 2 and 3 as
shown in Figure 6.1 (Right). Therefore, the predicted mass–loss rate of a Cepheid is not sensitive to the
criterion requiring the continuum optical depth of the wind to be 2/3.

6.3

Predictions of Mass–Loss Rates of Observed Cepheids

In this section the predicted mass–loss rates, where the wind is driven by the combination of pulsation
and shocks, are presented. As a reference, mass–loss rates for this set of observational data are predicted
assuming a static stellar surface and the only driving mechanism is radiative with pulsation terms ignored.
In Figure 6.2, the mass–loss rates are plotted as a function of pulsation period. The linear relation in the
Log–Log plot is striking, if one considers the equation for mass loss in the CAK method in the approximate
case given in Section 2 and ignoring pulsation, then
!
1
1
1
log Ṁ ≈ 1 −
log M∗ + log L − log T eff + Const.
α
α
2
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Figure 6.1: (Top) The predicted continuum optical depth of the wind for δ Cep and l Car at minimum radius. The
horizontal lines highlight the regime where the τ is of order 2/3. (Bottom) The predicted mass–loss rate for δ Cep and
l Car at minimum radius. The rates do not vary significantly with rc .
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Figure 6.2: The predicted mass–loss rates for Cepheids in the quasi–static approximation using radiative driving as
the only mechanism for generating the wind.

The mass can be written in terms of the period and radius via Equation 6.1 and the radius is a function
of the effective temperature and luminosity, R ∝ L1/2 T −2 . Furthermore the effective temperature can be
represented by the color (B − V)0 using the transform from Fry & Carney (1999). The radiative driven mass
loss is thus
log Ṁrad (M /yr) = −14.047 + 0.695 log L(L ) − 0.574(B − V)0 + 1.71 log P(d).

(6.3)

The luminosity can be eliminated using a Period–Luminosity–Color relation from di Benedetto (1995) to
obtain an ṀPC relation for the radiative driven mass–loss rates for specific Cepheids,
log Ṁrad = −12.11 + 2.69 log P − 1.16(B − V)0 .

(6.4)

This relation is for specific Cepheids but to understand the apparent relation of radiative mass loss as a function of period in Figure 6.2, we wish to eliminate the color dependence to derive a statistical representation
of the mass–loss rate. Returning to Equation 6.3, the luminosity and the color can be eliminated by using
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Period–Luminosity and Period–Color relations from Tammann et al. (2003) yielding
log Ṁrad = −12.45 + 2.27 log P.

(6.5)

This relation is a theoretical derivation of the radiative driven mass–loss rates for the statistical sample of
galactic Cepheids based on best-fit Period–Luminosity and Period–Color relations.
Performing a least squares fit on the predicted radiative driven mass–loss rates as a function of the period
as shown in Figure 6.2, one finds
log Ṁrad (M /yr) = 2.1 log P(d) − 12.2.

(6.6)

The two relations differ but this is to be expected. The derived result ignores the contributions due to continuum radiative driving and assumes that GM∗ >> a2 r. The best fit relation will have statistical uncertainties
as the majority of the Cepheids examined have periods P < 10d. Therefore the best–fit and derived relations for the radiative driven mass–loss rate as a function of period agree and provide a rough lower limit
for the mass–loss rates of Cepheids. Furthermore this best–fit relation is equivalent to a Reimer’s relation
Ṁ = ηL∗ R∗ /M∗ (Reimers, 1977), where all quantities are in solar units and time is in years. The standard
value is η = 10−13 ; for Cepheids this would predict mass–loss rates much larger than found here using the
CAK method. Fitting this relation to the radiative driving mass–loss rates determined here, one finds a value
of η ≈ 4.4 × 10−15 . Although the η values differ by a factor of 20, the Reimer’s relation does not apply to
Cepheids.
The second step is to compute the mass–loss rates of Cepheids assuming the contribution from shocks is
zero and the wind is accelerated by momentum from pulsation and radiation. The result is shown in Figure
6.3 (Left) where the mass–loss rates due to pulsation but not shocks are plotted alongside the mass–loss
rates from radiative driving only. The comparison shows the pulsation does not greatly enhance the mass
loss and the result is further highlighted in Figure 6.3 (Right) where the ratio of the two mass–loss rates is
also shown. Pulsation does amplify the mass–loss rates but it is a 50% effect at most, which will not produce
significant mass loss. The result is not surprising if one considers Equation 5.51 and replaces ζ with just
ω2 ∆R. Cepheid pulsation can be approximated as a linear perturbation implying the acceleration due to
pulsation is much smaller than the gravity of the Cepheid. In that case, the ratio of pulsation mass–loss rates
to the radiatively driven mass–loss rates is close to unity. Therefore it is necessary to consider the effect of
shocks on the wind.
When the terms describing the shocks and pulsation are included in the calculation, the mass–loss rates
change dramatically. This can be seen in Figure 6.4 (Left) where the pulsation mass loss is plotted as a
function of period. The mass–loss rates do not follow a simple relation such as a Ṁ−P relation for radiatively
driven mass loss or a Reimer’s relation. Some Cepheids have very large mass–loss rates compared to other
Cepheids, which can be understood from the approximate version of the mass–loss rate, Equation 6.1. The
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Figure 6.3: (Top) The mass–loss rates for Cepheids using the combination of radiative driving and pulsation but
ignoring shocks to generate the wind plotted with the mass–loss rates from only radiative driving for comparison.
(Bottom) The ratio of the mass–loss rates computed using pulsation and that using only radiative driving. Accelerating
the wind via pulsation does not effect the mass loss significantly by . 50%. The mass loss is more enhanced for
Cepheids with period > 10 days is due to the combination of larger amplitudes of radius variation on average and
lower gravity.
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Figure 6.4: (Top) The mass–loss rates for Cepheids using the combination of radiative driving, pulsation and shocks
to generate the wind. The dotted line is the least square fit to the radiative driven mass–loss rates shown in Figure
6.2. (Bottom) A comparison of the mass–loss rates computed using pulsation plus shock effects and that using only
radiative driving. The wind is strongly enhanced for some Cepheids with the largest enhancement being a factor of
approximately 750 and the smallest about 1.7 times.
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enhanced mass–loss rate, shown in Figure 6.4 (Right), depends on (1 − ζ/g)−1 if one assumes α ≈ 1/2,
where g is the gravity of the star; the term is maximized when either ζ is large or g is small. The gravity
is smallest when the Cepheid is at maximum expansion, φ = 0.5, but the acceleration due to pulsation is at
a minimum and the shock amplitude is zero. Therefore ζ at this phase, is acting to decrease the mass–loss
rate. The pulsation plus shock function, ζ, is largest at minimum radius where the shock amplitude is large
and the acceleration due to pulsation is maximum, meaning both effects contribute. The sum of the two
accelerations, which act at similar magnitudes, and the fact that the pulsation depends on the amplitude ∆R
implies there is no simple formula for the mass–loss rate.
Only some Cepheids have a dramatic enhancement of mass loss, implying there are restricted regions in
the instability strip where Cepheids are more susceptible to lose mass. Figure 6.5 (Left) shows the location
of the Cepheids modeled here with the size of the symbols representing the amount of mass loss. The plot
shows that larger Cepheids existing in the upper part of instability strip exhibit higher mass–loss rates, as
would be expected from the calculations of radiative driving. It is also interesting that the few short period
Cepheids with high mass–loss rates are scattered along the effective temperature axis but have consistently
lower luminosity, which could be a result of a lower mass and short period contributing to lower gravity
and higher pulsation plus shock acceleration respectively. Figure 6.5 (Right) shows the Cepheids on the HR
diagram but with the point sizes now representing the amount of mass loss enhancement. The results are
striking; there appears to be two bands where the mass loss is enhanced. This may imply the mass loss may
be related to which crossing of the instability strip the Cepheid is making.

6.4

Uncertainty Analysis of Modified CAK Method

There are many sources of uncertainty in this analysis. The most important source is the mass for each
Cepheid, based on a Period–Mass–Radius relation, which has scatter. Deviations of the mass in the relation
to the observed values are important. Consider the Cepheid S Mus, for which a mass of 6.8M is used here;
however Evans et al. (2006) find S Mus has a mass of 6.0 ± 0.4M . It is clear from Equation 5.51 that a
lower mass will increase the rate of mass loss if all other parameters remain the same. One can test the
dependence of the mass–loss rate on the mass of the Cepheid by calculating a set of models with varying
mass and holding all other parameters the same. The effect is shown in Figure 6.6 for S Mus, ranging the
mass from 5.6M to 6.8M . For the larger masses the mass–loss rate is not sensitive to the mass, at 6.8M ,
Ṁ = 1.4×10−10 M /yr and increases by only a factor of five at 6.0M . At lower masses, however, the mass–
loss rate exhibits a non–linear dependence on the mass increasing by two orders of magnitude from M = 6.0
to M = 5.6M . Therefore when the mass–loss rates are large, it is important to have strong constraints on
the mass. The analysis also suggests the potential for run-away mass loss, where the mass loss dominates
the evolution of the Cepheid. We discuss this possibility is Section 6.7.
The uncertainty in the calculation may be quantified by considering the analytic derivation of the error
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Figure 6.5: The observed Cepheids plotted on a Cepheid instability strip of the HR diagram where the dashed lines represent approximate boundaries. (Top) The size of the circles represent the calculated mass–loss rates for the Cepheids
and (Bottom) the size of the squares represent the ratio of the pulsational mass loss and the radiative driven mass
loss. All of the brighter Cepheids, log L/L ≥ 3.7, have large mass–loss rates, while this is true for only a few of the
less bright Cepheids but only a fraction of the luminous Cepheids have their mass loss significantly increased due to
pulsation and shocks.
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Figure 6.6: The predicted mass–loss rate for S Mus found by holding all necessary parameters describing the Cepheid
constant except for the mass, which is allowed to vary.

of the pulsation–driven mass–loss rate based on Equationq
5.18, simplified by assuming the quantities a2 rc
P
2 2
and Γe are insignificant. Writing the error as ∆F(xi ) =
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In this equation, it is also assumed that the uncertainty of the period and amplitude of luminosity variation
is negligible. The uncertainty of the function ζ is given by
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(6.8)

Upon considering the third term of Equation 6.7, the uncertainty of the mass–loss rate is inversely dependent
on the balance of forces GM∗ − ζR2∗ . It was shown in Section 2 that the pulsation driven mass–loss rate is
large when the balance of forces is small and likewise σ Ṁ / Ṁ is also inversely proportional to the balance
of forces. This implies that when the mass–loss rate is large due to pulsation and shocks then the error is
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Name
RS Pup
l Car
R TrA
S Mus
δ Cep
η Aql
T Mon

Ṁ(M /yr)
3.5 × 10−6
2 × 10−8
3 × 10−9
< 10−9
< 5.5 × 10−9
< 6.1 × 10−9
< 4.2 × 10−8

Reference
Deasy (1988)
Böhm-Vitense & Love (1994)
McAlary & Welch (1986)
Rodrigues & Böhm-Vitense (1992)
Welch & Duric (1988)
Welch & Duric (1988)
Welch & Duric (1988)

Table 6.3: The inferred mass–loss rates of various Cepheids from the literature.

even larger. In this case, the uncertainty may be larger by more than an order of magnitude depending on
the uncertainty of the mass, radius, luminosity, and amplitude of radius variation. The uncertainty in the
effective temperature is not a significant source of error. This implies that the calculation is very sensitive
to the values of the parameters used and reiterates the need for more precise values of mass, as well as
luminosity and radius.
In this work, the uncertainty of the luminosity is about 10%, the uncertainty of the mass is about 25%
to account for the error in the PMR relation, and the uncertainty of the amplitude of variation of radius is
about 5% based on the uncertainty of the projection factor (Nardetto et al., 2007). The uncertainty of the
effective temperature is ±200K while the uncertainty of the radius is calculated from the luminosity and
effective temperature errors. The fractional error of the pulsation driven mass–loss rate is shown in Figure
6.7 (Left) as a function of period and the mass–loss rates are plotted as a function of period with error bars
in the right panel. This shows that the error of the mass loss is sensitive to the balance of gravity, and
the uncertainty of the mass and luminosity has little effect unless they are at least an order of magnitude
less. This reiterates the importance of the balance of forces in determining the mass–loss rates. While
the uncertainties of the predicted values of the mass–loss rates are large in some cases, the observational
determinations of mass–loss rates (as shown in the next section) also have large uncertainties.

6.5

Comparison to Observed Mass–Loss Rates

There have been only a small number of measurements of mass–loss rates for Cepheids. There are two main
methods: observing the near and mid–infrared flux excess from dust and using that to determine mass loss,
or from emission lines inferring large velocities and particle densities to measure mass loss. The Cepheids
with estimated mass–loss rates that are coincident with those used in this work are listed in Table 6.3.
By comparing the measurements with the predicted mass–loss rates including pulsation and shocks, it is
apparent the predictions are lower than the measured rates by about a factor of 10, except for RS Pup which
is a several orders of magnitude different.
For the case of l Car, Böhm-Vitense & Love (1994) used ultraviolet spectra to detect emission lines of
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Figure 6.7: (Top) The fractional errors of the pulsation driven mass-loss rates for the sample of galactic Cepheids as a
function of period. (Bottom) The mass–loss rates of the Cepheids as a function of period with errors calculated using
Equation 6.7 added. The errors appear related to the enhancement of the mass loss due to pulsation and shocks and
the plot shows that uncertainty of the mass–loss rate has a similar non–linear behavior as a function of mass as the
mass–loss rate which is shown in Figure 6.6.
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C II, C IV, Mg II and O I. They argued carbon emission lines provide evidence for mass loss because they
require velocities of order 100 km/s to form, which is the same order of magnitude as the escape velocity.
The Mg II lines are seen to have two emission components surrounding a broad central absorption profile
that is relatively constant with pulsation phase. The width of the central absorption profile of magnesium
lines is believed to be a result of circumstellar material or interstellar material or both. Böhm-Vitense & Love
(1994) use the velocities inferred from the lines to calculate an optical depth for the absorption shell and thus
a column density. The column density depends on the choice of the turbulent velocity, and the uncertainty
in the turbulent velocity causes an exponential change in the estimate of the column density; for this reason
Böhm-Vitense & Love (1994) argued the mass–loss rate was uncertain by two orders of magnitude. Because
Böhm-Vitense & Love (1994) used a value for the turbulent velocity near the lower limit, their mass–loss
rate is an upper limit. The mass loss derived by these authors depends also on the distance to l Car, which
was taken to be d = 400 pc. However, recent parallax measurements (Benedict et al., 2007) suggest l
Car is about 500 pc away, thus lowering this upper limit as well. Given these qualifications, the value of
the mass–loss rate predicted here, 2.4 × 10−8 M /yr, is consistent with the result of Böhm-Vitense & Love
(1994).
IUE observations of S Mus (Rodrigues & Böhm-Vitense, 1992) showed features in the absorption profile
due to the Cepheid, its B5V companion and possibly the wind from the Cepheid. The authors modeled the
line profile by assuming a velocity law for the wind, which they assumed to be spherically symmetric and
unperturbed by either pulsation or the companion. Using a β–law for the wind, v∞ (1 − R∗ /r)β , gives a mass–
loss rate of approximately 1.1 − 1.3 × 10−10 M /yr by fitting the observed absorption profile. Using different
velocity laws, such as exponential and power–laws, had a dramatic effect on the mass–loss rate, with the
maximum estimate being 2.5 × 105 times larger than the minimum estimate. The result from using the β–law
alone is uncertain by a factor of about 6 according to the authors, due to issues of fitting the continuum and
the assumed abundances for the system. Therefore the result is an optimistic upper limit. The important
conclusion is that our predicted mass loss is small like the observed value, though both may be wrong if the
lower limits of the mass determined by Evans et al. (2006) is the true value of the mass as shown in Figure
6.6. The mass–loss rate will still be consistent with that calculated by Rodrigues & Böhm-Vitense (1992).
McAlary & Welch (1986) used IRAS observations to detect Cepheids and found modest infrared excess
in several. By assuming the infrared excess is due to dust that formed in a stellar wind, the authors estimated
mass–loss rates of the order 10−9 − 10−8 M /yr and worked out the case of R TrA. The calculated mass–loss
rate for R TrA is 4×10−9 M /yr, about a factor of 9 greater than that found here. One of the differences in the
mass–loss calculation may be due to differences in the choice of stellar radius and temperature, McAlary &
Welch (1986) used a larger radius and smaller temperature. A larger radius will affect the calculated density
of the shell while the smaller temperature will predict a larger flux excess. Therefore the two estimates for
the mass–loss rate of R TrA are probably consistent.
Analysis of IRAS observations was repeated by Deasy (1988) who found mass–loss rates consistent
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with the previous work. Furthermore Deasy (1988) derived a mass–loss rate from the geometric structure
of the surrounding nebula for RS Pup. The observations of Havlen (1972) showed the reflection nebula was
associated with the Cepheid and modeled the nebula as a set of four concentric dust shells, each having a
mass of 0.05–0.1M . By assuming a velocity for the stellar wind, it is possible to determine a timescale
for the shells, but the timescale of the innermost shell is much longer than for the others. This implies the
existence of an undetected shell based on the argument the shell timescales are related to the crossing time
of a Cepheid on the instability strip. The mass–loss rate is approximated by the dust mass of the shell and
the lifetime of the crossing of the instability strip. By assuming a shell mass based on the spacing of shells,
the mass of the innermost shell may be overestimated, especially as it has not been detected and the shell is
still being generated. Therefore the estimate is a measure of the upper limit of the mass–loss rate.
Welch & Duric (1988) observed a sample of Cepheids at radio wavelengths to measure mass–loss rates.
They modeled an ionized wind at temperatures of order 104 –105 K. The mass–loss rate is not sensitive to
this assumption. The authors also assume a wind velocity of order 100 km/s, which is not necessarily true.
The value is chosen because the observed components of the wind must exist at a radius greater than 4R∗ ,
meaning a lower wind velocity can be used if the components are older and have moved a further distance
from the star. There is also systematic uncertainty about the choice of distances to these Cepheids; parallax
measurements indicate a difference of order 20–30% (Feast & Catchpole, 1997; Benedict et al., 2002, 2007).
The mass–loss rates are consistent, although the model devised by Welch & Duric (1988) is different than
the one used here.
The main conclusion to be drawn from these observed mass–loss rates is they are upper limits, with large
uncertainties. These upper limits are orders of magnitude larger than the predicted mass–loss rates derived
by assuming only radiative–driving, implying there must be additional driving forces, lending credence to
the pulsation + shock mechanism described in this work.

6.6

Model Infrared Excess

The works of McAlary & Welch (1986) and Deasy (1988) both discuss the infrared flux excess of Cepheids
in the IRAS bands. Kervella et al. (2006) and Mérand et al. (2006, 2007) discovered excess K–band flux
using interferometry, and Evans et al. (2007) discuss using the Spitzer Space Telescope to search for IR
excess. Predictions of infrared excess provide a useful test of the mechanism for mass loss in Cepheids.
Infrared excess can be produced in two distinct ways: by hot ionized winds or by cool dusty winds.
Since the wind model in this work assumes it is driven by mechanical energy, the wind is not hot so a dusty
wind is presumed. The wind is in radiative equilibrium with the Cepheid, so the temperature is dependent
on the stellar temperature and is inversely proportional to the square of the distance from the star. Dust
forms in the wind when the temperature is near 1500 K, the condensation temperature for dust. Following
the discussion from Lamers & Cassinelli (1999) for the luminosity of an optically thin dusty wind, one can
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Name
δ Cep
l Car
Y Oph

Observed CSE %
1.5 ± 0.4
4.2 ± 0.2
5.0 ± 2.0

Predicted CSE %
1.3
1.9
0.95

Table 6.4: The flux of circumstellar shells of Cepheids relative to the total flux observed using K–band interferometry
compared to the predicted flux of circumstellar shells.

represent the temperature structure as
T (r) = T eff

2r
R∗

!−2/5
.

(6.9)

By rearranging, one can determine the condensation radius: for δ Cep this is about 14.7R∗ , while for the
coolest Cepheid in the sample, SV Vul, the condensation radius is about 7.9R∗ .
To calculate the dust luminosity, it is assumed that the dust is forming far enough from the star that
pulsation and shocks will not affect the structure. From the above calculation, however, this is not an ideal
assumption, at least in the inner edge of the dust shell. The total luminosity of the dust at a given frequency
is derived by Lamers & Cassinelli (1999),
3 < a2 > 1 Ṁd A
Lν =
Q
4π < a3 > ρ̄d vd ν

Z

rmax
rmin

(

p
)
1
2
Bν (T d ) 1 − 1 − 1 − (R∗ /r) dr.
2

(6.10)

where the quantities with a subscript d refer to dust. The terms in this expression are evaluated in the
following way. The dust is assumed to be graphite with ρd = 2.2g/cm3 . The mass–loss rate of dust is one–
hundredth of the total mass–loss rate, based on the galactic gas–to–dust mass ratio. Inside the condensation
radius the value of Ṁd is zero. The velocity, vd , is the velocity of the wind at the distances from the star
being considered. The value of vd that is used is the mean terminal velocity of the wind averaged over one
period of pulsation. To simplify the integration, rmin = R∗ and rmax = ∞; if the velocity is 100 km/s then the
wind would travel a distance of order 100 pc in one million years. The dust will contribute to the infrared
excess only at a much smaller distance, so the assumption is reasonable. The dust is assumed to have a grain
size distribution as given by Mathis et al. (1977), where the number density is n(a)da ∝ Ka−3.5 da. If the
grain size ranges from 0.005 µm to 0.25 µm, then the term < a2 > / < a3 > is ≈ 40 µm−1 . The absorption
efficiency, QνA , is based on the argument that most of the dust absorption will be at optical wavelengths and
will be of order 2 (Jones & Merrill, 1976). Using these values, Equation 6.10 can be used to predict the
luminosity of the dust shell in the infrared wavelengths of the VLTI, CHARA, IRAS and Spitzer.
The infrared excess found from interferometric observations of Cepheids is summarized by Mérand et al.
(2007), where the authors list the fraction of the total flux contributed by circumstellar shells, defined as the
circumstellar emission (CSE) flux. The results for the fundamental pulsating Cepheids are shown in Table
6.4. The non–pulsating supergiant α Per was observed as well and was found to have almost no contribution
to the 2.2 µm flux due to circumstellar material. The infrared excess due to the predicted mass loss for
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Figure 6.8: The predicted fraction of the total luminosity of a Cepheid contributed by the presence of dust at 2.2
µm. The circle represents the example of the smallest predicted circumstellar emission (CSE) flux, RX Cam, and the
triangles represent RT Aur, V Vel, X Cyg and RZ Vel which have the largest predict CSE fluxes of the sample.

the sample of Cepheids at 2.2 µm is shown in Figure 6.8, and the predicted CSE fluxes for the Cepheids
observed with interferometry are given in Table 6.4 for comparison. These predictions are of the same order
of magnitude as the observed, and differences may be due to the parameters in the dust model. The CSE
flux is linearly dependent on the ratio < a2 > / < a3 >, the mass–loss rate of dust, terminal velocity, grain
density, etc.; a small change of any of these parameters will change the prediction. The predicted CSE flux is
most different for the cases of Y Oph and l Car, which could be related to the uncertainty of the inner radius
of the dust shell or to the predicted mass–loss rates being underestimated for these two Cepheids; an increase
of the mass–loss rate by a factor of 4 and 2 respectively would match the observations. In the enhanced CAK
method this would require a decrease of chosen stellar mass of order of 1 to 1.5M or an increase of stellar
radius of order 7–15R , or some combination of the two, both of which are within the range of observational
uncertainty. All things considered, the dust model is a consistent fit to the observations and the difference
between the predicted and observed CSE is small. The predicted CSE fluxes of the sample Cepheids span
a significant range, 0% to 50%, due to the combination of the fundamental parameters. This prediction can
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Figure 6.9: (Top) The ratio of the luminosity of the wind at 25 µm and 12 µm based on the predicted pulsation mass–
loss rates. The ratio of the luminosity at these wavelengths is about 0.26 when there is no infrared excess, represented
by the dashed line. The Cepheid, RX Cam, is represented by the circle at log P ≈ 0.9 with the smallest infrared excess
of the sample. The triangles represent the largest predicted flux excess for the Cepheids for RT Aur, V Vel, X Cyg and
RZ Vel. (Bottom) The ratio of the luminosity of the wind at 25 µm and 12 µm for the predicted mass–loss rates based
on radiative driving alone. The ratio of the luminosity at these wavelengths is about 0.26 when there is no infrared
excess, represented by the dashed line.
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be tested.
The IRAS observations provide fluxes in its four bands for a large sample of Cepheids. Deasy (1988)
found the ratio of F(25 µm)/F(12 µm) ranges from roughly 0.25 to 0.8. The lower end is the expected ratio
from just blackbody radiation with no excess radiation (Figure 1 of that paper). The ratio of the infrared
excesses from the predicted mass–loss rates is given in Figure 6.9 (Left). It is striking that the ratio of fluxes
exhibit the same range of values as in Deasy (1988). This agreement is encouraging as the luminosity of
the dust at these two wavelengths is much less sensitive to the dust parameters, and the contributing dust
is much farther from the inner boundary of the dust shell. The infrared excess predicted for just radiative
driven mass loss is shown in Figure 6.9 (Right), where the maximum excess is significantly less than that
predicted for pulsation plus shock driven mass loss, and this prediction does not agree with the range of
infrared excesses found by Deasy (1988). This is further evidence that mass loss in Cepheids is driven by
pulsation and not just radiation. Note there appears to be a minimum in the flux ratio in Figure 6.9 (Left)
near log P ≈ 0.9, which corresponds to log L/L ≈ 3.5; this reflects the lack of mass–loss enhancement due
to pulsation at that luminosity, which is consistent with the behavior as shown in Figure 6.5.
Figures 6.8 and 6.9 (Left) show that the mass–loss rates and dust model can reproduce the existing interferometric and IRAS observations, but the Spitzer Space Telescope can now provide new results. Therefore
it is useful to predict the infrared excess at wavelengths observed by Spitzer. The luminosity of the Cepheids
with dust shells are plotted in Figure 6.10, relative to the 3.6 µm luminosity, at wavelengths 8, 70, and 160
µm, respectively. The combination of the four wavelengths provide a test of mass–loss enhancement. At
8 µm, the excess is due to mass loss being enhanced by both pulsation and shocks and radiative driving at
longer periods. This would provide a test for the period dependence of mass loss. Observations at the longer
wavelengths provide a measure of smaller mass–loss rates because fluxes at these wavelengths are in the tail
end of the stellar blackbody function as well as a measure of the size of the circumstellar shell.
There are extreme values of the predicted flux excess; from Figures 6.9 (Left) and 6.10 it is clear one
Cepheid, at period log P = 0.9, has minimal flux excess shown as a circle in the figures. This is the model for
RX Cam, where the predicted mass–loss rate is 8.4 × 10−11 , which is most likely due to the estimate of the
mass M = 10.8M . The infrared excess and mass–loss rate may easily be underestimated, but the result does
show it is possible for Cepheids to have a low infrared excess similar to non–pulsating yellow supergiants.
On the other hand, there are a number of Cepheids predicted to have very large IR excess, where the dust
luminosity contributes most of the total luminosity at that wavelength. From Figure 6.9 (Left), there are
four Cepheids with a CSE flux of order 50%: the short–period Cepheids RT Aur and V Vel and the 10–20
day period Cepheids X Cyg and RZ Vel. The two short period Cepheids have a large enhancement of mass
loss, both by almost 103 times and hence the infrared excess is large. The same is true for the longer period
Cepheids but to a lesser extent. It is unlikely the excesses are overestimated, if it is assumed the mass–loss
rates are reasonable. Both V Vel and RT Aur have large effective temperatures for Cepheids, meaning the
condensation radius is significantly large that it is not affected by the pulsation and shocks, supporting the
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predicted results. In all, the dust model discussed implies the measured infrared excesses and CSE fluxes can
have a very large range, making it more challenging to use near–IR interferometry for distance estimates.

6.7

Mass Loss and Period Change

The rate of period change of a Cepheid is a measure of its evolution on the instability strip due to the rate
of change of effective temperature and luminosity or equivalently the change of radius and luminosity. The
period change of Cepheids has been investigated by Turner et al. (2006) where the period change is
Ṗ 6 L̇∗ 24 Ṫ eff
=
−
P 7 L∗
7 T eff

(6.11)

based on the Period–Mean Density relation and the small period dependence of the pulsation constant Q ∝
P1/8 (Fernie, 1967). This relation assumes the mass of the Cepheid is constant with respect to time. Starting
with the Period–Mean Density relation, the period change can be re–derived to include mass loss,
7 Ṗ 1 Ṁ∗ 3 Ṙ∗
+
−
= 0.
8 P 2 M∗ 2 R∗

(6.12)

Substituting the luminosity and effective temperature for the radius for comparison to the result of Turner
et al. (2006), this relation becomes
4 Ṁ
6 L̇∗ 24 Ṫ eff
Ṗ
=−
+
−
.
P
7 M∗ 7 L∗
7 T eff

(6.13)

This new relation implies the change of period is due to both evolution and mass loss. We have substituted
the mass-loss rate of the wind, Ṁ for the star’s moss-loss rate, Ṁ∗ in this relation. Because the change of
mass of a Cepheid is negative, the mass loss will always act to increase the period of pulsation.
The comparison of the observed and theoretical period change of Cepheids by Turner et al. (2006)
showed models provide a reasonable fit to the observations overall. There are, however, exceptions; one is
the large number of Cepheids with a negative period change that is smaller in magnitude than that predicted
by the models. This difference also appears in the comparison of positive period change but the difference
is smaller. It is likely the models overestimate the rate of evolution, but a lower absolute rate of period
change on the second crossing of the instability strip could be related to mass loss, which would increase
the period change. The role of mass loss on period change can be tested by plotting the fractional difference
(Ṗ/P − 4 Ṁ/7M)/(Ṗ/P) as a function of the fractional period change. Observed values of the period change
for some of the sample of Cepheids are given in Table 6.5 taken from the literature (Fernie, 1993; Turner
et al., 1999; Berdnikov & Ignatova, 2000; Turner & Berdnikov, 2004; Turner et al., 2005) and the comparison
is shown in Figure 6.11. Mass loss is a contributing factor to those Cepheids where the fractional difference
is different from unity. From Figure 6.11, there are only two Cepheids where the mass–loss rate would
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Effect of Mass Loss on Period Change
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Figure 6.11: The fractional contribution of mass loss towards the period change for Cepheids as a function of period
change. Cepheids with a period change not affected by the mass–loss rate would fall on the dashed line. Deviations
from the dashed line measure how much mass loss plays a role.

affect the period change of order 1%, X Cyg and RT Aur; both of which have large mass–loss rates and
small rates of period change. For the case of RT Aur, it should be noted the rate of period change was
recently determined to be Ṗ = 0.082 s/yr implying the Cepheid is on its third crossing of the instability strip
(Turner et al., 2007). This new result differs from the rate of period change used here, Ṗ = −0.14 s/yr, but
the magnitude of period change is still small, and mass loss will still contribute to the rate of period change.
It can be inferred that mass loss does not play a significant role in changing their periods, complementing
the result of Turner et al. (2006).
The large mass–loss rates correlate to the minimal absolute period change of Cepheids. This point is
emphasized in Figure 6.12, where the enhancement of the mass loss by shocks plus pulsation is plotted
against Ṗ/P. This implies mass loss is most enhanced when the Cepheid is evolving slowly through the
instability strip. This correlation can be produced in several ways. For example, when the mass–loss rate is
large one might expect the radius of the Cepheid to be large, causing the gravity to be lower. A larger radius
would also correspond to a larger luminosity, and a larger luminosity would mean a lower rate of period
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Name
U Aql
η Aql
RT Aur
VY Car
δ Cep
X Cyg
β Dor
ζ Gem
W Gem
T Mon

Ṗ(s/yr)
4.29
3.24
−0.14
−75.92
−0.7
1.45
12.83
−78.88
−27.66
2169.72

Name
Y Oph
BF Oph
V350 Sgr
U Sgr
W Sgr
X Sgr
R TrA
T Vul
SV Vul

Ṗ(s/yr)
766.82
−1.23
1.53
5.11
3.84
7.96
0.23
1.05
−214.3

Table 6.5: The rate of period change for some Cepheids with modeled mass loss.

change according to Equation 6.13. Another way to get a small period change is for the Cepheid to be at
the blue edge of the instability strip where both the temperature and luminosity are largest for that crossing,
meaning the ratios Ṫ eff /T eff and L̇∗ /L∗ are small. At that point in the instability strip, the period is smallest,
increasing the acceleration of gas due to both shocks and pulsation, which could increase the mass–loss
rate. The first explanation is seen in Figure 6.5 for the Cepheids with large mass–loss rates, but there are
no examples of the second explanation. The fact that there are few Cepheids from the sample evolving near
the blue edge may account for this as well as the possibility mass loss may only be extreme very early upon
entering the instability strip, making it very unlikely to catch one in the process.
The minimal role of mass loss upon the period change implies the period change is primarily due to
evolution. Near the blue edge of the instability strip the rate of evolution slows as the fractional change of
luminosity and temperature is small. Also near the blue edge, one might expect the mass–loss rate to be
large because the period is lower, causing the acceleration due to pulsation and shocks to be larger. For
Cepheids on the second crossing, the rate of period change is Ṗ < 0, but near the blue edge of the crossing,
mass loss will tend to decrease the absolute value of the rate of period change, and potentially even manage
to change the sign of the rate of period change. This can be tested by considering a sample of Cepheids
where the period change is small and consistent with third crossing; the Cepheid X Cyg is likely on its third
crossing with Ṗ = 1.52 s/yr. For X Cyg to be on its second crossing its mass–loss rate would need to be
Ṁ ≥ 2.1 × 10−5 M /yr; much too large, in the range observed for Wolf–Rayet stars. The Cepheid SX Car is
another Cepheid consistent with being on the third crossing (Turner et al., 2005), with Ṗ = 0.07 s/yr, period
of 4.86 days and an inferred upper mass limit of 5.7M (Turner, 1996). This would require of minimum
mass–loss rate of Ṁ = 1.67×10−6 M /yr, which is an order of magnitude larger than the limit seen in Figure
6.4. It has been shown that it is possible for mass loss to significantly affect the rate of period change at
certain parts of the instability strip.
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Figure 6.12: The enhancement of the mass loss, the ratio of the shock/pulsation mass loss and the mass loss from
radiative driving, as a function of the period change Ṗ/P.

6.8

Conclusions

In this study, an analytic method is presented to describe the mass–loss rates of Cepheids using as input the
global parameters that describe a Cepheid. The derivation is based on the method for solving radiatively
driven winds with additional energy supplied by shocks and pulsation. It is assumed the wind is spherically
symmetric, quasi–static and uses the Sobolev approximation. The limits of the derivation are explored where
in the simplest case the mass–loss rate is dependent on the ratio of the pulsation plus shocks and the effective
gravity. It is shown mass loss can be enhanced by up to three orders of magnitude.
The analytic method was tested using a set of Cepheids for which the necessary global parameters are
given in the literature. For reference, the mass–loss rates, based on only radiative driving, were also calculated. The energy added from pulsation and shocks increases the mass–loss rates, in some cases by orders
of magnitude, predicting rates in closer agreement with those inferred from observations. Furthermore the
mass–loss behavior of Cepheids as a function of period is described, where the long period Cepheids have
mass loss dominated by radiative driving but the short period Cepheids have a large range of mass–loss
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rates. The large range of values implies the mass loss for short period Cepheids depend on the evolutionary
state of the Cepheid.
The model provides reasonable estimates of mass–loss rates of Cepheids but there are uncertainties. The
mass is the largest uncertainty, as it is difficult to measure in general, so a Period–Mass–Radius relation is
used. The value of the radius also has an impact; the larger the radius, the lower the gravity and hence the
larger the mass–loss rate but observed radii of Cepheids are precise with an uncertainty of a few percent
(Gieren et al., 1997). There is uncertainty added due to the radiative driving coefficients α and k. The mass–
loss rate depends on the exponent α, and variations of α can cause the predicted mass–loss rates to vary.
The value of k is less important because it is small and Ṁ ∝ k1/α . More detailed analysis of the mass loss of
Cepheids would benefit from calculations of α and k at temperatures and gravities consistent with Cepheids
over a finer grid.
For some Cepheids, the mass loss seems to be driven primarily by the shocks generated in the atmosphere
by pulsation. The rates calculated are dependent on the accuracy of the pulsating atmosphere model by Fokin
et al. (1996). Errors in the model of a Cepheid atmosphere with mass M = 5.7M , and T eff = 5750 K will
affect other calculations; the mass–loss rates will be wrong due to the relative scaling. It would be useful to
verify the accuracy of the model of the shocks in pulsating atmospheres. Furthermore, models of pulsating
atmospheres could be used to calculate the mass loss of the Cepheid directly to provide a consistency test of
the analytic method.
The shock model may also be tested with observations. Shocks propagating in a stellar atmosphere
cause the layers in the star to move and this is reflected in the broadening of lines in a spectrum. Mathias
et al. (2006) analyzed the time varying spectra of X Sgr and found evidence for two, possibly three, shocks
moving through the atmosphere of the Cepheid in one pulsation period. This result suggests spectroscopic
observations of a Cepheid with intense phase coverage would provide information for understanding shocks
in Cepheids. X-ray and UV observations are important because shocks moving in the atmosphere will ionize
material which could be detected as X-ray and UV variability (Engle et al., 2006). The observations would
provide a test for any hydrodynamic model of shocks in a Cepheid atmosphere.
It would be interesting to apply the theory of pulsation and shock induced mass loss to first overtone
Cepheids and other radial pulsating variables. As first overtone pulsation occurs at an earlier stage of pulsation than fundamental pulsation, analysis of mass loss in first overtone pulsating Cepheids would shed more
light on the contribution of mass loss on the problem of the Cepheid mass discrepancy and would contribute
to the understanding of Cepheid evolution. However, the shock model of Fokin et al. (1996), that underlies
this analysis, is valid only for fundamental pulsation and thus cannot be realistically applied to first overtone
pulsation. With an appropriate shock model, shock induced mass loss can be investigated with this theory.
The dust model proposed here provides a consistent match with existing observations. In particular, the
calculation of the ratio of the luminosity at wavelengths 25 µm and 12 µm exhibits the same behavior as
shown by Deasy (1988). The results, however, are dependent on the choice of dust parameters such as mean
208

CHAPTER 6. PREDICTING MASS–LOSS RATES OF GALACTIC CEPHEIDS
grain size. New observations from Spitzer and at sub–millimeter wavelengths would provide constraints
on the properties of the dust in the wind and on the mass–loss rates of Cepheids. Sub–mm observations
would also provide information on the age of Cepheids. Consider RS Pup with four observed shells, each
associated with a particular crossing on the instability strip; a very strong sub–mm excess may indicate a
large amount of cool dust in these shells. Thus the amount of sub–mm excess may trace the mass–loss
history of the Cepheid and its age.
The connection between mass loss and evolution has been explored for the observed Cepheids. It was
shown the period change of a Cepheid is dependent on the mass–loss rate at that time. However, for all
the Cepheids with period changes quoted, the mass–loss rate provides an insignificant contribution, and,
furthermore, the Cepheids with the largest calculated mass–loss rates have the slowest absolute value of
period change. This connection needs to be explored in greater detail with a larger set of observations.
Mass loss in the instability strip is an important concept to understand if one is to determine the physical
structure and the cause of the mass discrepancy of Cepheids. It is also important to constrain mass loss for
observations in the near–IR and longer wavelengths if the period–luminosity relation is to be precise to a
few percent, which is a motivation of interferometric observations. The analytical model of mass loss of the
Cepheids investigated here imply shocks and pulsation play a strong role driving the wind and increase the
mass–loss rate by orders of magnitude.
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Chapter 7

Predicting Mass–Loss Rates of Theoretical
Cepheids with Varying Metallicity
This chapter is published as:
“On the Enhancement of Mass Loss in Cepheids Due to Radial Pulsation. II. The Effect of Metallicity”
Neilson, H.R., & Lester, J.B. 2009, ApJ, 690, 18291

“Eat, drink and be merry, for tomorrow ye diet.” - William Gilmore Beymer

7.1

Introduction

In the previous chapter, it was shown that mass loss is important in Galactic Cepheids, with mass–loss rates
ranging from 10−10 to 10−7 M /yr. At thesis rate, the Cepheids can lose about 1M , therefore potentially
solving the Cepheid mass discrepancy. However, for mass loss to explain the Cepheid mass discrepancy,
one needs to understand the behavior of mass loss as a function of metallicity.
The Cepheid mass discrepancy has been calculated for Galactic, and Large and Small Magellanic Cloud
Cepheids. Keller & Wood (2002) explore the mass discrepancy of LMC Bump Cepheids using non–linear
pulsation models and find a mass discrepancy of about 20%. Keller & Wood (2006) determined that the
mass discrepancy for SMC Cepheids is about 20% for Cepheids with mass 5–7M , while the discrepancy
for LMC Cepheids is about 17%, determined by matching MACHO and OGLE observations with non–
linear pulsation models with varying mass and metallicity. This observation has been verified for the LMC
(Testa et al., 2007), and it also agrees qualitatively with the analysis of Cordier et al. (2002). This suggests
mass loss is a solution to the mass discrepancy if mass loss either is more efficient or at least similar at lower
1

Neilson & Lester (2009), reproduced with permission by the American Astronomical Society
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metallicity as at solar metallicity.
In this chapter, the dependence of Cepheid mass loss on the metallicity is explored using pulsation–
enhanced CAK method derived in Chapter 6. The first step is to use the approximate solution for the
mass–loss rate and compare how the mass–loss rates differ for different metallicities. In the second part
of this chapter, the mass–loss rates are calculated for theoretical Cepheid models with Galactic, LMC and
SMC metallicity (Bono et al., 2000b).

7.2

The Metallicity Dependence of the Analytical Mass Loss Relation

This approximate solution for the mass–loss rate of a pulsating star can be used to evaluate the dependence
on metallicity. Consider first the dependence of mass loss on metallicity for winds driven by radiation alone.
In this case the mass–loss rate is given by Equation 2.10 with ζ = 0 at all phases of pulsation. For Cepheids
evolving on the second crossing of the instability strip the luminosity is proportional to the mass, with the
same dependence for different metallicities (Castellani et al., 1992; Girardi et al., 2000). The instability
strip is somewhat hotter for smaller metallicities (Bono et al., 2000b), but there is significant overlap for the
metallicities in question. Therefore the temperature range does not contribute significantly. If we consider
two Cepheids with differing metallicities but same mass and luminosity then from Equation 2.10 with ζ = 0
the comparison of the mass–loss rates for two metallicities Z1 and Z2 is
Ṁ1
Z1
=
Z2
Ṁ2

!1/α
.

(7.1)

This implies that Cepheids in the LMC and SMC would have lower mass–loss rates then those in the
Milky Way as the relative metallicity for the LMC is 0.4 and for the SMC is 0.2. Because α = 0.465,
ṀLMC / ṀMW = 0.139 and ṀSMC / ṀMW = 0.031. Thus the radiative–driven mass–loss rates in the LMC and
SMC are very small relative to the Milky Way. However the metallicity is important in the calculation of
pulsation–driven mass–loss rates as well as radiative–driven mass–loss rates. If we again consider Equation
2.10 to describe the ratio of mass–loss rates for two different metallicities then
Z1
Ṁ1
=
Z2
Ṁ2

1−1/α
!1/α 
 GM1 (1 − Γe,1 ) − ζ1 R21 

.

GM2 (1 − Γe,2 ) − ζ2 R22

(7.2)

This can be rewritten as
Ṁ1
Z1
=
Z2
Ṁ2

!1/α "

geff,1
geff,2

!

1 − apuls,1 /geff,1 − aShock,1 /geff,1
1 − apuls,2 /geff,2 − aShock,2 /geff,2

!#1−1/α
,

(7.3)

where the terms aShock and a p are the shock and the pulsation acceleration terms of the function ζ respectively, and geff is the effective gravity, GM(1−Γe ). The ratio of the shock acceleration to the effective gravity
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is
aShock
duδ L
=
geff
Pdφ Lδ

!1/8

P
Pδ

!−7/24

M
Mδ

!5/12 "

#
R2
= C0 P−1.29 M −0.58 R2 ,
GM(1 − Γe )

(7.4)

and the ratio of the pulsation acceleration and the effective gravity is
apuls
2π∆RR2
=
.
geff
GM(1 − Γe )

(7.5)

The ratio of the analytic mass–loss rates can be used to test the behavior of a Magellanic Cloud Cepheid
relative to a Galactic Cepheid, and to investigate if pulsation–driven mass loss is significant for lower metallicities. To do this, Equation 7.3 must be rewritten such that all variables are in relative non–dimensional
units. Consider two Cepheids, labeled 1 and 2, and express the ratio of the pulsation acceleration for the
Cepheid number 2 be in terms of the effective gravity, called a p . Second, write the balance of force for
Cepheid number 2 as the non–dimensional parameter F = 1 − a p − aShock,2 /geff,2 . Also it is assumed that
Γe ≈ 0 and can be ignored in the calculation because the electron number is small for stars with effective
temperatures ranging from 4000 to 6000K. The small electron number causes an acceleration that is small
relative to the gravity. The acceleration due to pulsation for Cepheid 1 relative to Cepheid 2 is
apuls,1
∆R1
= ap
geff,1
∆R2

!

R1
R2

!2

P1
P2

!−2

M1
M2

!−1
,

(7.6)

and the ratio of the shock acceleration and the effective gravity is
aShock,1
P1
= (1 − a p − F)
geff,1
P2

!−1.29

M1
M2

!−0.58

R1
R2

!2
.

(7.7)

Substituting these results into Equation 7.3 and writing all quantities with a subscript of 1 in units of the
quantities denoted with a subscript of 2, the relative mass–loss rate of Cepheid 1 is
Ṁ1 ( Ṁ2 ) = Z11/α ×
 M  
1−1/α
1
−1
−1.29 −0.58 2
1 − a p ∆R1 R21 P−2
M
−
(1
−
a
−
F)P
M
R
.
p
1
1
1
1
1
F

(7.8)

Equation 7.8 can be used to probe the mass–loss rates for low metallicity Cepheids as a function of relative
period with the following free parameters: a p , F, M1 , R1 , and ∆R1 .
If the metallicity Z1 is less than unity then the relative mass–loss rates, Ṁ1 , tend to be smaller based on
the explicit dependence of metallicity. However, the ratio of mass–loss rates may be greater than or equal to
unity if the term inside the curly brackets is significantly less than one. This term is significantly less than
one only when
−1
−1.29 −0.58 2
1 − a p ∆R1 R21 P−2
M1 R1 << 1,
1 M1 − (1 − a p − F)P1
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Figure 7.1: The mass–loss rate of a LMC Cepheid relative to a similar Cepheid with solar metallicity as a function of
period and the effect of varying the other parameters. When the parameters are held constant, they are R1 = 1, M1 = 1,
∆R1 = 1, F = 5%, and a p = 5%.

and furthermore this term must be smaller than the balance of forces, F. There are many ways for this
function to be small, one of which is the relative period. If P1 < 1 and R1 and M1 are approximately unity,
then this function is less than one; however how much less than one P1 needs to be will depend on the
values of a p and F. The value of a p , the ratio of the acceleration due to pulsation to the effective gravity, is
generally in the range 0 to 0.1 for Galactic Cepheids. Therefore a p plays only a small role in affecting the
mass–loss rate, implying that the shock acceleration term is the dominate term, which means the parameter
F needs to be small to satisfy Equation 7.9. A small value of F suggests that the balance of forces for the
reference Galactic Cepheid is small and the mass–loss rate is large.
The inequality given by Equation 7.9 is satisfied when the relative radius is greater than unity or when
the mass is less than unity, but this also requires that the value of F be small. Varying the amplitude of
radius pulsation affects the result as well; if the amplitude is greater than unity for lower metallicity then
the pulsation terms increases linearly and thus decreases Equation 7.9. The result of varying the values of
a p , F, R21 , M1 , and ∆R1 in Equation 7.8 gives the mass–loss rate of Cepheid 1, Ṁ1 , shown in Figure 7.1 as
a function of P1 for the relative metallicity of the LMC to the Milky Way. From the plots, it is clear that
the relative mass–loss rate can become very large even at lower metallicity. Applying the same analysis
for the mass loss of SMC Cepheids relative to Galactic Cepheids the curves shows similar behavior. The
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effect of the metallicity in the analysis is to shift the curve up and down along the mass–loss rate axis. For a
relative mass–loss rate of unity the relative period is approximately the same for both Cepheids with LMC
metallicity and Cepheids with SMC metallicity since it is in the nonlinear regime given by the term in the
curly brackets in Equation 7.8.
The mass–loss rates are larger at lower metallicity if the shocks are more efficient. These shocks are
generated from waves in the hydrogen and helium partial ionization zones of Cepheids and at lower metallicity the partial ionization zones produce more energy when the layers become ionized. This is because
of the larger fractional mass hydrogen and helium. Therefore the shocks have more momentum to input
into the wind. Also, the shocks will maintain more energy as radiative cooling will depend on the amount
of metals. The lower metallicity and possibly larger abundance of helium also affect the global properties
of Cepheids (Marconi et al., 2005), such as the pulsation period, and these metallicity–dependent global
properties appear in the shock acceleration formula making it implicitly metallicity dependent.

7.3

Comparison of the Analytic Predictions with Observations

It has been argued that pulsation–driven mass loss generally decreases for lower metallicities, but there are
combinations of parameters that predict larger relative mass–loss rates. One might ask what the parameters
describing Magellanic Cloud Cepheids would predict.
The average relative period of the LMC and SMC Cepheids can be determined using the metallicity
correction. The metallicity correction is a constant that is added to the Period–Luminosity relation to account for the fact that Cepheids with different metallicities have different luminosities for the same pulsation
period. The Hubble Key Project on the Extragalactic Distance Scale (Kennicutt et al., 1998) used the Period–
Luminosity relation to determine the distance to galaxies in the local group, but it required a correction for
the metallicity of approximately δ(m − M)/δ[M/H] = −0.25 mag/dex. This correction factor has been verified by other studies (Tammann et al., 2003; Sakai et al., 2004; Groenewegen et al., 2004; Romaniello et al.,
2005; Groenewegen & Salaris, 2003; Gieren et al., 2005) but the exact value is uncertain. For instance, fecent theoretical studies using non–linear hydrodynamic models find the period–luminosity relation depends
significantly on the metallicity as well as on the helium abundance (Fiorentino et al., 2002; Marconi et al.,
2005). Sasselov et al. (1997) argued that the metallicity correction, δµ, could be written as a function of Z,
δµ = 0.44 log

Z
ZLMC

!
.

(7.10)

Combining this with the period–luminosity relation for the LMC,
MV = −2.760(log P − 1) − 4.218,

(7.11)

(Freedman et al., 2001), one finds the period ratio for the LMC and SMC relative to Milky Way Cepheids
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with the same luminosity to be PLMC /PMW ∼ 1.16 and PSMC /PMW ∼ 1.30.
The relative mass of Cepheids in the LMC and SMC can be estimated by comparing the mass discrepancy in the Magellanic Clouds and the Milky Way (Keller & Wood, 2006). The mass discrepancy is a
function of metallicity implying that for the same luminosity the mass of Cepheids is a function of metallicity. Therefore the mass of SMC Cepheids may be up to approximately 3% smaller than LMC Cepheids,
which in turn is about 3% smaller than Galactic Cepheids.
The values of the relative radius and relative amplitude of radius variation are difficult to approximate.
Radial velocity observations suggest that the radii of Cepheids in the Magellanic Clouds follow a similar
Period–Radius relation as Galactic Cepheids (Storm et al., 2004, 2005). Therefore varying these parameters
can provide a test of mass loss with the period ratios quoted for the LMC and SMC. Figure 7.2 shows the
relative mass–loss rate for LMC (Left Panel) and SMC (Right Panel) Cepheids as a function of the mean
radius for corresponding relative period. The analysis assumes the value of F is 0.01, ∆R1 = 1.15, and
a p = 0.05. Each curve represents the possible relative mass range suggested by mass discrepancy studies,
0.96 to 1 for the LMC and 0.92 to 1 for the SMC. The results are insensitive to small variations of F, ∆R1 ,
and a p , implying that mass loss in the Clouds is significant if the radii of Cepheids are about 10% and 16%
larger in the LMC and SMC respectively than Galactic Cepheids with the same luminosity. This may be
tested by measuring the angular diameters of Cepheids using interferometry, Mourard et al. (2008a) argued
that it is possible to measure these angular diameters with the Very Large Telescope Interferometer using
differential interferometry techniques.
The plausibility of this required larger radius may be checked by considering the observed Period–
Radius (PR) relation (Gieren et al., 1999; Groenewegen, 2007). The PR relation for Galactic, LMC and
SMC Cepheids is
log R = 0.68 log P + 1.146,

(7.12)

and for the period ratios of 1.16 and 1.3 the relative LMC and SMC Cepheid radius is 1.1 and 1.2 respectively. This implies that it is possible that LMC and SMC Cepheids have larger mass–loss rates than Galactic
Cepheids when the mass loss of the Galactic Cepheid is significant.
The metallicity correction that is determined using theoretical models suggests that metal–poor Cepheids
are more luminous for the same period. In other words, the periods of metal–poor Cepheids are shorter for
the same luminosity (Fiorentino et al., 2002). In this case the value of P1 is less than unity. The relative
mass–loss rate will be greater than unity for LMC and SMC Cepheids as long as the other parameters are
R1 ≥ 1, ∆R1 ≥ 1 and M1 ≤ 1.
This analysis has shown that it is possible for metal–poor Cepheids to have significant mass loss, similar
to and even greater than the mass–loss rates for Galactic Cepheids for both relative period regimes suggested
by theoretical and observed values of the metallicity correction of the Period–Luminosity relation.
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Figure 7.2: The relative mass–loss rates for LMC (Left Panel) and SMC (Right Panel) Cepheid as a function of
relative radius with period ratios PLMC /PMW = 1.16 and PSMC /PMW = 1.3 respectively.
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7.4

Predicting Mass–Loss Rates For Theoretical Model Cepheids

The previous analysis is suggestive, but it can be carried further to determine, quantitatively, how much
larger the mass–loss rates are for LMC and SMC Cepheids, at least in the regime where the periods of LMC
and SMC Cepheids are smaller than those of Milky Way Cepheids for the same luminosity. To compute the
mass–loss rate for a Cepheid, it is necessary to know the following parameters that describe the Cepheid: the
mass, luminosity, radius, and pulsation period, as well as the amplitudes of the variation of the luminosity
and radius. While these quantities have been determined for many Galactic Cepheids (Moskalik & Gorynya,
2005), this has not been done for LMC and SMC Cepheids. Therefore theoretical models of Cepheids from
Bono et al. (2000b) are used to predict mass–loss rates. The method of solving the mass loss in the pulsating
case is derived in Paper I.
The models include all the necessary information to calculate pulsation–driven mass–loss rates using
the enhanced CAK method. There are two types of models describing the mass–luminosity relations: one
is based on canonical stellar evolution models, and the second assumes convective core overshoot, which
results in a larger luminosity for the same mass as the canonical models. This does not mean the models
necessarily represent only convective core overshoot; for instance the steeper mass–luminosity relation could
also represent mass loss during stages of evolution before the second crossing of the instability strip. The
masses of the models are 5, 7, 9 and 11M and span the temperature range of the instability strip.
The mass–loss rates for model Cepheids in the Milky Way, LMC and SMC are shown in Figure 7.3
as a function of pulsation period for the canonical models, along with the ratio of the pulsation mass–loss
rates and the radiative–driven mass–loss rates. The ratio, the enhancement of mass loss, is a measure of the
dependence of the wind on the pulsation plus shock terms in the mass–loss calculation. The points labeled
as LMC or SMC Maximum are based on model Cepheids where the pulsation period is so small that the sum
of the acceleration due to pulsation and shocks is greater than the effective gravity of the Cepheid. In this
limit the calculation of the mass–loss rate becomes imaginary. These points are calculated by using the same
parameters from the model Cepheid but increasing the period by steps of 0.01 day until the calculation is
stable. The physical justification for this is based on how the rate of change of period depends on mass loss.
It was shown in Paper I that mass loss acts to increase the rate of period change, making it more positive. For
most Cepheids, the contribution to the period change due to mass loss is small compared to the contribution
due to evolution, but for Cepheids near the blue edge of the instability strip the effect of evolution on period
change decreases, making the contribution of mass loss more significant. The period is also smaller, further
increasing the mass–loss rate and the effect of mass loss on the period change.
The mass–loss rates for the SMC models shown in Figure 7.3 are larger than that for LMC and Milky
Way at periods about 3.5 days, denoted by LMC and SMC Maximum in the figures. This is also true at
periods near 20 days. These periods correspond to masses of 5 and 9M respectively. The increase of
mass–loss rates with decreasing metallicity is clear in these two cases, but for the other models the effect is
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Figure 7.3: (Left Panel) The predicted mass–loss rates of the theoretical Cepheid models with a canonical mass–
luminosity relation (Bono et al., 2000b). (Right Panel) The enhancement of the mass loss as given by the ratio of the
pulsation–driven mass–loss rate to the radiative–driven mass–loss rate that ignores pulsation effects. The points given
in the key as LMC/SMC Maximum are explained in the text.
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Figure 7.4: Same as Figure 7.3 but for Cepheid models assuming a convective overshoot mass–luminosity relation.
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Figure 7.5: (Left Panel) The color–magnitude plot of the model Cepheids based on the canonical mass–luminosity
relation. Cepheids with large mass–loss rates have significant color excess. The different sequences are for different
masses, the brightest Cepheids are the most massive. (Right Panel) The color excess due to dust in the circumstellar
shells.
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Figure 7.6: Same a Figure 7.5 but for the model Cepheids with the convective overshooting mass–luminosity relation.
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Figure 7.7: The Luminosity at 3.6 µm of the theoretical Cepheid models from Bono et al. (2000b) including the
effect of mass loss for the three values of the metallicity. The models with a canonical mass–luminosity relation is
shown in the Left Panel while the convective core overshooting models are shown in the Right Panel. The LMC
Period–Luminosity relation from Ngeow & Kanbur (2008) with the 3σ deviation is shown for comparison.
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not as obvious. It is interesting that the long period Cepheids have lower mass–loss rates with decreasing
metallicity. This is consistent with the observation that the mass discrepancy of Cepheids decrease with
increasing period for the Milky Way (Caputo et al., 2005), and it suggests similar behavior for LMC and
SMC Cepheids. The mass–loss enhancement, in the right panel of Figure 7.3, shows that the mass loss in
the SMC Cepheids is more sensitive to the effects of pulsation for Cepheids in the LMC and Milky Way;
for Cepheids with periods near 10 days the SMC mass loss is enhanced by a factor of 10 relative to the
LMC. This verifies the the argument that when mass loss is enhanced by pulsation for Galactic Cepheids,
the mass loss is further amplified for similar Cepheids at the same position on the instability strip but with
lower metallicities.
The analysis is repeated with the steeper mass–luminosity relation associated with convective core overshoot and is shown in Figure 7.4. The dependence of pulsation–driven mass loss on metallicity is more clear
in this case. The mass–loss rates for SMC Cepheids may be larger than those of the LMC and the Milky Way
for periods up to about 20 days which is consistent with the result shown in Figure 7.3. For periods greater
than 20 days, the mass–loss rate decreases as a function of metallicity where pulsation and shocks are not
as effective. The mass–loss enhancement, shown in the right panel of Figure 7.4, implies pulsation is more
efficient for driving mass loss as metallicity decreases. The mass–loss rates are also largely independent of
the mass–luminosity relation for the theoretical Cepheid models.

7.5

Predictions of Infrared Excess Due to Mass Loss

It has been hypothesized that mass loss is important in LMC and SMC Cepheids. In Paper I, the circumstellar
shells that have been observed as infrared excess in Galactic Cepheids were modeled as dust forming in the
winds of Cepheids. This luminosity depends on the fraction of the total amount of gas that forms dust,
the dust–to–gas ratio, which for the Milky Way is approximately 1/100. This quantity is dependent on the
composition of the gas, meaning the dust–to–gas ratio is smaller for the lower metallicity of the LMC and
SMC. For this work the dust–to–gas ratio is assumed to scale linearly with the relative metallicity, meaning
that the ratio for the LMC is 1/250 and SMC is 1/500. However these are maximum values for the dust–
to–gas ratios; for instance Clayton & Martin (1985) found the LMC dust–to–gas ratio is about 1/400 and
Weingartner & Draine (2001) determined that the ratio is about 1/1000. These chosen dust–to–gas values
are the maximum values but are uncertain by only about a factor of 5.
If mass loss is important in LMC and SMC Cepheids then the winds should produce observable infrared
excess. A Color–Magnitude Diagram, MV versus MV − M3.6µm , is shown in Figure 7.5 for the Cepheid
models based on the canonical mass–luminosity relation. Along with that plot, the difference of the colors
due to the star plus circumstellar shell relative to the star alone is also shown in the right panel. Because the
luminosity of a circumstellar shell is due to dust, it will have minimal effect on the value MV , but the dust
contributes significantly to the 3.6 µm luminosity. Therefore color excess increases if the mass–loss rate is
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large.
The color–excess analysis is repeated for the convective core overshoot models and is shown in Figure
7.6. In this case, the color excess is more pronounced though for only a few points. In both cases, the color
excess due to circumstellar shells is significant. If mass loss is important in LMC and SMC Cepheids then
observations of a large population of Cepheids should be able test this model.
Infrared excess may also affect the infrared Period–Luminosity relation. The Period–Luminosity relation
for the LMC was recently presented by both Ngeow & Kanbur (2008) and Freedman et al. (2008) in IRAC
bands using SAGE data (Meixner et al., 2006). The PL relation was also determined in J, H and K–bands
by Persson et al. (2004) for a sample of 92 Cepheids. In Ngeow & Kanbur (2008) and Persson et al. (2004)
blending is an important issue because of the lower resolution of the infrared observations; while Freedman
et al. (2008) avoids the issue by using a subsample from Persson et al. (2004). Blending acts to make
the Cepheid appear more luminous in the infrared, just as mass loss would do, making the two difficult to
distinguish from photometry. In Figure 7.7, the luminosities of the theoretical Cepheids, including infrared
excess due to mass loss are plotted as a function of period for the Galactic, LMC and SMC sample at 3.6 µm.
The 3.6 µm PL relation for the LMC (Ngeow & Kanbur, 2008) is also plotted with dotted lines representing
3σ deviation. For the model LMC Cepheids with the canonical mass–luminosity relation, there are two
regimes where the luminosity is 3σ larger than the luminosity from the observed PL relation. There are
two Cepheids at a period of about 15 days and the two near four days having the maximum possible mass–
loss rate with a luminosity four magnitudes larger than that given by the PL relation. The models with
convective overshooting, shown in the Right Panel of Figure 7.7, show a similar behavior at 15 days, but at
shorter periods the luminosity of the LMC Cepheids are consistent with the PL relation.
In the analysis of Ngeow & Kanbur (2008), a number of Cepheids are removed from the determination of
the infrared PL relation because the IR brightness is too large. This is presumably due to blending, however
infrared excess due to mass loss has the same effect. The predicted luminosity of the model Cepheids is
consistent with the range of luminosities of these outliers, providing possible observational agreement.
The computation of mass–loss rates of the theoretical Cepheid models predicts that at some points on the
second crossing of the instability strip the mass–loss rates are increased by up to three orders of magnitude.
This significant increase agrees with the result in the section 2.

7.6

Mass Loss and the Mass Discrepancy

It has been shown that mass loss increases as metallicity decreases for theoretical models of Cepheids.
This result is consistent with the observations of mass discrepancy as a function of metallicity (Keller &
Wood, 2006; Keller, 2008). Furthermore the dependence of mass loss on metallicity is found to change for
larger periods where the mass–loss enhancement becomes less significant. Along with the fact that more
massive Cepheids spend less time on the instability strip than less massive Cepheids, this result is potentially
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consistent with the observation that the mass discrepancy is constant (Keller, 2008) or decreases (Caputo
et al., 2005) as a function of mass. The model of mass loss being driven by radial pulsation and shocks is
consistent with the behavior of mass discrepancy between pulsation and evolution calculations as a function
of both mass and metallicity. But can mass loss predict the actual measured differences of mass?
For mass loss to be the solution it must be able to account for a difference of approximately 1M for
Cepheids with an evolutionary mass of 5M and 0 – 2M for Cepheids with an evolutionary mass 11M
in the Milky Way. The lower limit represents the mass discrepancy with the dependence on mass that is
predicted by Caputo et al. (2005) and the upper limit is due to the constant mass discrepancy argued by
Keller (2008). For LMC Cepheids the mass difference is approximately 1 – 1.5M for 5M Cepheids and
0 – 2.5M for 11M Cepheids, while for SMC Cepheids the mass difference is 1 – 2M and 0 – 3M
respectively.
A timescale is required to determine the average mass–loss rates needed to account for mass discrepancy.
This timescale is assumed to be the evolutionary lifetime on the second crossing: about 25 Myr for a 5M
Galactic Cepheid and about 2 Myr for an 11M Galactic Cepheid (Bono et al., 2006). Furthermore, it
is assumed that the evolutionary timescales are similar in the LMC and SMC. In that case, a 5M Cepheid
would need to lose mass at an average rate of 4×10−8 in the Galaxy, 6×10−8 in the LMC and 8×10−8 M /yr
in the SMC, to account for the maximum mass difference. For an 11M Cepheid, the average mass–loss rate
needs to be 0 – 1 × 10−6 , 0 – 1.2 × 10−6 and 0 – 1.5 × 10−6 M /yr. According to the theory of radiative–driven
mass loss, which dominates over the pulsation effects at long period, the mass–loss rate is of order 10−8 M ,
far less than the maximum value of the average mass–loss rate that is required. The mass–loss rate for l
Car has been estimated to be < 2 × 10−8 M /yr (Böhm-Vitense & Love, 1994), and for RS Pup the rate is
estimated to be < 3.5 × 10−6 M /yr (Deasy, 1988).
The challenge for explaining the mass discrepancy with mass loss is thus the large–mass regime. However, this challenge disappears if the mass discrepancy is a decreasing function of mass, as found by Caputo
et al. (2005). The mass discrepancy does not need to be zero at large mass, but it must be smaller than
the 17% argued by Keller (2008) to agree with predictions from pulsation–driven mass loss. If the mass
discrepancy is smaller for large mass Cepheids, then an average mass–loss rate of the order 10−8 M /yr may
resolve the difference.
At smaller mass, M < 9M , the theory of pulsation–driven mass loss predicts mass–loss rates of order
10−8 M /yr consistent with the average required mass–loss rate for the mass discrepancy. It is not obvious,
however, that the average mass–loss rate for Cepheids over the first and second crossing is this large. The
predicted mass–loss rates of the model Galactic Cepheids from Bono et al. (2000b) is generally too small,
but there are a number of examples of significant mass loss in short period Cepheids in Paper I.
In the LMC and SMC the mass discrepancy at smaller mass is 17 – 25%, and the required average
mass–loss rate to explain this is 6 – 8 × 10−8 M /yr. At 10 – 20 day periods the mass–loss rates of the
theoretical Cepheid models is greater or equal to this required average, as shown in Figure 7.3, but only
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for two of the points of on the evolutionary track of the LMC and SMC Cepheid. For the shorter period
LMC/SMC Cepheids the mass loss was shown to be unstable for some of the models, but this was solved
by using slightly larger values for the period of pulsation for a maximum value of the mass–loss rate. These
maximum values are of the order 10−7 M implying that it is possible to account for the required amount of
mass loss.
It is worth noting that pulsation–driven mass loss predicts that the mass loss decreases with metallicity
at long periods. If mass loss is the solution to the mass discrepancy then the mass discrepancy must decrease
as a function of mass at a larger rate for the LMC and SMC than for the Milky Way, against the assertion
of Keller (2008) that the mass discrepancy is constant with mass. The mass discrepancy may be constant
for periods up to 20 days where the mass loss is dominated by pulsation and shocks. At longer periods, the
mass loss depends primarily on radiative driving, which decreases as (Z/Z )2 , thus implying a smaller mass
discrepancy in the SMC and LMC compared to the Milky Way.
The results of this work imply it is possible for mass loss to account for the mass discrepancy but the
evidence is circumstantial. However, mass loss accounts for at least some of the mass discrepancy according
to this theory. In that case, it could be argued the remaining mass discrepancy is due to convective core
overshoot which in turn affects mass loss. The most significant effect of convective core overshoot on the
global parameters is the ratio of the luminosity and mass, where this ratio is larger for more overshoot. This
larger ratio causes a larger contribution to the acceleration of the wind via the continuum opacity which in
turn increases the mass–loss rate of all Cepheids. By comparing the mass–loss rates in Figures 7.3 and 7.4,
it is reasonable to argue that mass loss is important even if the helium core is larger due to convective core
overshoot in Cepheid progenitors. The two possible explanations may be differentiated by determining the
mass discrepancy for long period (P > 30d), massive Cepheids; if the discrepancy is smaller at large masses
then mass loss is a probable solution.

7.7

Conclusions

The hypothesis that mass loss is important for the lower metallicity Cepheids in the LMC and SMC has been
investigated in this chapter. This has been done by rewriting the analytic method for computing pulsation–
driven mass–loss rates as a ratio of mass–loss rates for two Cepheids that are alike in effective temperature
and luminosity but with different metallicities, and allowing the other parameters to vary, such as the radius
and the period of pulsation. This leads to a parameter space that can be tested to understand the potential
behavior of Cepheids at lower metallicity. Over the majority of the parameter space the relative mass–loss of
the two Cepheids is less than unity, reflecting the explicit dependence on metallicity. However, there exists
two regimes where the relative mass–loss may be larger for lower metallicity. The first regime is where the
relative mass is less than unity and the relative radius is larger than unity, and thus the ratio of the pulsation
periods may be greater than unity. The other regime is where the pulsation period of the lower metallicity
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Cepheid is less than that of the Cepheid with solar metallicity and the ratios of the mass and radius are
approximately unity. There is an additional parameter constraining this result. The mass loss is only larger
for the lower metallicity Cepheid if the mass loss is significant for the similar solar–metallicity Cepheid. In
other words, if mass loss is significantly amplified by pulsation for the solar metallicity Cepheid then the
mass loss may be further amplified by pulsation for the lower metallicity Cepheid.
We tested if the parameter space that caused the pulsation amplification of mass loss is consistent with
with properties of LMC and SMC Cepheids. This was done using the metallicity correction of the Period–
Luminosity relation to determine periods of LMC and SMC Cepheids relative to Galactic Cepheids with
the same luminosity. Also we used the Period–Radius relation to determine how the radius changes for
the lower metallicity Cepheids. The metallicity correction suggests that lower metallicity Cepheids have
longer pulsations periods than Galactic Cepheids and the longer pulsation periods imply that the radii of
lower metallicity Cepheids are larger than Galactic Cepheids for the same luminosity. These behaviors are
consistent with mass–loss rates being further amplified implying mass loss is important for LMC and SMC
Cepheids.
We have calculated mass–loss rates for theoretical models of Large, and Small Magellanic Cloud, and
Galactic Cepheids using the method presented in Paper I. It should be noted that the theoretical models use
stellar evolution calculations that do not include mass loss in earlier stages of evolution. This affects the
Cepheid mass–luminosity relation. It is not clear how the pulsation–driven mass–loss rates of massive (M >
10M ) Cepheids would change if we use the non–linear mass–luminosity relation of Keller (2008). The
non–linear mass–luminosity relation suggests that at large mass the luminosity is less for a given mass than
what is predicted by Caputo et al. (2005). This would suggest that pulsation–driven mass–loss rate would
be less, but it is unclear what the pulsation period would be in this case. The pulsation period of a Cepheid
following the non–linear mass–luminosity relation may be smaller than the period of a Cepheid following
the linear mass–luminosity relation. If the period is smaller then the shocks that help drive mass–loss are
more efficient and the mass–loss rate may increase. It would be very interesting to test this possibility.
In the calculation of the mass–loss rates, it was found that the peak mass–loss rates in the second crossing
of the instability strip in the SMC is almost a factor of 10 larger than in the LMC, which in turn, is almost
10 times larger than that in the Milky Way. Furthermore it was found that the period of about 10–20 days is
the point where the dependence of mass loss on metallicity changes sign. This result may be interpreted as
the mass loss being amplified significantly for the shorter period Cepheids and radiative driving being the
dominant driving mechanism in longer period Cepheids. The larger mass–loss rates for lower metallicity
Cepheids is consistent with the conclusion that mass loss may be amplified more by pulsation at lower
metallicity.
It is believed that dust forms in the wind of a Cepheid, generating an infrared excess. From the predicted
mass–loss rates of theoretical models of Cepheids, we compute Color Magnitude Diagrams as an observational prediction. The result, however, depends on both the dust–to–gas ratio and the mass–loss rate. The
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color excess computed here is thus the maximum value because the dust–to–gas ratio used in this work is
the maximum value. The dust–to–gas ratio may be a few times to an order of magnitude less, implying
the color excess may be about a factor of 2–3 less. The predicted 3.6 µm luminosity computed from the
sum of the stellar and circumstellar shell luminosities was found to be consistent with the observed infrared
Period–Luminosity relation at 3.6 µm (Ngeow & Kanbur, 2008; Freedman et al., 2008) as well as possibly
agreeing with the set of Cepheids from Ngeow & Kanbur (2008) that were considered outliers with much
larger luminosities due to blending effects.
The ability of mass loss to explain the mass discrepancy has also been explored. It is shown that
pulsation–driven mass loss is a possible explanation, but there still is not enough information to say this
with certainty. The most difficult aspect to explain is the 17% mass discrepancy at large mass where the
predicted mass–loss rates are smaller than the necessary values of 10−6 M /yr. However, the 17% mass
discrepancy is an upper limit and the mass discrepancy at large masses range from 17% down to zero. At
smaller masses the pulsation–driven mass loss is consistent with a mass discrepancy of 17%. For the LMC
and SMC the mass–loss rates increase, implying mass loss can also explain the metallicity dependence of
the mass discrepancy.
The results of this work suggest that it is possible for mass–loss rates of lower metallicity Cepheids
in the LMC and SMC to be greater than the mass–loss rates of similar Galactic Cepheids. This result is
counterintuitive, one might expect mass loss to scale as the metallicity. However, the pulsation period, radius
and other parameters that describe a Cepheid and its mass loss also have dependencies on the metallicity, and
the combination of these parameters and the dependencies cause the mass–loss rates to be potentially more
significant. Furthermore, the amount of mass loss predicted for Magellanic Cloud Cepheids is consistent
with the observed behavior of the mass discrepancy of Cepheids as a function of metallicity from Keller
& Wood (2006) as well as the dependence on mass Caputo et al. (2005). Therefore mass loss cannot be
discounted as a possible contribution to the mass discrepancy. The amount of mass loss calculated using
the pulsation mass–loss model is significant but there is not enough information to argue mass loss alone
resolves the mass discrepancy. This needs to be tested by with a large number of nonlinear pulsation models
of Cepheids on both the first and second crossing to account for the effect of mass loss of the evolution of
the period.
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Chapter 8

Testing Mass Loss in Large Magellanic
Cloud Cepheids using Infrared and Optical
Observations
This chapter is published as:
“Testing Mass Loss in Large Magellanic Cloud Cepheids Using Infrared and Optical Observations”
Neilson, H.R., Ngeow, C.-C., Kanbur, S.M., & Lester, J.B. 2009, ApJ, 692, 811

“Dusting is a good example of the futility of trying to put things right. As soon as you dust, the
fact of your next dusting has already been established..” - George Carlin

8.1

Introduction

Cepheids are powerful standard candles because they follow a Period–Luminosity (PL) relation. This relation has been determined using Cepheids in the Large Magallanic Cloud (LMC) in optical and near infrared
bands (Laney & Stobie, 1994). LMC Cepheids also provide insight into stellar astrophysics as they have
lower metallicity relative to Galactic Cepheids, which has an effect on the pulsation of Cepheids.
Recently, infrared PL relations have been derived using Spitzer observations from the SAGE program
(Meixner et al., 2006) by Ngeow & Kanbur (2008) and by Freedman et al. (2008) and with the Epoch 2
SAGE observations by Ngeow et al. (2008); Madore et al. (2008) . These infrared PL relations are important for extragalactic studies, and this will be even more so when the James Web Space Telescope begins
operation. The infrared PL relations are powerful tools because metallicity does not contribute significantly
(Freedman et al., 2008) and because the pulsation amplitude decreases in the infrared. However, there is
1

Neilson et al. (2009), reproduced with permission by the American Astronomical Society
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significant evidence of infrared excess in Cepheids (Deasy, 1988; Evans et al., 2007; Kervella et al., 2006;
Mérand et al., 2006, 2007). The observations of infrared excess imply that there may be an additional
uncertainty in infrared PL relations, and the excesses may play a role in LMC Cepheids.
The purpose of this chapter is to test if there is infrared excess in the sample of Cepheids with SAGE
observations from Ngeow & Kanbur (2008) caused by a stellar wind. It is argued that at some large distance
from the surface of the Cepheid, the wind cools enough that a small fraction of the gas condenses into a dust
shell that produces an infrared excess. The dust shells that surround Cepheids are optically thin because
they form at large distances from the Cepheids. For instance, a Cepheid with T eff = 6000 K will have a
condensation radius of rc /R∗ = 0.5(T c /T eff )−5/2 = 16, assuming a condensation temperature of 1500 K. At
the distance where dust forms, the dust shells are optically thin, and do not contribute to the extinction of
starlight.
The mass–loss hypothesis causing infrared excess in LMC Cepheids is tested using SAGE observations
in the IRAC bands combined with OGLE II observations of B,V, and I (Udalski et al., 1999a,b). The next
section outlines the observations and the model describing circumstellar dust created in a stellar wind that
causes infrared excess. The process for determining the mass–loss rates is also described. The results are
given in Section 3 and the predicted infrared PL relations are described in Section 4. The fifth section will
explore possible driving mechanisms for mass loss in LMC Cepheids, testing if the predicted mass–loss
rates are consistent with the analytic model for mass loss derived in Chapter 6.

8.2

The Data and Mass Loss Model

We use OGLE II and SAGE observations of LMC Cepheids to determine mass–loss rates. The OGLE II data
are for B, V and I magnitudes while the SAGE magnitudes are in IRAC bands at wavelengths 3.6, 4.5, 5.8
and 8.0 µm. The SAGE data is adopted from Ngeow & Kanbur (2008), which consist of 730 OGLE II LMC
Cepheids with log P > 0.4. However we only use 488 of these Cepheids that have at least 3 IRAC bands
and 2 of the BVI bands from this dataset. The SAGE data are compiled by matching the position of OGLE
II Cepheids with positions of infrared sources in the SAGE observations. Ngeow & Kanbur (2008) match
sources if they are within 3.5 arcseconds of the position of the OGLE II Cepheids. Figure 8.1 show the
infrared PL relations constructed using the IRAC magnitudes. A number of (mostly short period) Cepheids
appear to deviate from the infrared PL relations, implying there is some infrared excess.
The are three possible causes of the infrared flux excess: (1) blending of stars in SAGE observations,
(2) false matches of the infrared sources to the OGLE II Cepheids, (3) or circumstellar dust shells forming
at a significant distance from the Cepheids in a stellar wind. It is possible that false matches contaminate
the sample, and we check this in Figure 8.2 where the magnitude residuals of the IR Period–Luminosity
relations determined by Ngeow & Kanbur (2008) are shown as a function of the separation between the
OGLE II and SAGE positions. Although the search radius used in Ngeow & Kanbur (2008) is rather large,
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Figure 8.1: The observed brightnesses of LMC Cepheids in the infrared as a function of period.
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most of the matched objects have a separation less than 0.77 arcseconds [as demonstrated in the Figure 1
and Table 1 in Ngeow & Kanbur (2008)]. The potential for false matches is only significant for a small
fraction of the total sample of Ngeow & Kanbur (2008), and in the sample used here, only ten of the 488
Cepheid matches have a separation greater than 1.3 arcseconds, which is the separation where the matches
almost all have large residuals to the fit of the PL relation. There is another asymmetry apparent in Figure
8.2 where the residuals have a separation less than 0.4 arcseconds. In this work, we keep the two samples,
but identify them in the figures when important.
We can test if the infrared excess is due to mass loss by calculating the sum of the infrared luminosity
of the Cepheid and the luminosity of the dust that is generated in the wind, given by
Lν,Shell =

3 < a2 > 1 Ṁd A
Q
4π < a3 > ρ̄ vd ν

Z

∞

Bν (T d )[1 − W(r)]dr.

(8.1)

R∗

The dust shell luminosity is proportional to the ratio of the mean cross section, < a2 >, and volume, < a3 >,
of the dust particles, and inversely proportional to the mass density of dust particles, ρ̄. The dust mass–loss
rate is given by Ṁd , the dust velocity is vd , and QνA is the absorption efficiency. The term in the integral
is the product of the blackbody radiation of the dust with temperature T d and the geometric dilution factor
p
W(r) = [1 − 1 − (R∗ /r)2 ]/2 at a distance r from the surface of the Cepheid.
To predict the dust shell luminosity, we need to specify the properties of the dust. The dust grain size
is assumed to range from 0.005 µm to 0.25 µm, which yields a value < a2 > / < a3 >≈ 40 µm based
on the method of Mathis et al. (1977). Assuming the dust is primarily graphite, the absorption will be
concentrated at optical wavelengths, giving an absorption efficiency of QνA ≈ 2. This further implies that the
mean density of the grains is ρ̄ = 2.2 g/cm3 . The dust velocity, equivalent to the terminal velocity of a wind,
is about 100 km/s, approximately equivalent to the escape velocity of a Cepheid. The integral is computed
from the surface of a Cepheid but dust does not form in the wind until the material is at a condensation
distance rc = (R∗ /2)(T ∗ /1500K)5/2 , where dust condenses at a temperature of 1500K. The dust temperature
at distance r from the star, greater than the condensation distance, is T d (r) = T ∗ W(r)1/5 . This leaves the dust
mass–loss rate, stellar radius and effective temperature as unknowns in Equation 8.1.
The gas mass–loss rate is found by assuming a dust–to–gas ratio. The typical ratio assumed for the
Milky Way ISM is 1/100, and this ratio was used in previous studies for mass–loss in Galactic Cepheids
(McAlary & Welch, 1986). The dust–to–gas ratio in the LMC must be significantly smaller than 1/100
because the formation of dust depends on the metallicity of the gas. For this work, a value of the LMC
dust–to–gas ratio is assumed to be 1/250 found by scaling the Milky Way dust–to–gas ratio by the ratio
of the average LMC metallicity of Z = 0.008 to the standard solar metallicity Z = 0.02. This choice of
dust–to–gas ratio leads to a gas mass–loss rate that is a lower limit. The dust–to–gas ratio in the LMC has
been observed to be approximately one quarter the Galactic value (Clayton & Martin, 1985) to about one
tenth the Galactic value (Weingartner & Draine, 2001). Therefore a gas mass–loss rate may be smaller than
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Figure 8.2: The apparent magnitude residuals of the fits of the PL relations from Ngeow & Kanbur (2008) as a
function of the separation of the positions of OGLE II Cepheids and the infrared sources for (Top) 3.6 and 4.5 µm and
(Bottom) 5.8 and 8.0 µm.
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would be predicted using other dust–to–gas ratios. The dust velocity, which is also the terminal velocity of
the gas wind, is chosen to be approximately the escape velocity, but the dust velocity may range from about
75–150 km/s, leading to an uncertainty of about 50%.
The mean luminosity of a Cepheid at frequency ν is given by
Lν,Star = 4πR2∗ πBν (T eff ),

(8.2)

meaning the stellar luminosity is dependent on the radius and effective temperature. We check if a blackbody
is a reasonable approximation by comparing blackbody B, V, I brightnesses with the B,V, and I from a Atlas
stellar atmosphere mode Kurucz (1979) with an effective temperature of 6000K and log g = 1. The model
atmosphere is consistent with Cepheid properties and the B,V, I agree with blackbody estimates to within
a few tenths of a magnitude. The infrared observations are well approximated by a blackbody brightness
because these wavelengths are in the tail of the blackbody function at 6000 K. The different predicted
brightnesses will affect the uncertainty of the mass–loss model but not greatly. This leaves three unknown
variables for fitting the observations: the dust mass–loss rate, the stellar radius and the effective temperature.
The effective temperature may be determined using the relation determined by Beaulieu et al. (2001)
log T eff = 3.930122 + 0.006776 log P − 0.2487(V − I)0 .

(8.3)

The relation is dependent on the pulsation period and de–reddened color.
To compare the predicted total luminosity (stellar plus shell) of the LMC Cepheids with the observed
fluxes, we need to adopt a distance modulus. Our choice is 18.5 ± 0.1 for the LMC, which is approximately
the mean distance modulus (Catelan & Cortés, 2008; Clement et al., 2008, for example), although the value
ranges from 18.4 to 18.7.
The errors for the optical and infrared observations are likely to be negligible compared to other uncertainties, so we assume that the error for each optical wavelength is 0.1 magnitudes, due to the uncertainty of
the distance to the Cepheids to determine the absolute magnitudes and the error for the infrared observations
is 0.2 magnitudes based on the distance uncertainty. The main sources of error are the thickness of the LMC
(Lah et al., 2005), error in the observations themselves and that the infrared observations may not be the
mean brightness of Cepheids. In fact, a thickness of about 5% of the distance to the LMC corresponds to an
error of 0.1 mag.
The BVI observations are also de–reddened while it is assumed that the extinction of the infrared light
is negligible. The color excess E(B − V) is given in the OGLE II data for each Cepheid and is on average
≈ 0.15. The extinction for the BVI is calculated in the same way as in Udalski et al. (1999b), while the
extinction in the infrared is significantly less than 0.1 magnitudes.
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8.3

Quality of Fit of Mass–Loss Rates

Having described the method for predicting stellar fluxes over the seven bands, we fit the mean radius and
dust mass–loss rate, and hence the gas mass–loss rate, using χ2 fitting, for each Cepheid in the sample. The
value of χ2 is given as
!2
N
1 X Mλi (Predicted) − Mλi (Observed)
χ =
,
N− f i
σi
2

(8.4)

where N is the number of observations and f is the number of unknowns. The χ2 fits are calculated for a
range of stellar radii based on the Period–Radius relation (Gieren et al., 1999)
log R/R = 0.68 log P(d) + 1.146.

(8.5)

and varying that radius by ±20%. The dust mass–loss rate is fit for a specific mean radius by finding a
minimum value of χ2 using a root–finding algorithm. Before we attempt to fit the dust mass–loss rate, we
first apply the χ2 fitting to the range of mean radii alone as a reference. The values of χ2 and predicted radii
in this method are shown in Figure 8.3.
Fitting the radius alone to the observations seems to provide a reasonable fit, but one may argue that the
uncertainty of the fit is related to the fact that the SAGE observations are single epoch and are not mean
brightness at these wavelengths. We test this by χ2 fitting the radius and a quantity dm. This variable
represents the difference between the observed infrared magnitude and the mean brightness of the Cepheids.
The values of dm are assumed to vary from −0.5 to 0.5 magnitudes dimmer, where a negative value of dm
implies the mean brightness is brighter than what is observed. The chosen range of values are exaggerated
as the full brightness amplitude of a Cepheid at IRAC wavelengths is < 0.4 the amplitude in the visible. The
largest full amplitude in the visible is 1.2 magnitudes, meaning the infrared variable dm will be −0.25 <
dm < 0.25 in reality, and for the majority of Cepheids the range of dm is much smaller. We show in Figure
8.4 the predicted values of dm as a function of period. If the hypothesized infrared excess were due primarily
to the fact that the infrared observations are single epoch then about 50% of the sample would predict dm ≤ 0
and 50% ≥ 0. The results in Figure 8.4 show a preference for dm > 0, with 68% of the total sample having
dm > 0 and 13% preferring dm = 0. Therefore, we take this as proof of an infrared excess in the SAGE
sample.
The next step is to determine the best–fit radius and mass–loss rate for the sample of Cepheids. The
χ2 fits are presented as a function of pulsation period in Figure 8.5 along with the gas mass–loss rate. The
mass–loss rates range from 10−12 to 10−8 M /yr, with the values of χ2 ranging from about 1.1 to about 23.
The large majority of Cepheids appear well fit by a mass–loss model that forms dust at some distance from
the surface of the Cepheid. These predicted mass–loss rates are significant, 10−9 M /yr, and, depending on
237

8.3. QUALITY OF FIT OF MASS–LOSS RATES

1000

χ2

100

10

1
0.4

0.6

0.8

1
Log P(d)

1.2

1.4

1.6

0.4

0.6

0.8

1
Log P(d)

1.2

1.4

1.6

120
100

Predicted Radius (RSun)

80

60

40

20

Figure 8.3: (Top) The χ2 fit of the observations with best–fit mean radius only. (Bottom) The predicted radii of the
sample of Cepheids with the Period–Radius relation (Gieren et al., 1999) shown as a dotted line. The circled points are
the Cepheids that are considered most likely to be false associations while the triangles represent the Cepheids with
separation between OGLE II and SAGE coordinates of less than 0.4 arcseconds.
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Figure 8.4: The best–fit values of dm, the predicted differences between the mean brightness and observed brightness
at infrared wavelengths. Circled points are the likely false associations and triangles represent separations less 0.4
arcseconds.

the dust–to–gas ratio and dust grain properties, the gas mass–loss rates may be an order of magnitude larger
or even more. These gas mass–loss rates are the minimum mass–loss rates for the LMC Cepheids.
We also quantify the uncertainty of the mass–loss rates caused by the unknown phase of the infrared
observations by computing the best χ2 fits for the mass–loss rate, radius and the quantity dm that was defined
earlier, and we compute the values of δ ln( Ṁ)/δ(dm) for a random, with respect to period, subsample of 100
of the Cepheids. This error is a function of both the pulsation amplitude, and the mass–loss rate. We
show the values of δ ln( Ṁ)/δ(dm) as a function of Ṁ in Figure 8.6. The uncertainty is related to the mass–
loss rate, and, as one would expect, the uncertainty of the pulsation amplitude is less important for larger
predicted mass–loss rates. We highlight the boundary where the uncertainty of the mass–loss rate is 100%
for a pulsation amplitude of 0.5 magnitudes which represents the maximum infrared pulsation amplitude.
This implies that Cepheids with predicted mass–loss rates > 10−9 M /yr have infrared excesses that cannot
be explained solely by pulsation phase, and a number of Cepheids with mass–loss rates < 10−9 M /yr have
uncertainties δ ln( Ṁ)/δ(dm) < 4. As the IR pulsation amplitudes become known we will be able to probe
smaller mass–loss rates with more certainty.
The model is also tested by comparing the two parameter fits, with the mass–loss rate and radius as
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Figure 8.5: (Top) The χ2 of the observation with best–fit mean stellar radius and mass–loss rate. (Bottom) The gas
mass–loss rates of the sample of Cepheids, binned into different χ2 groups. Those points circled are the possible false
associations.
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Figure 8.6: The uncertainty of the mass–loss rates due to the difference between the observed infrared brightness
and the unknown mean brightness of the Cepheids as a function of mass–loss rate. The horizontal line refers to an
uncertainty of 100% for a full pulsation amplitude of 0.5 mag.

the two degrees of freedom, to fits using just the radius as the only degree of freedom. We use the F–test
to quantify the significance of the mass–loss model. The F–test is described by Kanbur & Ngeow (2004);
Ngeow & Kanbur (2008, and references therein) and for each Cepheid we calculate the value of F. For the
majority of Cepheids, the fit of the radius has only six degrees of freedom while the mass–loss model has
five. Some of the Cepheids have one less degree of freedom for each model respectively. The values of
F are shown in Figure 8.7 against the values of χ2 for the mass–loss model. The values of F > 5 mean
that we can state with 95% confidence that the mass–loss model is significant relative to fitting the radius
alone. This provides no information into the possibility of blending, for instance, so we also take a cut of
models with a value of χ2 < 5. This corresponds to the upper left quadrant of Figure 8.7 which contains 44
Cepheids. Therefore we state with 95% confidence that approximately 9% of the sample of LMC Cepheids
have circumstellar dust shells caused by stellar winds.
It is shown that 44 of the Cepheids are consistent with the mass–loss model, implying that the remainder
of the sample is consistent with no mass loss. However the value of F is a function of the mass–loss rate,
with F increasing with Ṁ, as shown in Figure 8.7. Cepheids with values of F < 9 and χ2 < 5 in the lower
left quadrant of Figure 8.7 with χ2 < 5 are consistent with mass loss but the observational errors are too
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Table 8.1: Best Fit Parameters for Predicted PL Relations

Type
Linear

Non–
Linear
P < 10d
Non–
Linear
P > 10d

λ (µm)
3.6
4.5
5.8
8.0
3.6
4.5
5.8
8.0
3.6
4.5
5.8
8.0

Slope
−3.145 ± 0.024
−3.159 ± 0.023
−3.170 ± 0.023
−3.181 ± 0.023
−3.248 ± 0.038
−3.259 ± 0.038
−3.268 ± 0.037
−3.276 ± 0.037
−2.971 ± 0.123
−2.989 ± 0.121
−3.005 ± 0.119
−3.019 ± 0.118

Zero Point
15.993 ± 0.017
15.921 ± 0.017
15.924 ± 0.017
15.929 ± 0.017
16.057 ± 0.025
15.983 ± 0.025
15.984 ± 0.025
15.988 ± 0.024
15.815 ± 0.146
15.747 ± 0.143
15.754 ± 0.141
15.763 ± 0.140

Dispersion
0.110
0.108
0.107
0.105
0.107
0.105
0.104
0.103
0.125
0.122
0.120
0.118

large to state with certainty that all LMC Cepheids are undergoing mass loss. This suggests that the model
needs to be tested with time series infrared observations to constrain the pulsation amplitude and reduce the
uncertainty of the infrared observations. In the next section, we test what effect mass loss might have on the
infrared PL relation if the hypothesis is correct.

8.4

The Effect of Mass Loss on Infrared Period Luminosity Relations

It has been postulated that mass loss generates dust in a circumstellar shell surrounding a Cepheid and
this, in turn, affects the infrared PL relation. By using the predicted stellar luminosities of the sample of
Cepheids, we compute the stellar PL relations, mλ = a log P + b, and compare them with results from
Ngeow & Kanbur (2008) and Freedman et al. (2008). We also test the data for non–linearity in the infrared
PL relations. In the fit, we do not include the Cepheids with large separations that were noted in the previous
section, however, we do include those with separation less than 0.4 arcseconds because they have randomly
distributed mass–loss rates, in Figure 8.5, and hence have randomly distributed infrared excesses.
The predicted stellar luminosities of the LMC Cepheids in the mass-loss model are shown in Figure
8.8, together with a comparison of the linear and non–linear PL relations with the relations from Ngeow &
Kanbur (2008) and Freedman et al. (2008). The non–linear PL relation is defined as two linear relations, the
first for the period range of 1 to 10 days while the second is for the longer period range (Ngeow et al., 2005).
The slopes, zero–points and dispersions of the fits for the linear and non–linear fits are given in Table 2.1.
The linear PL relations have smaller dispersion than the PL relations from Ngeow & Kanbur (2008) for
the two longer wavelengths and slightly larger dispersion for the two shorter infrared wavelengths. There
are also notable differences in the slopes and the zero points. The zero points of the predicted 3.6 and 4.5 µm
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Figure 8.8: (Left) The predicted stellar brightnesses of the LMC Cepheids as a function of period. (Right) The
Comparison of the best–fit linear and non–linear PL relations to the relations determined by Ngeow & Kanbur (2008)
and Freedman et al. (2008) where we removed Cepheids with separation greater than 1.3 arcseconds.

PL relations are approximately the same as those determined by Ngeow & Kanbur (2008), while at longer
wavelengths the differences are significant and also the predicted zero points tend to be a little brighter
than the zero–points found by Freedman et al. (2008). This is consistent with mass loss causing larger
infrared excesses at longer wavelengths. The predicted slopes range from −3.14 at shorter wavelengths to
−3.18 at longer wavelengths. This is a small change of slope as a function of wavelength, and it is roughly
consistent with a constant slope within the errors given n Table 2.1. The slopes from Ngeow & Kanbur
(2008) show the opposite behavior with the slopes becoming less steep with longer wavelength, contrary
to the arguments in Freedman et al. (2008) who maintain the slope of the PL relation should be steeper as
a function of wavelength and approaches an asymptotic limit. In both cases the uncertainty of the slope is
similar, ranging from 0.017 to 0.048 with increasing wavelength for Ngeow & Kanbur (2008), and about an
average of 0.03 for Freedman et al. (2008). Therefore the slopes from these two works and those predicted
here do not agree within the uncertainty.
This shift in the behavior of the slopes of the infrared PL relations is due the removal of infrared excess
caused by mass loss. This is best seen at 8.0 µm where the slope changes from about −3 (Ngeow & Kanbur,
2008) to −3.18 when the contribution of brightness due to mass loss is removed, although the observed slope
of −3 may also be due to incompleteness of the data at the faint end of the PL relation. The implication
is that mass loss in short period Cepheids contributes significant luminosity, increasing the zero point and
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causing a shallower slope because the majority of the Cepheids in the sample have periods less than ten
days. The shallower slope implies that mass loss contributes fractionally less to the total infrared luminosity
at longer periods because the stellar luminosity is already so large.
The analysis in the previous section showed that the mass loss hypothesis is statistically unique from
fitting only the radius of the Cepheid for about 44 Cepheids in the sample, or conversely that the majority of Cepheids in the sample are statistically consistent with zero mass loss. From this realization, we
wish to compare the observed infrared brightness that we fit our model with and the predicted infrared
brightness of the Cepheids. The comparison is shown in Figure 8.9 for the 8.0 µm data. At this wavelength the differences is most apparent because a dust shell contributes a larger fraction of the total flux at
longer wavelengths. We also compute best–fit linear relations for the observed data where the Cepheids
with large separation and the 44 Cepheids where mass loss is shown to be likely are not used in the fitting. This relation is m8.0µm (Observed) = −2.905 log P + 15.530 with a standard deviation of 0.219. For
comparison, we derive the best–fit data using all of the 8.0 µm data from Ngeow & Kanbur (2008) and find
m8.0µm (Complete) = −2.473 log P+15.058 with a standard deviation of 0.602. The relations given in Ngeow
& Kanbur (2008) are determined using an iterative fitting method where a best–fit relation is determined and
then any Cepheids with a brightness that is more than 3σ different are removed and a new PL relation is
computed and the process repeats until the PL relation converges. Here, we compute the PL relation using
all of the data without the iterative approach, The linear relations are shown in Figure 8.9. Although we
are only able to confidently state that 44 of the Cepheids are consistent with the mass–loss model, we note
that there are significant differences between the predicted stellar brightnesses and observed data, and that
these differences are reflected in the infrared PL relations. It is also interesting that these 44 Cepheids are
observed to be brighter than the majority of the sample but there are a number of Cepheids with similar
brightness that are statistically consistent with zero mass loss.
The data are tested for non–linearity in the infrared PL relations. The hypothesis that the infrared PL
relations are non–linear is tested with the F–test, as described in Kanbur & Ngeow (2004); Ngeow & Kanbur
(2008, and references therein) by comparing a PL relation of the form




 a log P + b
mλ = 


 c log P + d

log P < 1
log P > 1

(8.6)

with the standard linear PL relation with two degrees of freedom. If the value of F > 3, the PL relations
are non–linear with 95% confidence. Our values of F, with increasing wavelength, are 7.89, 5.93, 5.78, and
5.50. The predicted stellar PL relations are thus consistent with being non–linear with a period break at 10
days. The predicted slopes and zero–points are given in Table 2.1. However there are two possible sources
of error. The first is that we are assuming blackbody radiation that ignores any infrared absorption lines that
may affect the structure of the PL relations. The second is that there are significantly less data for periods
greater than 10 days (approximately 50 data points).
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Figure 8.9: Comparison of the predicted stellar and the observed fluxes of the sample of Cepheids. The 44 Cepheids
where the mass–loss model is statistically unique are shown as squares. The lines represent the predicted stellar flux,
the observed stellar flux of the sample and that of the complete set from Ngeow & Kanbur (2008).

The non–linearity is related to the fact that the luminosities are given by the effective temperature; using
the OGLE II data to derive effective temperatures may cause a non–linear Period–Temperature relation
because of non–linearity in the OGLE II (V − I) Period–Color relation (Kanbur & Ngeow, 2004). This
non–linear Period–Temperature relation causes non–linearity in the infrared predictions. This implies that
the PL relations given by only the stellar component is non–linear in the wavelength range of 3.6 to 8.0
µm based on blackbody arguments, contradicting the results of Ngeow & Kanbur (2008) and Ngeow &
Kanbur (2006) for the K–band PL relation. There are two plausible reasons why this contradiction is found.
Kanbur et al. (2004) argue the non–linearity is due to the hydrogen ionization front (HIF) interacting with the
photosphere, causing significant temperature variations in the layers of the Cepheids that emit mostly in the
optical; at longer wavelengths this interaction becomes less significant. This implies that the mean effective
temperature at shorter periods is affected by the HIF while at longer periods the effective temperature is just
what would be expected for a non–pulsating star. At infrared wavelengths, most of the radiation is emitted
higher in the stellar atmosphere farther from the effects of the HIF, which leads to a more linear PL relation
and is hence more dependent on the Period–Radius relation, which is linear. This would explain why the
values of F for the non-linear relations decrease with longer wavelength, the IR PL relations are becoming
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more consistent with a surface brightness related to the linear Period–Radius relation. The non–linearity of
the predicted data may just be reflecting the non–linearity in the optical wavelengths because the variations
of the effective temperature over the pulsation period is ignored.
The second possibility is that mass loss causes larger infrared excess for shorter period Cepheids than for
longer period Cepheids even though the mass–loss rates are similar for short (P < 10d) and long (P > 10d)
period Cepheids. The short period Cepheids have smaller radii leading to smaller, more dense circumstellar
shells. The more dense shells cause greater infrared excess. This greater infrared excess in shorter period
Cepheids makes them appear brighter on average, which increases the zero point of the infrared PL relation;
because the relative infrared excess decreases with longer period, the slope of the PL relation will appear
shallower, with the effect being more prominent at longer wavelength. This idea may explain the marginal
linearity found in the K–band PL relation. Infrared excess in Galactic Cepheids has been observed using
K–band interferometry (Kervella et al., 2006; Mérand et al., 2006, 2007) so it is likely infrared excess plays
a role in the LMC Cepheids at this wavelength. This would imply that the K–band PL relation is actually
non–linear and this non–linearity is being masked by the infrared excess. This argument also explains the
results of the tests of non–linearity in the IRAC PL relations in Ngeow & Kanbur (2008), in particular the
non–linear PL relation at 8.0 µm. The authors found that the slope of the non–linear PL relation for P < 10d
is shallower than the slope of the linear relation at 8.0 µm with a more luminous zero point. The non–linear
PL relations for P < 10d in the optical and near–IR all display the opposite behavior with respect to the
linear PL relations. This non–linear relation at 8.0 µm is due to the same process that causes the other IRAC
PL relations to appear linear except the process is more significant at longer wavelengths.
It has been shown that mass loss provides a significant contribution to the infrared brightness of LMC
Cepheids and affects the structure of infrared PL relations. Without the contribution of mass loss, the slopes
of the linear PL relations are steeper with increasing wavelength albeit at a small rate differing from the
slopes becoming more shallow as found by Ngeow & Kanbur (2008). Applying the F–test to the predicted
data implies that the infrared PL relations are non–linear, though this result requires further testing. However
most of the Cepheids have predicted mass–loss rates that are statistically consistent with zero implying this
result is preliminary and needs to be tested further with more data with smaller uncertainties.

8.5

What is the Driving Mechanism?

Up to this point, we have investigated the ability of mass loss to match the OGLE II and SAGE observations
of LMC Cepheids, and how the resulting estimates of infrared excess affects the structure of the PL relations.
This has been done without assuming a driving mechanism of the Cepheid wind. There are a number of
possible methods for stars to drive mass loss, but only two are likely for Cepheids: radiative driving and
pulsation driving, which was discussed in Chapter 6. It is not feasible to apply the pulsation–driving model
to this set of data as we do not have knowledge of the pulsation amplitudes or masses to which the model is
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sensitive. However we can test whether a radiative–driven stellar wind can match the predicted mass–loss
rates using the method of Castor, Abbott, & Klein (1975).
The calculation of the mass–loss rate for a radiative–driven stellar wind is reviewed in Lamers &
Cassinelli (1999), and discussed in Chapter 6. To conduct the calculation the mass, luminosity, radius
and effective temperature are needed; the radii are determined by the χ2 fitting, the effective temperatures
are given by the relation from Beaulieu et al. (2001) and the luminosity is found from the radius and effective temperature. The mass is unknown so the radiative–driven mass–loss rates are found using a number of
masses via mass–luminosity relations from Bono et al. (2000b), where L = M n in solar units. The mass–
loss rates found from the observations are shown in the left panel of Figure 8.10, plotted with the best–fit
relations for radiative–driven mass–loss rates found with the following mass–luminosity relations, where
n = 4.4, 4.7, 5.0, and 6.0. The value of n = 4.4 represents the mass–luminosity relation from stellar evolution calculations, while n = 4.7 and 5.0 represent the mass–luminosity relations relating to mass found using
pulsation calculations, and n = 6.0 is used as an extreme case. An example of the values of the radiative–
driven mass–loss rates is shown in the right panel of Figure 8.10 for the case of n = 4.7. Radiative–driven
mass–loss rates for other values of n > 4.7 will increase the rates and for n < 4.7 will decrease the rates by
a roughly constant amount for each Cepheid.
The radiative–driven mass–loss rates are significantly smaller than the mass–loss rates determined from
the observations. At short periods of approximately 5 days, the radiative mass–loss rates are about 103
to 105 times lower. However, at periods greater than 30 days the radiative–driven mass–loss rates are of
similar order as the calculations. This implies that the mass–loss cannot be driven by radiative lines alone
at short period; there must be another driving mechanism. This differs at longer period, but it should be
noted that the mass–loss rates found from the observations are the minimum value based on the dust–to–gas
ratio. This means that the predicted gas mass–loss rates from infrared observations may be larger than the
radiative–driven mass–loss rates.
As a further test of whether the mass loss is consistent with radiative driving we compute the circumstellar flux from dust created in a radiative–driven wind and added that to the predicted blackbody fluxes
to compute infrared PL relations. These relations are predictions of what would be observed if the mass
loss is consistent with radiative driving. The fitted relations at the four wavelengths 3.6, 4.5, 5.8, and 8.0
µm have slopes and y–intercepts that are equivalent to the IR PL relations derived from the predicted stellar
fluxes alone within the error of the fits. For instance the slope and y–intercept of the 8.0 µm relation is
−3.139 ± 0.024 and 15.988 ± 0.017, differing by only a few thousandths from the 8.0 µm PL relation determined from the predicted stellar fluxes alone. Radiative driving does not explain the significant infrared
excess of 44 Cepheids that are explained by mass loss.
The amount of mass loss from the LMC Cepheids do not agree with radiative–driving calculations, and
the mass loss is more consistent with the pulsation–driven model if one considers the magnitude of the
mass–loss rates and the amount of scatter, especially for the 44 Cepheids where the mass–loss model is
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Figure 8.10: (Top) The comparison of the mass–loss rates found from the infrared observations with best–fit linear
relations representing mass–loss rates found from radiative–driving calculations, and (Bottom) the radiative–driven
mass–loss rates for the mass–luminosity relation where n = 4.7.
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unique. The remainder of the sample cannot be distinguished statistically from pulsation driving, radiative
driving or no mass loss. However, if one invokes no mass loss or radiative driving then it is more difficult
to explain the behavior of the 44 Cepheids. Pulsation–driven mass loss predicts that mass loss is driven
by shocks generated in a pulsating atmosphere and the shocks tend to be more efficient at hotter effective
temperatures. This would explain the large range of mass–loss rates at similar pulsation periods. The
pulsation–driven mass–loss rates tend to be orders of magnitude larger than radiative–driven mass–loss
rates as shown for observations of Galactic Cepheids and theoretical models of Galactic, LMC and SMC
Cepheids at shorter periods. We conclude that the mass–loss rates found in this work provide evidence for
the model of pulsation–driven mass loss.

8.6

Discussion and Conclusions

It is hypothesized that LMC Cepheids have significant infrared excess based on infrared observations of the
LMC from the SAGE survey, and that the infrared excess is caused by dust forming in a Cepheid wind at
a large distance from the surface of the star. The idea was tested using OGLE II BVI observations along
with IRAC observations of the Cepheids to best–fit radii and dust mass–loss rates of the LMC Cepheids.
The effective temperatures are determined using a temperature–color–period relation from Beaulieu et al.
(2001).
The predicted gas mass–loss rates are significant with an average about 10−10 to 10−9 M /yr and may
possibly be as high as 10−7 M /yr, depending on the value of the dust–to–gas ratio. These mass–loss rates
are not consistent with have radiative line–driving as the primary driving mechanism for the LMC Cepheids.
The rates, instead, provide evidence for shocks and pulsation driving the mass loss when compared to the
analytic pulsation–driven wind model.
The mass–loss model is compared to the fit of the observations with radii alone, and it is shown that
a model fitting only the radius may be rejected with 95% confidence relative to the mass–loss model for
44 Cepheids but this means that the remainder of the sample is consistent with no mass loss. Therefore
the results and arguments in the work based on the mass–loss model should be regarded with caution.
For almost every case the predictions are limited by the uncertainties of the distance modulus and the IR
pulsation amplitude. This comparison of the two models using the F–test is dependent on the mass–loss
rate, and this shows we detect reliable infrared excess if the mass–loss rate is > 10−10 M /yr. Because of the
dependence of the F–test on the mass–loss rate we explored what effect mass loss would have on the infrared
PL relation. The mass–loss model would benefit from infrared observations over the period of pulsation to
determine the mean brightness, which would decrease the uncertainty of the infrared brightnesses.
The large mass–loss rates of LMC Cepheids may explain the Cepheid mass discrepancy in the LMC.
The pulsation masses tend to be about 20% smaller than evolution masses in the LMC (Keller, 2008),
which translates to a difference of about 1M for lowest mass Cepheids up to a few solar masses for the
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most massive Cepheids. The mass–loss rates found in this work agree with the discrepancy for low mass
Cepheids to an order of magnitude because the evolutionary timescale for a Cepheid on its second crossing
is of order ten million years. However the mass–loss rates are too small to be consistent with a 20% mass
discrepancy for the more massive Cepheids. It should be noted that the mass discrepancy in LMC Cepheids
is measured from Cepheids with periods less than 20d, which have evolutionary masses from about 4 to
7M (Bono et al., 2000b). The mass discrepancy has not been measured for more massive LMC Cepheids.
It has also been found that mass loss affects the infrared PL relations. Using the predicted stellar luminosities we constructed new infrared PL relations that do not have infrared excess. These relations differ
from those determined by Ngeow & Kanbur (2008) with differences in the zero point and the slope. The IR
PL relations from Ngeow & Kanbur (2008) have slopes that become smaller at longer wavelength inconsistent with the argument that the slope of the PL relation should approach a constant maximum value at
longer wavelength base on the Period–Radius relation (Freedman et al., 2008). The slopes in this work are
all about −3.15 with a small amount of steepening at longer wavelength. This would imply a constant slope
near that value which is also inconsistent with the slope derived from the PR relation.
Using the F–test, there is evidence for non–linearity in the relations similar to the non–linear structure
found in optical PL relations. Mass loss acts to linearize the PL relation at 3.6, 4.5, and 5.8 µm, while at 8.0
µm the PL relation is non–linear with a slope that is shallower at P < 10d than for P > 10d which implies
the infrared excess is becoming more important at longer wavelength. Mass loss may also explain why the
K–band PL relation is marginally linear Ngeow & Kanbur (2006).
The resulting effect that mass loss has on infrared observations of Cepheids implies serious consequences
for infrared Period–Luminosity relations if they are to be used for high precision astrophysics. One of the
reasons for using infrared PL relations is that they are less sensitive to metallicity than optical relations and
hence do not need to be corrected for each galaxy (Sasselov et al., 1997). The metallicity correction is a
significant source of uncertainty in studies of the Hubble Constant (Freedman et al., 2001) and an infrared
PL relation that avoids this uncertainty would be a powerful tool. However, we have shown that mass
loss affects the scatter and the structure of the PL relation. The scatter increases the uncertainty of any
distance determination, but more importantly the fractional amount of dust generated in a wind depends on
metallicity. The amount of mass loss may also depend on metallicity, as suggested in Chapter 8. These two
issues imply the Period–Luminosity relation depends on metallicity at infrared wavelengths as well as at
optical wavelengths though to what extent is currently unknown.
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Chapter 9

Conclusions and Future Work
“All my life I’ve had one dream, to achieve my many goals.” - Homer Simpson

9.1

Introduction

The work presented in this dissertation focuses on two objectives, the first is the development of a radiative
hydrodynamic program based on a new spherically symmetric version of the Atlas stellar atmospheres
program as well as a study of limb-darkening in the model atmospheres. The second part of the dissertation
is the theoretical study of Cepheid mass loss and the formation of circumstellar envelopes. The results and
conclusions of these two parts are discussed in their respective chapters and is not repeated here. Instead,
the purpose of this final chapter is to review the implications of this work from a more global perspective
and to discuss future directions of research.

9.2
9.2.1

The Big Picture
The Mass-Loss Model

The results of this dissertation cover a diverse range of topics in stellar astrophysics but they all share a
common thread. They provide insight into the atmospheres of Cepheids and similar stars, and motivate
the need for more complete models to produce synthetic spectra and synthetic optical interferometric visibilities to compare with observations presented by Nardetto et al. (2006), Nardetto et al. (2007), Nardetto
et al. (2008a), Nardetto et al. (2008b), and Nardetto et al. (2009), and Kervella et al. (2004d), Kervella
et al. (2006), Mérand et al. (2006), and Mérand et al. (2007), as well as future observations from the next
generation of telescopes and interferometers.
One of the more interesting questions regarding Cepheid structure and evolution is the Cepheid mass
discrepancy. In Chapters 6 and 7, it was found that the difference between the evolutionary and pulsation
masses is consistent with predicted mass-loss rates due to pulsation driving. Under the hypothesis that mass
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loss is the source of the discrepancy, a star will evolve off of the main sequence and enter the Cepheid
Instability Strip for the first time. Upon entering the Instability Strip the star has a mass that is consistent
with stellar evolution calculations. The star evolves through the first crossing in about 106 years and loses
some of its mass, up to 0.1 M . The star eventually returns to the Instability Strip to begin its second crossing
and spends about 107 years losing more mass, up to 1 M . It is in the second crossing where observers are
most likely to observe a Cepheid because that is the stage of evolution where stars spend the most time in
crossing the Instability Strip. It is at this point where stellar pulsation models are fit to observations and
predict a smaller mass Cepheid than standard stellar evolution calculations. The stellar pulsation masses
also agrees with dynamical masses as well. Therefore, the mass-loss model suggests that the Cepheid mass
discrepancy could be solved by incorporating some sort of pulsation-driven mass-loss prescription in the
stellar evolution calculations. The model is also consistent with the existence of circumstellar envelopes
where dust forms at a large distance from the star creating an infrared excess.
This picture appears to solve the Cepheid mass discrepancy but mass discrepancy, itself, is not consistently determined, for instance, see the differing results of Caputo et al. (2005) and Keller (2008). The
difference between those two results is due to the different assumptions for the Cepheid mass-luminosity relation from different stellar evolution calculations. It is important to quantify the mass discrepancy to better
precision to provide better constraints for any hypothesis for the source of the Cepheid mass discrepancy.
Essentially, we return to the need for more and better Cepheid models.
The mass-loss model is a potential explanation for the Cepheid mass discrepancy and the existence of
circumstellar envelopes but there is nothing in the theory derived in Chapter 5 that is specific to Cepheids
only. The theory requires that a star be radially pulsating, to have shocks propagate through the atmosphere
and that the star be hot enough for radiative driving to contribute to the mass-loss rate. Therefore, the
mass-loss theory, in principle, is applicable to a plethora of radially pulsating stars including RR Lyraes,
Type II Cepheids, R Coronae Borealis stars, β Cephei stars, Luminous Blue Variables, yellow hypergiants,
and potentially even red supergiants. For instance, preliminary tests of RR Lyrae mass loss have been
computed for theoretical models from Bono et al. (1997) with mass M = 0.75, 0.65, 0.58 M corresponding
to a metallicity of Z = 0.0001, 0.001, 0.06, respectively, and are shown in Figure 9.1. In the RR Lyrae
models, the mass-loss rates are enhanced by up to eight orders of magnitude due to the presence of shocks
in the atmospheres of these stars. This result suggests that mass loss may be important to the evolution
of RR Lyrae stars and other stars on the Horizontal Branch but also suggests a luminosity and metallicity
dependence. For RR Lyrae stars with the same metallicity, the mass-loss rates are larger for the those with
smaller luminosity which corresponds to a shorter period. The RR Lyraes with smaller metallicity have a
larger range of mass-loss rates, similar to what was found for Cepheid models in Chapter 6.
Mass loss in RR Lyrae stars was suggested by Koopmann et al. (1994) to be a solution for the problem of
the color dispersion of Horizontal Branch stars in Globular Clusters (Clementini et al., 2004; Dotter, 2008;
Caloi & D’Antona, 2008) which is a RR Lyrae analogue to the Cepheid mass discrepancy. The standard
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Figure 9.1: Predicted mass-loss rates for theoretical models of RR Lyrae variables using the mass-loss theory derived
in Chapter 5. The different symbols refer to different combinations of luminosity and metallicity for a star. The ’+’
signs refer to L = 1.61 L and Z = 0.0001, ’x’ refers to L = 1.72 L and Z = 0.0001, the stars refer to L = 1.81 L
and Z = 0.0001 , open squares are L = 1.91 L and Z = 0.0001, filled squares are L = 1.51 L and Z = 0.001, open
circles are L = 1.61 L and Z = 0.001, filled circles are L = 1.72 L and Z = 0.001, open triangles pointing up are
L = 1.81 L and Z = 0.001, closed triangles pointing up are L = 1.91 L and Z = 0.001, open downward triangles
are L = 1.61 L and Z = 0.006, filled downward triangles are L = 1.77 L and Z = 0.006, and open diamonds are
L = 1.81 L and Z = 0.006.
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assumption is that the color dispersion is due to a dispersion of mass on the Horizontal Branch which is
explained to be due to a gaussian distribution of mass loss on the Red Giant Branch caused by a distribution
of stellar helium abundances. However, this work suggests that RR Lyrae stars may contribute to the color
dispersion. There is also the possibility that the shocks and mass loss might explain asymmetries in the
distribution of RR Lyrae rates of period change and even some of the stochastic period changes due to the
shocks changing the structure of RR Lyrae atmospheres. These results are speculative but do show how the
mass-loss model can apply to RR Lyrae stars as easily as it has for Cepheids.
Mass loss is believed to be important in the R Coronae Borealis stars. The light curves of these stars
show a periodic sharp decrease in luminosity by a few magnitudes that is believed to be due to the formation
of a dust cloud in the line-of-sight of the observer (Clayton, 1996). However, the mechanism for ejecting
the required amount of mass to cause this large decline in brightness is not known except that there must be
some time-dependent enhancement (Clayton et al., 2003, 2004). The mass-loss theory may be applied here
to test if pulsation has a significant effect on the mass-loss rate at certain phases and determine if enhanced
mass loss causes the decline. This is also an interesting test because RCB stars are both very similar to
Cepheids and very different. The RCB stars are hydrogen deficient and have mass M ≈ 0.8 M but the cool
(log T eff ≈ 3.9) RCB stars have pulsations excited by the κ-mechanism in the helium ionization zones. The
RCB stars provide an unique case study for pulsation-driven mass loss at extreme compositions.
The RCB stars appear to undergo explosive mass loss. A number of massive stars also display the same
phenomenon, such as Luminous Blue Variables and yellow hypergiants. The prototypical LBV, η Carinae,
has been observed to have numerous explosive mass-loss events (Smith et al., 2003), which has been argued
to be a precursor to a supernovae event by Smith (2008). Another LBV, AG Carinae, has been observed to
have significant mass loss, Ṁ ≈ 10−6 - 10−5 M /yr (Groh et al., 2009). There are three suggested mechanisms for eruptive mass loss in LBVs. One possible mechanism is super-Eddington continuum driving
(van Marle et al., 2008), in which a star may have super-Eddington luminosity if the atmosphere is porous
with regions of clumped matter and optically-thin, low density regions. In that case, the star can be superEddington and have significant mass loss and be gravitationally stable. Harpaz & Soker (2009) proposed
a different scenario related to the presence of a close companion causing wind Roche-Lobe overflow (Mohamed & Podsiadlowski, 2007) and the formation of a core magnetic field that can enhance the mass loss.
The third possibility is that LBV pulsation affects the structure of the star causing it to exceed the Eddington
luminosity in the iron bump region of the star. When the star exceeds the Eddington luminosity locally,
it may lead to an explosive outburst (Onifer & Guzik, 2008). The third possibility may be tested using
the pulsation-driven mass-loss theory. The yellow hypergiants are another target for the mass-loss theory.
Recent observations of IRC+10420 suggest mass-loss rates of the order 10−4 M /yr (Dinh-V.-Trung et al.,
2009) The star ρ Cassiopeiae has also been observed to have outburst behavior with a mass-loss rate of
0.5 M in one outburst over 200 days (Lobel et al., 2005).
Understanding mass loss in Cepheids and RR Lyraes provides insights into stellar evolution and stellar
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Figure 9.2: An outline of mass-loss mechanisms on the Hertzsprung-Russell diagram.

structure of these stars and stars of similar mass and composition. By studying pulsation-enhanced mass
loss in the yellow hypergiants and LBV stars, one can understand the past evolution but also tells us about
the circumstellar environments around supernovae. These massive stars will explode and the explosion will
interact with the environment around it and explain some of the different classes of supernovae that are
observed, such as the Type IIn supernovae denoted by a luminosity curve with a flattened maximum and a
slow decline.
The mass-loss model can be applied to each of these different classes of variable star and as well as
others and potentially teach us about this aspect of stellar evolution. However, applying the mass-loss model
to these objects is a test of a mass-loss mechanism that is not understood. In fact, it is arguable that mass loss
is only understood in three regimes: 1) hot stars undergoing radiative-driving, 2) cool stars undergoing dust
driving, and 3) late-type stars with chromosphere having solar-like mass loss. In Figure 9.2, the HR Diagram
is shown outlining these regions and showing a large hole where mass loss is not understood centered on the
Cepheid Instability Strip, and while not shown includes the very massive stars.
The mass-loss theory proposed in this dissertation is a plausible explanation for mass loss in Classical
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Cepheids and even RR Lyrae stars. Because of the assumptions in the theory it is a possible explanation for
mass loss in other radially pulsating variable stars. The question then is not if radially pulsating stars lose
mass, but it is how efficient is radial pulsation at driving mass loss.

9.2.2

Pulsation-Radiation Hydrodynamics

The first part of the dissertation focused on the development of the spherically symmetric stellar atmosphere
program SAtlas and its conversion to a one-dimensional radiation hydrodynamic program. In this work, the
RHD program is assumed to be in local thermodynamic equilibrium and is based on the scheme proposed
by Colella & Woodward (1984). The purpose for constructing the RHD program is to model the dynamic
atmospheres of Cepheids and compute time-dependent spectra and interferometric visibilities for comparison with observations. By doing so, we may gain a deeper understanding of the pulsation-induced dynamics
that occurs in Cepheids.
Just like the mass-loss model, there is nothing in the RHD program that limits it to only Cepheids. It
can be applied to any physical system for which there is radial motion that is non-relativistic and where LTE
is a reasonable assumption. Therefore, it is expected that atmospheric dynamics can be modeled for any
star without dust (T eff > 3000 K) and any star cooler than early B-type (T eff < 20000 K). This temperature
range is similar to the temperature range shown in Figure 9.2 for the mass-loss theory, meaning the RHD
program is able to model Type-II Cepheids, RR Lyrae stars, RCB stars (with the exception of the dust cloud),
yellow hypergiants, the cool edge of the LBV and β Cephei Instability Regions, and possibly even the red
supergiant pulsations.
The challenge of the color dispersion of the Horizontal Branch stars in Globular Clusters can be addressed using RHD model atmospheres. For a set of time dependent spectra of RR Lyrae stars, the composition, mean luminosity, mean radius, and mass may be determined from static models as a first trial solution.
Then pulsating hydrodynamic models may be fit to the observations and provide more precise results. The
models can constrain the mass of the a small population of RR Lyraes and quantify the mass dispersion and
predict a resultant color dispersion.
For the case of RCB stars, the models may be used to explore pulsation of star with essentially no
hydrogen as well as test the hypothesis that the sharp declines in brightness may be related to the pulsation
or may occur at different phases as suggested Fernie (2000). While the program cannot model the formation
of the dust cloud, it can test for non-periodic instabilities in the atmosphere. Similarly, the program may be
applied to LBV stars (of S Doradus type) to search for the formation of super-Eddington layers near the top
of the envelop that can lead to a mass eruption. Pulsation and spectroscopy of yellow hypergiants may be
modeled with the RHD program to compare with time-series observations (Lobel et al., 2005).
These are just a few examples of how the RHD program can be applied to different classes of radially
pulsating stars. However, we can apply the hydrodynamic program to explore the behavior of the helium
ionization zones on pulsation across the HR diagram where LTE may be assumed. In doing this, we can
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gain an understanding of atmospheric turbulence, and the dependence of pulsation on mass, and luminosity,
and evolution. The process may be repeated for some types of stars that pulsate because of the iron bump
and build connections between these types of stars.
The radiative hydrodynamic program is a tool for stellar astrophysics that can be used to study stellar
evolution and structure. However, this tool is just one leg of a three legged table. When the program is
used in concert with time-series spectroscopic and interferometric observations, we can probe the details of
atmospheric dynamics and pulsation to unprecedented detail.

9.3

Future Directions

This dissertation has focused on the study of limb-darkening, mass loss and dynamics in Cepheids. However,
this work is less about the Cepheids themselves, and more about the development of tools for studying
mass loss and atmospheric dynamics in pulsating stars. The mass-loss theory is an analytic model for
understanding the driving mechanism for winds in Cepheids and other radially pulsating stars. The RHD
program is designed to study dynamic atmospheres with complete atomic and molecular opacities under the
assumption of local thermodynamic equilibrium. Both tools are applicable to a diverse range of pulsating
variable stars.
The mass-loss theory has been shown to be an effective tool but it is only as useful as the input parameters
used and there are few stars as well-observed or as well-modeled as Cepheids. Therefore, we have taken
the theory almost to the limits of its applicability. The remaining applications of the theory focus around
parameter studies.
One such example is to continue the work regarding mass loss in RR Lyrae stars. This project would
be approached in a similar manner as the research presented in Chapter 6. In this case, we can test the
metallicity dependence of the mass-loss rates and compare the dependency to the measurements of the color
(mass) dispersion for Horizontal Branch stars in Globular Clusters as a function of metallicity. If the two
dependencies are similar then we have found a new, possible explanation for color dispersion. A second test
is to compute the contribution of mass loss to the rate of period change and compare this to the distribution of
observed rates of period change of RR Lyrae stars. If the observed distribution has an asymmetry (meaning
an equal number of star with an increasing rate as the number with a decreasing period) similar to that
suggested by the mass loss then we have found another argument in favor of mass loss.
Another example is the application of the theory to RCB stars as a test of the hypothesis for the sharp
decrease of brightness due to a dust cloud forming in the line-of-sight. A parameter study of the global
variables may be undertaken to understand the pulsation properties necessary to eject enough mass to cause
such a large decrease of brightness. In the study, a number of parameters will be allowed to vary while
still corresponding to observed values such as the luminosity, effective temperature, mass, and pulsation
amplitudes. The results might yield hints into the structure of these stars and the mass-loss mechanism.
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These two projects are relatively small in scale, primarily because of the limitations of the mass-loss
theory. The radiative hydrodynamic program has many more possible directions to pursue. The prospective
projects can be classified into two groups: code development and applications. There are four directions to
development, including the conversion to time-dependent convection, the conversion of the opacity sampling
version SAtlas program to include hydrodynamics, the development of a type of adaptive mesh refinement
for the RHD program, and the addition of circumstellar layers to model pulsation-induced mass loss.
The development of the time-dependent convection routines was discussed in Chapter 4 and is not repeated. The conversion of the opacity sampling version of the stellar atmospheres program is important for
detailed analyses of the composition of pulsating stars such as the carbon, nitrogen, and oxygen enhancement in some Cepheids (Wallerstein et al., 2000), and the metallicity gradient of the Milky Way disk seen
using Cepheids (Pedicelli et al., 2009). A second use of the opacity sampling version of the program is that
the static version allows for chemical stratification which may be of interest in some pulsating variables as
well.
An adaptive mesh would be a powerful tool for resolving large density enhancements and the formation
of shocks in the model dynamic atmospheres as well as helping to resolve the partial ionization zones where
the density builds up in the pulsation cycle. The addition of an adaptive mesh does not require any new
routines, the static stellar atmospheres program contains a routine that interpolates various quantities after
each iteration a maps them onto a uniform grid of Rosseland optical depth. This routine is ideal for this
problem as it can be used to map the necessary quantities in the RHD program onto a grid defined by τRoss
R
or column density ρdr. In that case, regions of high density will have a better spacial resolution.
The fourth development is the most challenging but also the most interesting. One of my research goals
is to model mass loss in Cepheids and other pulsating variable stars using the RHD program. To do this, the
program will need to be extended to include the circumstellar environment of the star and to devise a soft
boundary condition where mass can be allowed to leave the star. However, if this program is developed, it
will be a more powerful tool for understanding dynamic stellar atmospheres and will be able to model the
star from the wind region to the atmosphere to pulsation driving regions in the star. The program can be
used to explain mass loss across the HR diagram.
There are also a number of applications of the RHD program, many more than can be discussed. Instead,
four different projects are mentioned. The first project is the continuation of the theme of this dissertation,
which is the modeling of Cepheid atmospheres. For this, we wish to compute a small grid of dynamic atmospheres varying in parameters. Using this grid, a number of issues can be explored such as the projection
factor and limb-darkening which have already been discussed. There are other issues such as the line asymmetry of the Hα line profiles along with other spectral features. One project of interest is being studied in
collaboration with Dr. Chow-Choong Ngeow and Dr, Shashi Kanbur is the structure of the Leavitt Law. It
is argued that the P-L relation is non-linear and that the source of the non-linearity is due to the interaction
between the hydrogen ionization zone and the photosphere (Simon et al., 1993). In short-period Cepheids
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(P < 10 days) the hydrogen ionization zone interacts with the photosphere and modifies the effective temperature of the star while in long-period Cepheids the ionization zone does not interact with the photosphere
so that the effective temperature is the same as that for an equivalent static star. This leads to a non-linearity
in the P-L relation. The hypothesis is easily tested by a sample of models that range in pulsation period.
The program will also be used to model the atmospheres of RR Lyrae stars with a particular emphasis on
modeling the nearest one, that being RR Lyrae itself. The purpose of studying the prototype is to predict the
global properties of the star such as the radius and luminosity for comparison with Baade-Wesselink distance
determinations and in advance of interferometric observations that will eventually be done as facilities grow.
The second goal of this project is to test if the Blazhko effect can be found in the models due to the presence
of shocks as opposed to non-radial pulsations or magnetic fields as suggested by Chadid et al. (2008).
At the suggestion of Dr. John Percy, the primary star in the eclipsing binary system  Aurigae is an
ideal candidate to be modeled using both the static SAtlas and the RHD programs. The primary is an F0
supergiant that appears to undergo Cepheid-like pulsation (Carroll et al., 1991). Furthermore, the star has
been observed using interferometry yielding a second measurement of limb-darkening (Stencel et al., 2008),
the first being the eclipse of the star. Combining these observations with the results shown in Chapter 3 and
Hipparcos parallax, we have a measure of the mass of the supergiant independent of the measurement from
the eclipsing binary. Using these results, one can test for radial pulsation in the supergiant and predict its
impact on the eclipsing binary light curve.
The fourth project is being done in collaboration with Dr. Geoff Clayton, studying the spectra of RCB
stars and, in particular, the time-dependent profile of the He I λ10830 line. It is believed that the structure
of the He I line is related to the light curve of the star itself and that the line itself shows evidence of mass
outflows (Clayton et al., 2003). Therefore, modeling the line profile from a pulsation model provides a
significant constraint on understanding if and how the line is a diagnostic of mass loss. In this work, Dr.
Clayton has obtained spectra using the UK Infrared Telescope for twelve RCB stars where the line profiles
can be fit.
These projects are just a beginning for studying atmospheric dynamics in variable stars, and when the
hydrodynamic program is modified to include mass loss, there will be many more questions that may be
addressed including the formation of circumstellar envelopes surrounding Cepheids, and mass loss from
RCB stars. Yet another project is the study of 20 M stars that lose significant mass over their evolution.
When one becomes a red supergiant, the star is found to have unstable pulsations and these pulsations may
trigger substantial mass loss that could change what type of supernova progenitor it is. This is particularly
interesting because of the results by Smartt et al. (2009) that is a survey of supernovae progenitors and find
that the maximum mass of a red supergiant to undergo Type II-P supernova is < 16.5 ± 1.5 M , while red
supergiants with masses between 25 - 30 M become Wolf-Rayet stars. This leaves a gap of about 5-10 M
that is not understood. One possibility being explored in collaboration with Dr. Sung-Chul Yoon is that Red
Supergiants with progenitor masses in this regime lose sufficient mass to create the observed gap and one
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mechanism is that pulsation may help drive this mass. This is where the RHD program modified to include
mass loss is a powerful tool to help model evolution of the star by deriving pulsation-enhanced mass-loss
prescriptions for the stellar evolution calculations.
This dissertation has described the development of the spherically symmetric version of the SAtlas
program, its conversion to a radiative hydrodynamics program as well as the development of a theory for
pulsation-driven mass loss. The SAtlas program has been applied to interferometric observations, showing
it to be competitive with other, more detailed programs. It has been used to study limb-darkening and limbdarkening parameterizations and has been used to derive a method to compute the ratio of the radius to the
mass of stars from limb-darkening parameterizations. The mass-loss theory has been used to study mass loss
in Cepheids and provide a plausible explanation for the mass discrepancy and the existence of circumstellar
envelopes. However, these results are not an end in themselves, they raise new questions about the structure
of stars and Cepheids, in particular. New tools have been developed that can be applied to a much more
diverse range of stars than done here and explore more questions in detail. This dissertation is not an end to
a research project, it is just the beginning.
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Heyrovský, D. 2007, ApJ, 656, 483
Hill, S. J. & Willson, L. A. 1979, ApJ, 229, 1029
Hillier, D. J. 1990, A&A, 231, 116
Ho, P. Y. & Ho, P.-Y. 1962, Vistas in Astronomy, 5, 127
Hoffleit, D. 1986, Journal of the American Association of Variable Star Observers (JAAVSO), 15, 77
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Kervella, P., Bersier, D., Mourard, D., Nardetto, N., Fouqué, P., & Coudé du Foresto, V. 2004b, A&A, 428,
587
Kervella, P., Coude du Foresto, V., Glindemann, A., & Hofmann, R. 2000, in Presented at the Society of
Photo-Optical Instrumentation Engineers (SPIE) Conference, Vol. 4006, Proc. SPIE Vol. 4006, p. 3142, Interferometry in Optical Astronomy, Pierre J. Lena; Andreas Quirrenbach; Eds., ed. P. J. Lena &
A. Quirrenbach, 31–42
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Appendix A

Methods for Calculating Spherically
Symmetric Radiative Transfer

A.1

Introduction

Radiative transfer is a fundamental field in astrophysics; one of the most common applications is in modeling
atmospheres of stars. The star is normally treated as a plane parallel semi–infinite slab to simplify the
problem and make the computation quick. This assumption is adequate if the size of the atmosphere is small
compared to the radius of a star, one example where this is true is the Sun. For giant and supergiant stars,
however, the assumption breaks down; the atmosphere is a significant fraction of the star’s radius. One way
to solve for the radiation field is to relax one’s assumption from a plane–parallel atmosphere to a spherically
symmetric atmosphere. The equation of radiative transfer in the plane–parallel case is
µ

dIν (z, µ)
= χν (z)(S ν (z) − Iν (z, µ))
dz

(A.1)

while for spherical symmetry the equation of transfer is
µ

∂Iν (r, µ) 1 − µ2 ∂Iν (r, µ)
+
= χν (S ν (r) − Iν (r, µ)).
∂r
r
∂µ

(A.2)

Upon inspection of both equations, it is clearly more difficult to determine the intensity in a spherically
symmetric atmosphere as opposed to a plane–parallel atmosphere. The purpose of this report is to give a
detailed derivation of a solution to the spherically symmetric equation of radiative transfer.
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A.2

Geometry

The equation of transfer is spherical symmetry is dependent on two differential terms. Solving this equation
is difficult and undesirable; the problem would be tractable if it could be reduced from two dimensions
to one. Hummer & Rybicki (1971) did just this by defining a coordinate system (z, p) where z = rµ and
√
p = r2 − z2 . If one were to observe a star, rays of light would travel along z at constant p along the
line–of–sight towards the observer.
One can now transform the equation of transfer by noticing
d
∂ dr
∂ dµ
=
+
dz ∂r dz ∂µ dz

(A.3)

where
dr
d
=
dz dz
and

Therefore

and
µ

q

p2 + z2 = p

z
p2 + z2

=

z
=µ
r

(A.4)

dµ
d z 1
z dz 1 µ
1 − µ2
=
= − 2
= − µ=
.
dz dz r
r r dr r r
r

(A.5)

d
∂
1 − µ2 ∂
=µ +
dz
∂r
r ∂µ

(A.6)

∂Iν (r, µ) 1 − µ2 ∂Iν (r, µ) dIν (z)
+
=
= χν (S ν (r) − Iν (z))
∂r
r
∂µ
dz

(A.7)

for some constant p. There exist many techniques for solving the transfer equation of this form such as long
and short characteristics, and Rybicki (1971) and Feautrier (1964) solutions. This appendix will focus on
the method of Feautrier solution by developing a second order differential equation, and the reorganization
to the Rybicki solution. The Hermitian method, Auer (1976) for solving the equation of radiative transfer is
also discussed.

A.3

Derivation

This derivation is based on the outline given by Mihalas (1978). The first step to simplify the problem is
to write the transfer equation along the ray towards the observer, Iν+ and y away from the observer along
the ray, Iν− . Iν+ adds intensity along the ray towards the observer while Iν− removes intensity. Therefore the
gradient of the intensities are
±

dIν (±z)
= χν (S ν − Iν± )
dz
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or writing −χν dz = dτν,z denoting the optical depth along a ray (written as dτν for the remainder of this
report)
∓

dIν±
= S ν − Iν± .
dτν

(A.9)

Next one can define mean intensity–like and flux–like intensities u and v as
u=


1 +
Iν + Iν−
2

(A.10)

v=


1 +
Iν − Iν−
2

(A.11)

and

meaning Iν+ = u + v and Iν− = u − v. By adding the two equations in Equation A.9, one finds
−

dIν+ dIν−
d(u + v) d(u − v)
dv
+
=−
+
= −2
= 2S ν − Iν+ − Iν− = 2S ν − u − v − u + v = 2S ν − 2u (A.12)
dτν dτν
dτν
dτν
dτν

or
dv
= u − S ν.
dτν

(A.13)

Likewise one can subtract the two equations of Equation A.9
−

dIν+ dIν−
d(u + v) d(u − v)
du
−
=−
−
= −2
= −Iν+ + Iν− = −u − v + u − v = 2v
dτν dτν
dτν
dτν
dτν

(A.14)

or
du
= v.
dτν

(A.15)

d2 u
= u − Sν
dτν

(A.16)

Substituting Equation A.15 into Equation A.13,

is the second–order differential equation we wish to solve.
It is important to consider the boundary conditions, in a spherically symmetric atmosphere there are
three: one at the surface of the star, one at the core of the star (p ≤ Rcore ) and one at z = 0 when p > Rcore .
Consider first the surface boundary condition, where it can be assumed there is no irradiation from external
sources. In this case Iν− (R∗ ) = 0 meaning the mean intensity–like intensity is the same as the flux–like
intensity, u(R∗ ) = v(R∗ ). Combining this information with Equation A.15 leads to the surface condition
du
dτν

= u(R∗ ).

(A.17)

r=R∗

The core condition, at depth along the ray zmax , can be determined by assuming the intensity at the core
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boundary can be approximated by the diffusion approximation. Using Equation A.15 and substituting v =
Iν+ − u
du
dτν

r=Rc

= Iν+ − u(Rc ) = B(Rc ) +

zmax 1 ∂B
Rc χν ∂r

!
− u(Rc ).

(A.18)

Rc

The third boundary condition is determined based on the symmetry of the problem, at z = zmax , p > Rc .
Consider a ray towards the observer; this ray will have intensity Iν at point zmax −  where  << zmax . A ray
at the same point p but pointing away from the observer will have the same intensity Iν at point zmax + .
Therefore
Iν+ (zmax − ) + Iν− (zmax − ) = Iν+ (zmax + ) + Iν− (zmax + ).

(A.19)

Note that in the frame of the observer Iν− (zmax + ) points away the observer and Iν+ (zmax + ) points towards.
Since the intensities are the same and the star is symmetric then the outgoing radiation must be the same,
meaning Iν+ (zmax − ) = Iν− (zmax + ) and likewise for the radiation towards z = zmax . This implies in the limit
as  → 0 then Iν+ (zmax ) = Iν− (zmax ) and because of symmetry v(zmax ) = 0. Therefore the boundary condition
can again be given by Equation 15
du
dτν

z=zmax ,p>Rc

= 0.

(A.20)

Now there are four equations for solving the radiative transfer. The next step is to derive difference equations
representing the differential equations to solve the system computationally.

A.4

Numerical Derivation

In this section a numerical method is derived for solving the radiative transfer. The first step is to define the
first and second derivatives of a quantity. For some variable X the first derivative with respect to τν along a
ray at point d + 1/2 is

∆X
Xd+1 − Xd
dX
=
=
.
dτν ∆τν
∆τd+1/2

(A.21)

where ∆τd+1/2 = 0.5(χd+1 + χd )|zd+1 − zd |. The second derivative at point d is
d2 X (dX/dτ)d+1/2 − (dX/dτ)d−1/2
2
Xd+1 − Xd Xd − Xd−1
=
=
−
2
0.5(∆τd+1/2 + ∆τd−1/2 )
∆τd+1/2 + ∆τd−1/2 ∆τd+1/2
∆τd−1/2
dτν

!
(A.22)

and let td ≡ ∆τd+1/2 + ∆τd−1/2 for simpilicity. One can apply these equalities to Equation A.16 to derive a
difference equation to solve for u
!
d2 u
2 ud+1 − ud ud − ud−1
=
−
= ud − S d
∆τd−1/2
dτ2ν td ∆τd+1/2
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The source function can be written in the form
S d (r) = αd (r)Jd (r) + βd (r) = αd

1

Z

ud dµ + βd (r) = αd

0

X

wdn udn + βd (r)

(A.24)

n

where udn is the mean intensity–like intensity at point d along ray at point pn . The difference equation is
now

!
X
2 ud+1 − ud ud − ud−1
−
= ud − αd
wdn udn − βd (r)
td ∆τd+1/2
∆τd−1/2
n

(A.25)

and rearranging


!
X

 2
1
1
1
2
ud−1 + 
+
+ 1 − αd
wdn  udn
−
td ∆τd−1/2
td ∆τd+1/2 ∆τd−1/2
n
−

2
1
ud+1 = βd .
td ∆τd+1/2

(A.26)

One can treat the mean intensity–like intensities at depth d for each ray as a vector ud = {ud1 , ud2 , ...udN }
then each of the coefficients in Equation A.26 can be treated as elements in a matrix. Define matrix Ad with
elements
Aii =

2 1
ti ∆τi−1/2

(A.27)

where i = 2...N − 1 and all non–diagonal terms are zero. Likewise matrix Cd is defined with elements
Cii =

2 1
ti ∆τi+1/2

(A.28)

where i = 2...N − 1 and all non–diagonal terms are again zero representing the third term of Equation A.26.
The second term of Equation A.26 requires a full matrix, Bd , as opposed to the preceding two matrices. The
diagonal terms of Bd are
!
2
1
1
Bii =
+
+ 1 − αi wii
ti ∆τi+1/2 ∆τi−1/2

(A.29)

Bi j (i , j) = −α j wi j .

(A.30)

and the non–diagonal terms are

Using these matrices and letting Ld be a vector containing the thermal terms of Equation 26 one finds
− Ad ud−1 + Bd ud − Cd ud+1 = Ld .

(A.31)

Thus the difference equations representing the solution to the equation of transfer in a stellar atmosphere is
now derived. The next step is to determine difference equation representations of the boundary conditions.

307

A.4. NUMERICAL DERIVATION
Consider the surface condition given by Equation A.17, written in terms of differences becomes
u2 − u1
= u1
∆τ3/2

(A.32)

however this representation is only first order accurate. Consider the Taylor series expansion of u near the
surface
u2 = u1 + ∆τ3/2

∆τ23/2 d2 u
du
+
dτ 1
2 dτ2

= u1 + ∆τ3/2 u1 +
1

∆τ23/2
2

(u1 − S 1 )

(A.33)

where Equations A.15 and A.17 are used. Rearranging and inserting Equation A.24


1 +


X
2
2
2

+
− α1
w1n  u1 − 2 u2 = β1
2
∆τ3/2 ∆τ3/2
∆τ3/2
n

(A.34)

and then the matrices in Equation A.31 have elements
B11 = 1 +

2
2
+
− α1 w11 ,
2
∆τ3/2 ∆τ3/2

(A.35)

B1n (n , 1) = −α1 w1n

(A.36)

and
C11 =

2
.
∆τ23/2

(A.37)

The matrix A1 is zero and the elements L1n are β1 . The next boundary condition to be considered is the
interior condition where p > Rc . Directly applying the difference relations to Equation A.20 will lead again
to only a first–order accurate solution so again it is necessary to apply a Taylor series expansion
uD−1 = uD + ∆τD−1/2

du
dτ

∆τ2D−1/2 d2 u
+
2
dτ2
D

= uD +
D

∆τ2D−1/2
2

(uD − S D )

(A.38)

and rearranging
−

2
∆τ2D−1/2



uD−1/2 + 1 +

2
∆τ2D−1/2

−

X
n



αD wDn  uDn = βD .

(A.39)

Therefore the matrices can be written with elements
Aii =


Bii = 1 +

2

,

(A.40)



− αi wi 

(A.41)

∆τ2i−1/2
2

∆τ2i−1/2
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with non–diagonal elements
Bi j (i , j) = −α j w j

(A.42)

and the matrix C D is zero and Li = βi . The third condition is at the core boundary, and again a taylor series
expansion is applied to obtain second order accuracy
∆τD−1/2 2 d2 u
+
2
dτ2 D
D
!
! ∆τ2
zD 1 ∂B
D−1/2
BD +
− uD +
(uD − S D )
Rc χD ∂r D
2

du
dτ

uD−1 = uD + ∆τD−1/2
= uD + ∆τD−1/2

(A.43)

and rearranging
−

2
∆τ2D−1/2



uD−1 + 

2
∆τ2D−1/2

−

2
∆τD−1/2

+ 1 − αD

X
n

∆τD−1/2
zD 1 ∂B
BD +
= βD −
2
Rc χD ∂r



wDn  uDn

! !
.

(A.44)

D

Therefore
Aii =

2

(A.45)

τ2D−1/2

and
Bii =

2
∆τ2i−1/2

−

2
∆τi−1/2

+ 1 − αi wii

(A.46)

with non–diagonal terms
Bi j (i , j) = −α j wi j .

(A.47)

Again Ci j = 0 but Li = βi − ∆τi−1/2 /2(Bi + (zi /Rc )(∂B/∂r)|r=Rc . Now all of the necessary elements are known
and the vectors u can be solved at all depths.

A.5

Feautrier Solution

At the surface the matrix equation is
B1 u1 − C1 u2 = L1

(A.48)

−1
u1 = B−1
1 L1 + B1 C 1 u2 = v1 + D1 u2 .

(A.49)

and one can solve this for u1 to get
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One can then substitute u1 into −A2 u1 + B2 u2 − C2 u3 = L3 to solve for u2
− A2 v1 − A2 D1 u2 + B2 u2 − C2 u3 = L3

(A.50)

u2 = (−A2 D1 + B2 )−1 (L3 + A2 v1 ) + (−A2 D1 + B2 )−1C2 u3 = v2 + D2 u3 .

(A.51)

and then

This process can be continued until
uD−1 = vD−1 + DD−1 uD

(A.52)

and substituting this into the next equation
− AD vD−1 − AD DD−1 uD + BD uD = LD .

(A.53)

Therefore one can solve uD in terms of known quantities and once uD is known one can use back substitution to solve uD−1 and so on to u1 . This method has the benefit of solving for the mean intensity–like
intensities and hence the mean intensity, flux, and source function without using an iterative process. The
mean intensity is
Jd =

X

wdn udn

(A.54)

wdn µn vdn

(A.55)

n

and the flux is
Hd =

X
n

and the source function can be calculated using Equation A.24. Thus the quantities are now known and the
radiation field in the atmosphere is determined.

A.6

Rybicki Solution

The Rybicki solution for solving the equation of radiative transfer is very similar to the Feautrier solution.
Consider Equation A.24 where the source function is defined, and let the source function be redefined as
S d (r) = αd

X

wdn udn + βd (r) = αd J¯d + βd (r)

(A.56)

n

then Equation A.26 changes to
"
!
#
1
2
1
1
2
−
ud−1 +
+
+ 1 ud
td ∆τd−1/2
td ∆τd+1/2 ∆τd−1/2
2
1
−
ud+1 + αd J¯d = βd .
td ∆τd+1/2
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The boundary conditions, Equations A.34, A.39 and A.44 are rewritten as


1 +

−


2 
2
2
+
 u1 − 2 u2 − α1 J¯1 = β1 ,
2
∆τ3/2 ∆τ3/2
∆τ3/2

2
∆τ2D−1/2



uD−1/2 + 1 +

2
∆τ2D−1/2

(A.58)



 uD − αD J¯D = βD ,

(A.59)

and
−

2
∆τ2D−1/2



uD−1 + 

2
∆τ2D−1/2

−

2
∆τD−1/2



+ 1 uD − αD J¯D

∆τD−1/2
zD 1 ∂B
= βD −
BD +
2
Rc χD ∂r

! !
.

(A.60)

D

For a frequency νi , these equations can be written in the form
Ad ud−1 + Bd ud + Cd ud+1 − αd J¯d = Ld

(A.61)

where the surface boundary condition is
B2 u1 + C1 u2 − α1 J¯1 = L1

(A.62)

AD uD−1 + BD uD − αD J¯D = LD .

(A.63)

and the inner boundary condition is

The mean intensity variable J¯ contains frequency dependent variables. One may define the vectors ui =
(u1 , u2 , . . . , uD )T , J̄i = ( J¯1 , J¯2 , . . . , J¯D )T , Ki = (L1 , L2 , . . . , LD )T , Ui = (−α1 , −α2 , . . . , −αD ) and the matrix






Ti = 





0

0

···

A2

B2 C2

0

···

0
..
.

A3

B3 C3
..
.

···

0

0

···

AD

B1 C1

0


0 

0 

0  ,

.. 
. 

BD 

(A.64)

all at frequency i. Equations A.61, A.62 and A.63 may be written as
Ti ui + Ui J̄ = Ki
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but the quantity J̄ is still unknown. From its definition, this quantity is
J¯d =

X

wi φdi udi

(A.66)

Vi ui − J̄ = 0.

(A.67)

i

and the vector can written as
X
i

Combining this with Equation A.65, we are left with the set of equations















T1

0

0

···

0

0

T2

0

···

0

0
..
.

0

T3 · · ·
..
.

0
..
.

0

0

0

· · · TN

V1 V2 V3 · · · VN


U1  
 
U2  
 
U3  
 
 
 

UN  
 
0

 
u1  
 
u2  
 
u3  
 
..  = 
.  
 
uN  
 
J̄


K1 

K2 

K3 

..  .
. 

KN 

0

(A.68)

This system of equations may be solved by noting that
−1
ui = T−1
i Ki − Ti Ui J̄

(A.69)

and by substituting the relations for ui into Equation A.64 then one may calculate the vector J̄. Once this
vector is known then the mean–like intensities udi are easily calculated.

A.7

Hermitian Method Solution

Auer (1976) proposed an alternative method for solving the second order differential equation for the mean–
like intensity variable u. The method is similar to that previously stated for solving for u at point d except
that it includes information about the second derivative of u at points d − 1 and d + 1. The added information
makes the solution fourth order accurate and is of the form
00
00
ad ud−1 + bd ud + cd ud+1 + jd u00
d−1 + kd ud + ld ud+1 ≈ 0

(A.70)

where the coefficients are unknown. They can be determined by substituting a taylor series expansion for u
in terms of ud . Therefore
1 000 3
1 (iv) 4
1
2
u ∆τd−1
ud−1 = ud − u0d ∆τd−1 + u00
d ∆τd−1 − ud ∆τd−1 +
2
6
24 d

(A.71)

1
1 000 3
1 (iv) 4
2
ud+1 = ud + u0d ∆τd + u00
u ∆τd
d ∆τd + ud ∆τd +
2
6
24 d

(A.72)
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1 (iv) 2
00
000
u00
d−1 = ud − ud ∆τd−1 + ud ∆τd−1
2

(A.73)

1 (iv) 2
00
000
u00
d+1 = ud + ud ∆τd + ud ∆τd .
2

(A.74)

Substituting these four equations into Equation A.70 and rearranging
(ad + bd + cd )ud + (cd ∆τd − ad ∆τd−1 )u0d +
!
1 2
1 2
∆τ ad + ∆τd cd + jd + kd + ld u00
d +
2 d−1
2
!
1 3
1 3
− ∆τd−1 ad + ∆τd cd − ∆τd−1 jd + ∆τd ld u000
d +
6
6
!
1 4
1
1 2
1 2
∆τd−1 ad + ∆τd cd + ∆τd−1 jd + ∆τd ld u(iv)
d =0
24
24
2
2

(A.75)

For Equation A.75 to be true for all ud and it’s derivatives then each term in brackets must be identically
zero and since this leads to five equations with six unknowns, one variable is arbitrary. It is easily shown
that
ad = −
cd =

2
(∆τd−1 + ∆τd )∆τd−1

(A.76)

2
(∆τd−1 + ∆τd )∆τd

(A.77)

!
2
1
1
bd =
−
∆τd−1 + ∆τd τd−1 τd



∆τ2d
1 

jd = 1 −
6
(∆τd−1 + ∆τd )∆τd−1 



∆τ2d−1
1 
ld = 1 +

6
(∆τd−1 + ∆τd )∆τd 
and

(A.78)

(A.79)

(A.80)

 2

 ∆τd−1
∆τ2d 
 .
−
kd = 1 −

6(∆τd−1 + ∆τd )  ∆τd
∆τd−1 
1

(A.81)

Returning to Equation A.70 and substituting Equation A.16 and Equation A.24 to account for the source
function, one gets
(ad + jd )ud−1 + (bd + kd )ud + (cd + ld )ud+1 − jd αd−1

X

wd−1,n ud−1,n

n

− kd αd

X
n

wdn udn − ld αd+1

X
n
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wd+1,n ud+1,n = jd βd−1 + kd βd + ld βd+1 .

(A.82)
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Casting this in the form of Equation A.31 one can write the values of the elements of the matrices Ad , Bd , Cd , Ld .
The diagonal elements of Ad are


∆τ2i

2
1 
 (1 − αi−1 wii )
Aii =
− 1 −
(∆τi−1 + ∆τi )∆τi−1 6
(∆τi−1 + ∆τi )∆τi−1

(A.83)

while the non–diagonal terms are


∆τ2i

1 
 αi wi j .
Ai j (i , j) = 1 −
6
(∆τi−1 + ∆τi )∆τi−1

(A.84)

The diagonal and non–diagonal elements of Bd are
 2

! 
∆τ2i 

 ∆τi−1
1
1
2
1

 (1 − αi wii )
+ 1 −
Bii =
−
−
∆τd−1 + ∆τd τi−1 τi
6(∆τi−1 + ∆τi ) ∆τi
∆τi−1


Bi j = − 1 −

 2

∆τ2i 
 ∆τi−1

 αi wi j
−
6(∆τi−1 + ∆τi ) ∆τi
∆τi−1
1

(A.85)

(A.86)

and for the matrix Cd


∆τ2i−1

1 
2

 (1 − αi wii )
− 1 +
Cii = −
(∆τi−1 + ∆τi )∆τi 6
(∆τi−1 + ∆τi )∆τi

(A.87)



∆τ2i−1

1 

 αi wi j .
C i j = 1 +
6
(∆τi−1 + ∆τi )∆τi

(A.88)

The matrix containing the thermal terms is

 2



∆τ2i
∆τ2i 
 ∆τi−1


1 
1




 βi
Li = 1 −
−

 βi−1 + 1 −
6
(∆τi−1 + ∆τi )∆τi−1
6(∆τi−1 + ∆τi ) ∆τi
∆τi−1


∆τ2i−1

1 
 βi+1 .
+ 1 +
6
(∆τi−1 + ∆τi )∆τi

(A.89)

The next step is to consider the boundary conditions. It is desirable to use the maximum amount of
information to solve the boundaries. Unfortunately to make any of the three conditions fourth–order accurate
would require extra information and the matrix for solving the system of equations will not be tridiagonal.
The boundaries can be approximated to third order accuracy. The surface boundary condition is give by
Equation A.17 and can be cast in the form

and expanding u2 and u00
2

00
a1 u1 + b1 u2 + u01 + j1 u00
1 + k1 u2

(A.90)

1
1
u2 ≈ u1 + ∆τ1 u01 + ∆τ21 u1 00 + ∆τ31 u000
1
2
6

(A.91)
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00
000
u00
2 ≈ u1 + ∆τ1 u1 .

(A.92)

Substituting these two results and rearranging Equation A.90
(a1 + b1 )u1 + (1 +

∆τ1 b1 )u01

!
!
1 2
1 3
00
+ ∆τ1 b1 + j1 + k1 u1 + ∆τ1 b1 + ∆τ1 k1 u000
1 = 0.
2
6

(A.93)

This yields four equations and four unknowns, the choice of the coefficient of u01 to be 1 is arbitrary, in the
same manner as the derivation previous. The variables are thus
a1 =

1
∆τ1

b1 = −

1
∆τ1

(A.94)

(A.95)

j1 =

∆τ1
3

(A.96)

k1 =

∆τ1
.
6

(A.97)

Returning to Equation A.91 and inserting these values, the surface boundary equation and Equationeq:a23,
one finds
!
!
X
X
∆τ1
1
1
∆τ1
β2 
∆τ1 
β1 +
.
+
−
+ 1 u1 +
u2 − α1
w1i u1i − α2
w2i u2i =
3
∆τ1
6
∆τ1
3
2
i
i

(A.98)

Hence the matrices B1 and C1 can be written with elements
B1 j = δ1 j

!
∆τ1
1
+
+ 1 − α1 w1 j
3
∆τ1

(A.99)

!
1
∆τ1
−
− α2 w2 j .
6
∆τ1

(A.100)

∆τ1 
β2 
β1 +
.
3
2

(A.101)

C1 j = −δ1 j
The thermal term is
L1 =

The inner boundary where p > Rc will be similar to the surface boundary, with the same equation to be
solved with a different choice of arbitrary constant,
aD uD−1 + bD uD − u0D + jD u00D−1 + kD u00D = 0

(A.102)

1
1
uD−1 ≈ uD − ∆τD u0D + ∆τ2D u00D − ∆τ3D u000
D
2
6

(A.103)

and expanding uD−1 and u00D−1
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u00D−1 ≈ u00D − ∆τD u000
D

(A.104)

which yields values for the coefficients as
aD = −

1
∆τD

(A.105)

bD =

1
∆τD

(A.106)

jD =

∆τD
3

(A.107)

kD =

∆τD
.
6

(A.108)

The matrix components for the Feautrier solution are
AD j = δD j

!
∆τD
αD−1 ∆τD
1
−
+
wD−1, j
∆τD
3
3

(A.109)

!
1
∆τD
αD ∆τD
+
wD j
−
∆τD
6
6

(A.110)

BD j = δ D j
and the thermal term is

LD =

βD 
∆τD 
βD−1 +
.
3
2

(A.111)

The core boundary condition is given by the diffusion approximation, Equation A.18, and using the same
relation given above, Equation A.102. The values of aD , bD , jD , and kD will be the same as that given by
Equations A.105, A.106, A.107, and A.108. Therefore the matrix elements can be written as

and
LD j

AD j = δD j

!
1
αD−1 ∆τD
∆τD
+
−
wD−1, j
∆τD
3
3

(A.112)

BD j = δ D j

!
∆τD
αD ∆τD
1
+
−
wD j
1+
∆τD
6
6

(A.113)

!
∆τD 
βD 
zD 1 ∂B(T )
=
βD−1 +
+ BD (T ) +
.
3
2
Rc χD ∂r
D

(A.114)

Thus a second method for solving the radiative transfer is derived. This can be solved using the Feautrier
method or reorganized to be solved using the Rybicki method.
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Appendix B

Derivation of Spherically Symmetric
Temperature Correction
B.1

Introduction

The temperature correction is an important element in the calculation of a stellar atmosphere. The calculation of a model stellar atmosphere is an iterative process to produce a structure where the flux is conserved.
The purpose of a temperature correction routine is to adjust the starting temperature structure of the atmosphere by using the difference between the calculated bolometric flux and the desired bolometric flux. For a
plane–parallel geometry the correct structure produces a divergentless bolometric flux,
∞

Z

Fν dν = 0

∇·

(B.1)

0

and in a spherically symmetric atmosphere this becomes
∞

" Z
∇ · r2

#
Fν dν = 0.

(B.2)

0

Using the constraint of radiative equilibrium, it is possible to derive a number of temperature correction
methods. One of the more simple methods is based on the alternative form of the condition of radiative
equilibrium

∞

Z

kν Bν (T )dν =
0

∞

Z

kν Jν dν.

(B.3)

0

If the temperature structure and the mean intensity that were calculated in a previous iteration do not satisfy
the condition of radiative equilibrium then one can write T eq = T + ∆T where T eq is the temperature as a
function of depth that will satisfy radiative equilibrium and ∆T is the difference between the temperature
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calculated and the temperature for equilibrium. Therefore
Bν (T eq ) = Bν (T + ∆T ) ≈ Bν (T ) + ∆T

∂Bν (T )
∂T

(B.4)

and substituting into Equation B.3,
Z
0

∞

#
Z ∞
∂Bν (T )
kν Bν (T ) + ∆T
dν =
kν Jν dν.
∂T
0
"

Solving for ∆T

R∞
∆T = R 0∞
0

kν [Jν − Bν (T )]dν
kν [∂Bν (T )/∂T ]dν

.

(B.5)

(B.6)

One could use this method to iterate a stellar atmosphere but it has many drawbacks. It can be shown the
mean intensity is a function of Bν if this is approximately the source function
Z
Jν (τν ) ∝

Bν (T )e−(t−τν )/µ dt

(B.7)

where µ = cos θ is the angle between the point on the stellar disk where the intensity emerges and the center
of the disk. Equation B.7 implies that deep in the atmosphere the Jν → Bν (T ) and the change of temperature
will approach zero. Another failure, according to Mihalas (1978), is the method assumes the mean intensity
is correct at all depths when in fact, if one assumes that Bν = Bν (T + ∆T ) then Equation B.7 is wrong and
needs to be replaced by,
Z
Jν (τ0ν )

∝

0

Bν (T + ∆T )e−(t−τν )/µ dt

(B.8)

suggesting a better temperature correction method would need to include changes in the optical depth.

B.2

Avrett–Krook Temperature Correction

Avrett (1964) derived a temperature correction method that included the optical depth for a plane–parallel
model atmosphere. It was done by assuming the following perturbations
τ → τ(0) + τ(1)

(B.9)

Iν → Iν(0) + Iν(1)

(B.10)

T

→ T (0) + T (1)
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and the following expansions
∂kν
∂τ(0)
∂Bν
Bν [T (0) + T (1) ] = Bν [T (0) ] + T (1) (0)
∂T
kν [τ(0) + τ(1) ] = kν [τ(0) ] + τ(1)

(B.12)
(B.13)

inserted into the equation of radiation transfer. One can then derive relations solving for τ(1) and T (1)
!
,Z ∞
∂kν (0)
(0)
kν Hν dν =
H dν
(0) ν
0
0 ∂τ
!
,Z ∞
Z ∞
H
1
(0)
(0)
1 − (0) − √
kν [Jν − Bν (T )]dν
kν Hν(0) dν
H
0
3 0

∂τ(1)
+ τ(1)
∂τ(0)

Z

∞

(B.14)

and
(
T

(1)

= (1 + τ )

∞

Z

(1)

0

∂τ(1)
+ (0)
∂τ

!Z ∞
√
H
− Bν (T )]dν − 3 1 − (0)
kν Hν(0) dν
H
0
) ,Z ∞
∂B
∂kν (0)
ν
kν (0) dν
[Jν − Bν (T (0) ]dν
∂τ(0)
∂T
0

kν [Jν(0)
∞

Z
0

(0)

(B.15)

where Hν(0) and Jν(0) is the calculated flux and mean intensity and H is the desired bolometric flux. This
method has been shown to be robust, however, it is not designed to include the effects of convection. Kurucz
(1970c) includes the effects of convection on the perturbation of the flux and hence on the temperature
structure of the atmosphere.
The purpose of this report is to derive a spherically symmetric version of the Avrett–Krook temperature correction method and incorporate the effects of convection. The next section will focus on the formal
derivation and the fourth section will attempt to construct the temperature correction scheme including convection following the formalism of Kurucz (1970c). The fifth section will discuss the additional temperature
correction schemes employed in the ATLAS code.

B.3

Formal Derivation

The Avrett–Krook temperature correction method is based on perturbing the intensity, the temperature and
the independent measure of depth in the atmosphere, be it the optical depth, column density or the radius.
For this derivation the radius will be used as the independent variable. Therefore the perturbations are:
Iν → Iν(0) + Iν(1)

(B.16)

r → r(0) + r(1)

(B.17)

T

→ T (0) + T (1)
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and expanding the total opacity kν and the source function S ν (as opposed to the blackbody function Bν )
with respect to their explicit dependencies, following the derivation of Avrett (1964),
∂kν [r(0) ]
∂r(0)
(0)
(0)
∂S ν [r(0) , T (0) ]
(1) ∂S ν [r , T ]
S ν (r, T ) ≈ S ν [r(0) , T (0) ] + r(1)
+
T
.
∂r(0)
∂T (0)
kν (r) ≈ kν [r(0) ] + r(1)

(B.19)
(B.20)

The spherical equation of radiative transfer is
µ

∂Iν (1 − µ2 ) ∂Iν
+
= kν (S ν − Iν ),
∂r
r
∂µ

(B.21)

and substituting the perturbed and expanded quantities yields
∂[Iν(0) + Iν(1) ]
(1 − µ2 ) ∂[Iν(0) + Iν(1) ]
µ
+
=
∂µ
1 + r(1)0
∂r(0)
[r(0) + r(1) ]
[kν + r(1) kν0 ][S ν + r(1) S ν0 + T (1) Ṡ ν − Iν(0) − Iν(1) ]

(B.22)

where ‘0’ is the derivative with respect to r(0) and ‘·’ refers to the derivative with respect to T (0) . Because
r(1) << r(0) then one can approximate
[r

(0)

+r ]

(1) −1

≈

1
r(0)

"
#
r(1)
1 − (0)
r

(B.23)

and inserting into Equation B.22 and rearranging terms, ignoring terms of second order perturbation,
µ

∂Iν(0) (1 − µ2 ) ∂Iν(0)
∂Iν(1) (1 − µ2 ) r(1) ∂Iν(0)
+
−
+
µ
∂µ
∂r(0)
r(0)
∂r(0)
r(0) r(0) ∂µ
0

+r(1)

(1 − µ2 ) ∂Iν(0) (1 − µ2 ) ∂Iν(1)
+
=
∂µ
∂µ
r(0)
r(0)
0

kν [S ν − Iν(0) ] + (r(1) kν + r(1) kν0 )[S ν − Iν(0) ] + kν [r(1) S ν0 + T (1) Ṡ ν − Iν(1) ].
It is clear
µ

∂Iν(0) (1 − µ2 ) ∂Iν(0)
= kν (S ν − Iν(0) )
+
(0)
(0)
∂µ
∂r
r

(B.24)

(B.25)

and thus these terms cancel out of Equation B.24 leaving
"
#
∂Iν(1) (1 − µ2 ) (1)0 r(1) ∂Iν(0) (1 − µ2 ) ∂Iν(1)
µ (0) +
r − (0)
+
∂µ
∂µ
∂r
r(0)
r
r(0)
= [r(1)0 kν + r(1) kν0 ][S ν − Iν(0) )] + kν [r(1) S ν0 + T (1) Ṡ ν − Iν(1) ].
as the first–order perturbation of the equation of radiative transfer.
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The next step is to calculate the zero and first moments of the perturbed equation. This is done by
integrating Equation 26 with respect to µ. The integral of the first term is
1
2

1

Z

µ

−1

∂Iν(1)
∂ 1
dµ = (0)
∂r(0)
∂r 2

1

Z

µIν(1) dµ =

−1

∂Hν(1)
,
∂r(0)

(B.27)

the second term is
1
2

Z

1
−1

"
#
"
#
Z 1
(0)
(1 − µ2 ) (1)0 r(1) ∂Iν(0)
r(1) 1
2 ∂Iν
(1)0
dµ
=
r
−
dµ
(1
−
µ
)
r
−
∂µ
r(0)
r(0) ∂µ
r(0) 2r(0) −1
#
"
#"
Z 1
1
r(1) 1
(0)
2
(0) −1 (1)0
µIν dµ
Iν (1 − µ ) +
= (r ) r − (0)
−1
2
r
−1
"
#
r(1) 2Hν(0)
(1)0
= r − (0)
(B.28)
r
r(0)

and similarly the third term is
1
2

Z

1
−1

1 − µ2 ∂Iν(1)
2Hν(1)
dµ
=
r(0) ∂µ
r(0)

(B.29)

The integral, with respect to µ, of the right–hand side is
1
2

1

Z

n

−1

o
(r(1)0 kν + r(1) kν0 )[S ν − Iν(0) ] + kν [r(1) S ν0 + T (1) Ṡ ν − Iν(1) ] dµ
= [r(1)0 kν + r(1) kν0 ][S ν − Jν(0) ] + kν [r(1) S ν0 + T (1) Ṡ ν − Jν(1) ].

(B.30)

and thus the first order perturbation of the zero order moment equation is
#
"
r(1) 2Hν(0) 2Hν(1)
∂Hν(1)
(1)0
+ r − (0)
+ (0) = [r(1)0 kν + r(1) kν0 ][S ν − Jν(0) ] + kν [r(1) S ν0 + T (1) Ṡ ν − Jν(1) ].
∂r(0)
r
r(0)
r

(B.31)

The perturbation of the first moment equation can be found by integrating Equation B.26 with µdµ. The
integral of the first term is
1
2

Z

1
−1

µ2

∂Iν(1)
∂ 1
dµ = (0)
(0)
∂r
∂r 2

Z

1
−1

µ2 Iν(1) dµ =

∂Kν(1)
,
∂r(0)

(B.32)

the second term is
"
!
#
Z 1
(0)
(1 − µ2 ) (1)0 r(1) ∂Iν(0)
r(1) 1
(1)0
3 ∂Iν
µdµ
=
r
−
dµ
r
−
(µ
−
µ
)
∂µ
r(0)
r(0) ∂µ
r(0) 2r(0) −1
−1
"
#
#
"
Z 1
1
r(1) 1
(0)
(0)
(1)0
3
2
= r − (0)
Iν (µ − µ ) +
(3µ − 1)Iν dµ
−1
r
2r(0)
−1

"
#
r(1)  3Kν(0) − Jν(0) 
(1)0

= r − (0) 
r
r(0)
1
2

Z

1
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and the third term
1
2

1

Z

−1

(1 − µ2 ) ∂Iν(1)
[3Kν(1) − Jν(1) ]
µdµ
=
∂µ
r(0)
r(0)

(B.34)

and the right–hand side is
1
2

Z

1

n

−1

o
[r(1)0 kν + r(1) kν0 ](S ν − Iν(0) ) + kν [r(1) S ν0 + T (1) Ṡ ν − Iν(1) ] µdµ
= −[r(1)0 kν + r(1) kν0 ]Hν(0) − kν Hν(1) .

(B.35)

Therefore the perturbation of the first moment equation is
"
#
r(1) 3Kν(0) − Jν(0)
∂Kν(1) [3Kν(1) − Jν(1) ]
(1)
(0)
(1)0
(1)0
(1) 0
+
= −[r kν + r kν ]Hν − kν Hν − r − (0)
.
∂r(0)
r(0)
r
r(0)

(B.36)

Equation B.36 is frequency dependent meaning any solution of it to determine the change of temperature
would require the temperature to be frequency dependent and that would be non–physical. Therefore it is
desirable to integrate Equation B.36 over all frequencies
 (1)


[3Kν(1) − Jν(1) ] 
 ∂Kν

+
dν




(0)
(0)


∂r
r
0

#
"
Z ∞



r(1) 3Kν(0) − Jν(0) 
 (1)0

(0)
(1)
(1) 0
(1)0
=−
(r
k
+
r
k
)H
dν
+
k
H
+
r
−


ν
ν
ν
ν
ν


(0)
(0)


r
r
0

Z

∞
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and one can choose r(1) such that
∞

Z
0

1
kν

 (1)




[3Kν(1) − Jν(1) ] 
 ∂Kν

+
dν = 0




(0)
 ∂r(0)

r

(B.38)

and thus, dividing by kν

 
Z ∞  (0)



 3Kν − Jν(0))  
1
 (1)0
 (0)

 dν
r
H + (0)





kν
r
0
Z ∞ 0
 
Z ∞

 [3Kν(0) − Jν(0) ]   (1)
kν (0)
1

 dν r + H (1) = 0.

+
Hν dν − (0) 2

kν
[r ] 0
0 kν

(B.39)

This is equivalent to assuming that the Eddington approximation holds for the perturbed values 3Kν(1) ≈ Jν(1)
and that the gradient of K (1) is negligible. Really choosing the function r(1) such that Equation B.38 is
satisfied is based on the desire to correct the structure. For instance, if the correction is unnecessary then
the all perturbed values would be zero. This constraint thus requires the structure to converge. Also H (1) =
H − H (0) thus eliminating H (1) from the equation. As a result r(1) is the solution to the differential equation
a[r(0) ]r(1)0 + b[r(0) ]r(1) + c[r(0) ] = 0
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which has a general solution
r(1) [r(0) ] = −e−

R

b
a dr̃

Z

c R
e
a

b ˜
a d r̃

dr̃

(B.41)

where
 (0)
(0)) 
 3Kν − Jν 
a[r ] = H +

 dν
kν r(0)
0

Z ∞  (0)
Z ∞ 0
 3Kν − Jν(0)) 
kν (0)
(0)
 dν
Hν dν −
b[r ] =

kν [r(0) ]2
0
0 kν
Z

(0)

(0)

∞

c[r(0) ] = H − H (0) .

(B.42)
(B.43)
(B.44)

This is the solution for the perturbation of the variable describing depth of the atmosphere.

The next step is to use the solution for r(1) to help find the function describing the perturbation of the
temperature T (1) . To do this, consider the perturbation of the zero moment, Equation B.31, integrating with
respect with frequency
"
#
d[r(0) ]2 H (1)
r(1) 2H (0)
(1)0
+ r − (0)
=
[r(0) ]2
dr(0)
r
r(0)
Z ∞n
o
[r(1)0 kν + r(1) kν0 ][S ν − Jν(0) ] + kν [r(1) S ν0 + T (1) Ṡ ν − Jν(1) ] dν.
1

(B.45)

0

In Equation B.45 there are three unknown quantities H (1) , Jν(1) and T (1) . H (1) can be replaced by H (1) =
H − H (0) and noting that r2 H is conserved, meaning d(r2 H)/dr = 0. Determining Jν(1) is more difficult and
requires making two assumptions. The first is that the integral, Equation B.38, is satisfied by
∂Kν(1) 3Kν(1) − Jν(1)
+
=0
∂r(0)
r(0)

(B.46)

for all frequencies. The variable Eddington factors (Mihalas, 1978) are hν ≡ Hν(0) /Jν(0) and fν ≡ Kν(0) /Jν(0)
and assuming that the perturbed quantities follow the same relations then,
Hν(1) = hν Jν(1) = Hν(0)

Jν(1)

,

(B.47)

.

(B.48)

∂[ fν Jν(1) ] 3 fν − 1 (1)
+
Jν = 0
∂r(0)
r(0)

(B.49)

Kν(1) =

fν Jν(1) = Kν(0)

Jν(0)
Jν(1)
Jν(0)

Using Equation B.48 in Equation B.46 yields
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which has a solution
Jν(1) [r(0) ]

=

r(0)

 Z



Jν(1) (R) exp −

R

! 
fν0 3 fν − 1

+
dr .
fν
fν r

(B.50)

Thus we have a solution for Jν(1) at all points but the surface. To find a solution for J (1) (R), the other
Eddington factor is used, Equation B.47, but then Hν(1) (R) needs to be determined instead. Hν(1) (R) can be
determined by substituting values of r(1)0 (R) and r(1) (R) into Equation B.36 and using the assumption in
Equation B.46 meaning
[r

(1)0

kν +

r(1) kν0 ]Hν(0)

+

kν Hν(1)

"
#
r(1) 3Kν(0) − Jν(0)
(1)0
+ r − (0)
= 0.
r
r(0)

(B.51)

At the surface r(1) (R) must be zero, meaning
Hν(1) (R)





3Kν(0) (R) − Jν(0) (R) 
r(1)0 (R) 


(0)
=−
kν (R)Hν (R) +





kν (R) 
R

(B.52)

and noting r(1) is found from Equation B.39 where r(1) (R) = 0

−1
Z ∞  (0)
(0) 

i




−
J
3K



ν
ν
(0)
 dν

H
(R)
+
r(1)0 (R) = − H − H (0) (R) 
.





kν R
0
h

(B.53)

Using this result with Equations B.47 and B.52, one finds
Jν(1) (R)



3Kν(0) (R) − Jν(0) (R) 
r(1)0 (R)  (0)
Hν(1) (R)


=−
=
Hν (R) +
hν (R)
hν (R)
kν (R)R

(B.54)

and thus it is now possible to determine Jν(1) [r(0) ], Equation B.50 and hence the temperature correction T (1)
from Equation B.45
#−1 "
1 d[r(0) ]2 H (0)
T =
kν Ṡ ν dν
− (0) 2
+
[r ]
dr(0)
0
"
#
Z ∞n
o #
r(1) 2H (0)
(0)
(1)
(1)0
(1) 0
(1) 0
(1)0
r − (0)
−
[r kν + r kν ][S ν − Jν ] + kν [r S ν − Jν ] dν .
r
r(0)
0
"Z

∞

(1)

(B.55)

This is the formal derivation of the temperature correction for a spherically symmetric model atmosphere. In
the derivation, however, the flux due to convection is ignored. The next section will focus on how convection
can be included.
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B.4

Temperature Correction for ATLAS

The plane–parallel version of ATLAS uses the column density, M, and the Rossland optical depth, τR , as
the independent variable as opposed to the radius. The first moment of the spherical equation of transfer
becomes,
ρ

∂Kν Jν − 3Kν
+
= kν Hν .
∂M
r

(B.56)

The following quantities will be perturbed:
M → M + dM

(B.57)

Kν → Kν + dKν

(B.58)

Jν → Jν + dJν

(B.59)

∂kν
kν → kν + dM
∂M
r → r + dr

(B.60)
(B.61)

Hν → Hν + dHν .
and

∂
∂
∂(dM)
→
1+
∂M
∂M
∂M

(B.62)

!−1
.

(B.63)

It is important to write the derivation of the temperature correction in the notation of Kurucz (1970c).
Let us return to Equation B.39 and switch notation, here r(0) , J (0) , H (0) and K (0) become r, J, H, K while
r(1) , J (1) , H (1) and K (1) become dr, dJ, dH, dK. Also it must be noted that the column density is ∂M = −ρ∂r
and

∂kν
∂kν ∂M
∂kν
=
= −ρ
.
∂r
∂M ∂r
∂M

(B.64)

The perturbed quantity dM can be written as −ρdr implying
∂(dr) ρ−1 ∂(−dM) ∂(dM)
= −1
=
.
∂r
∂M
ρ ∂(−M)

(B.65)

Therefore Equation B.39 becomes
# )
Z "
1 ∞ 3Kν − Jν
H+
dν dM 0
r 0
kν
"Z ∞ 0
! #
Z ∞
kν
1
3Kν − Jν
+
Hν dν + 2
dν dM + dH = 0
ρkν
r 0
0 kν

(

325

(B.66)

B.4. TEMPERATURE CORRECTION FOR ATLAS
where derivatives noted by 0 are now with respect to column density. The solution to the differential equation
has the same form as Equation B.41 and in Kurucz’s notation
dM = e

R
− g(M)dM

M

Z
0

R
dM
e
CoeffdM0

g(y)dy

dM

(B.67)

where
g(M) =

CoeffdM
CoeffdM0

(B.68)

and the coefficients are given by Equation B.66. This derivation, however, is for the radiative flux and need
to include the convective flux, given by Kurucz (1970c) as
HCONV = AT

(∇ − ∇ad )3
Σ3/2
[BT 6 + (∇ − ∇ad )]3/2

where
1 1
l
A=
ρC P T
4π 2
h

and

!s

l
1
gh
8
h

!2

d ln ρ
d ln T

(B.69)

!
,

(B.70)

P

√

2
D
1  32 2σT 

B = 6 = 
2 kRoss ρh8πA
T

(B.71)

#2
#4
"
"
1 1·1
1·1·3
(∇ − ∇ad )
(∇ − ∇ad )
+
+ ...
Σ= +
2 2 · 4 BT 6 + (∇ − ∇ad )
2 · 4 · 6 BT 6 + (∇ − ∇ad )

(B.72)

and (l/h) refers to the mixing length parameter. None of these quantities is explicitly dependent on the
geometry of the stellar atmosphere and thus will not change in a spherically symmetric stellar atmosphere
model. Therefore the relation for the perturbation of the convective flux and the perturbation of the column
density given by Kurucz (1970c) can be implemented here,
dHCONV = −HCONV

dT 1
dM T

("

#
"
#)
9D
3
d∇
D
+
1+
dM
D + (∇ − ∇ad )
2(∇ − ∇ad ) dM
D + (∇ − ∇ad )
"
#
3∇
D
∂(dM)
− HCONV
1+
.
2(∇ − ∇ad )
D + (∇ − ∇ad ) ∂M
1−

(B.73)

This can be used by noting the actual flux is
H = HRAD + dHRAD + HCONV + dHCONV
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and in the differential equation, Equation B.66 H → HRAD and dH → dHRAD then the differential equation
becomes
(

"
#)
3∇
Jν − 3Kν
∂(dM)
D
HRAD −
dν + HCONV
+
1+
k
r
2(∇
−
∇
)
D
+
(∇
−
∇
)
∂M
ν
ad
ad
( 0
"
!
!#
dT 1
d∇
9D
3
D
HCONV
1−
+
1+
dM T
D + (∇ − ∇ad )
2(∇ − ∇ad ) dM
D + (∇ − ∇ad )
)
Z ∞
Z ∞ 0
kν
Jν − 3Kν
HRAD,ν dν −
dν dM + H − HRAD − HCONV = 0.
+
ρkν r2
0
0 kν
Z

∞

(B.75)

The solution to this differential equation is the same as before except the coefficients are now changed. This
R∞
differential equation is similar to that given by Kurucz (1970c) except for the terms − 0 (Jν − 3Kν )/kν rdν
R∞
and − 0 (Jν − 3Kν )/ρkν r2 dν. The change of temperature in the ATLAS code is computed using the relation
dT = (∂T/∂M)dM. This relation can be used instead of Equation B.55. Therefore there is only a minimal
change to the numerical code required.

The ATLAS code uses another temperature correction scheme near the surface where the flux error is
not very sensitive to the temperature. Here the flux derivative is used with the r(1) operator to find the change
of temperature excluding the case of convection. For the plane–parallel case (Kurucz, 1970c)
dHν
= kν (Jν − S ν )
dM

(B.76)

and it is assumed the source function is of the form
S ν = αν Jν + (1 − αν )Bν (T )

(B.77)

and Jν = Λν [S ν ] then the source function can be written as
S ν = (1 − αν Λν )−1 (1 − αν )Bν (T ).

(B.78)

dHν
= kν (Λν − 1)(1 − αν Λν )−1 (1 − αν )Bν (T ).
dM

(B.79)

The moment equation becomes

One can expand Bν → Bν + dBν /dT ∆T ignoring the dependence on T for any other variable and insert it
into the moment equation
!
dHν d(∆Hν )
dBν
−1
+
= kν (Λν − 1)(1 − αν Λν ) (1 − αν ) Bν (T ) +
∆T .
dM
dM
dT
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Since H = H + ∆H, if Equation B.80 is integrated with respect to frequency, the change of temperature is
∆T Λ = R ∞
0

dH/dM −

R∞
0

kν (Jν − S ν )dν

kν [(Λν,diag − 1)/(1 − αν Λν,diag )](1 − αν )(dBν /dT )dν

.

(B.81)

In spherical symmetry, if one assumes the diagonal elements of Λν do not change then only the moment
equation is different
d(r2 Hν )
= kν r2 (Jν − S ν )
dM

(B.82)

and the temperature correction becomes
∆T Λ = R ∞
0

d(r2 H)/r2 dM −

R∞
0

kν (Jν − S ν )dν

kν [(Λν,diag − 1)/(1 − αν Λν,diag )](1 − αν )(dBν /dT )dν

.

(B.83)

A third temperature correction is used in the ATLAS code to smooth the region where the other two
correction schemes overlap. This is based on the relation H = σT 4 and expanding that to first order gives
∆T =

T ∆H
.
4H

(B.84)

This correction scheme will not change in a spherically symmetric atmosphere so it can be applied as is.
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